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Genendizatioru of Geodesic Curvature and a Theorem of 
GauBs Concerning Geodesic Triangles.'' 

By Gilbert Ames Bliss. 



Introduction. 



Many of the geometrical invariants of a curve on a surface can be defined 
in terms of the integral which expresses the length of the curve. Their 
geometrical invariance corresponds analytically to the fact that they remain 
invariant under a transformation of the parameters in terms of which the 
equations of the surface are expressed. In an earlier paper f the author has 
shown that there exists a function analogous to the angle between two given 
curves in a plane or on a surface, and related to an integral of the form 



u = St'J{^.y.r)y/x'' + y'^dt (1) 

as angle on a surface is related to length. The integral (1) is to be thought 
of as taken along a curve in the form 

x = x{t), y = y{t), {t,<t<t,); 

x' and y' represent the derivatives of x and y with respect to t ; and r is the 
angle defined by the equations 

X' . t/' 

cos T = , ^ -- , Sin r = 



For the length integral on a surface the function / has the special form 

f=VE cos* T + 2 F cos r sin T + G sin* r. (2) 

In the present paper a similar generalization of the notion of the curvature 
of a curve in the plane or the geodesic curvature of a curve on a surface is 
exhibited. This generalization is called extremal curvature and is explained 
in ^ 1. The possession of invariants corresponding to angle and geodesic 

* The results in § I of this paper were presented to the American Mathematical Society, April 28, 
1900, under the title, "An Invariant of the Calculus of Variations Corresponding to Geodesic Curvature." 

t "A Generalization of the Notion of Angle," Transactions of the American Mathematical Society, 
Vol. VII (1900), p. 184. 

1 
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2 Bliss: Generalizations of Geodesic Curvature and a 

curvature suggests at once the possibility of generalizing in a similar manner 
the formula of Gauss for the sum of the angles of a geodesic triangle on a 
surface. The situation is unfortunately not as simple as in the case of the 
surface theory. In § 2 a notion called the area of a simply closed curve in a 
field of extremals is explained, and in § 3 a generalization of Gauss' theorem 
is developed in which angle, extremal curvature and the area in a field are in- 
volved. In § 4 the invariance under point transformation of the quantities 
introduced in the preceding sections is discussed, and in § 5 the relation of the 
results of the paper to the usual formulas of surface theory is elucidated. 

§ 1. Extremal Curvature. 

The geodesic curvature of a curve on a surface may be defined in a number 
of different ways, to several of which there correspond by generalization in- 
variants of the integral (1). The most convenient definition for the purposes 




Fig. 1. 

of the present paper is the following, which depends upon the notion of angle.* 
Suppose at a fixed point a^ of a given curve C the geodesic E^ tangent to C 
is drawn. The geodesic tangent ^ at a movable neighboring point a will in 
general meet E^ at a point 6. Let the angle between Eq and -B at 6 be denoted 
by A/8, and the length of the arc a^a by Aw. Then the geodesic curvature of 
the curve C at the point a^ is equal to the limit 






(3) 



This definition admits of a ready generalization when the function / in the 
integral (1) is not restricted to have the special form (2). The geodesies E^y E 

♦ See Darboux, Legona 8ur la Thdorie 04n6rale des Surfaces, Vol. Ill, p. 129. 
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Theorem of Gauss Concerning Geodesic Triangles. 3 

can be replaced by extremals of the integral (1) ; the angle A/3 has already 
been generalized in the paper referred to above, and instead of the length of 
arc the valne of the integral (1) along aQa can be used. 

The extremals for the integral (1) are the solutions of the differential 
equation* 

T {x,y,r,r,) = f.siar — fj^coQr + f^rdosr + fyr^mr + {f + frr) r, = 0, (4) 

which is of the second order. Through each point of the curve C there passes 
one of these solutions in the direction of the positive tangent to C. The 
equations of the one-parameter family so determined can be found in the form 

a; = ^(5, a), y=:>i/(5,a), (5) 

where s is the length of arc of E measured from the point of tangency with C, 
and a is the parameter of the family. Then the curve C has the equations 

a; = ^(0,a), y = iKO,a), (6) 

with a as the variable parameter. If the function / {x^ y, t) is of class C" 

and the expression / + /^^ different from zero in a neighborhood of the values 

of {Xj y, t) on the curve (7, and if the curve C is of class C", then from the 

known properties of solutions of the differential equation (4) it follows that 

the functions ^, i^, ^„ i^, are of class C" for all values of a defining points on 

the arc C and for 1 5 1 < S, if S is properly chosen. From the results of a 

previous paper by the writer t it also follows, when C is not an extremal, that 

for negative values of s sufficiently near to zero the arcs of the extremals, 

such as 6 a in the figure, touch the curve C only at a and simply cover a region 

of the plane which has the curve C as a part of its boundary. An arc of the 

fixed extremal Eq extending from a^ in the direction 5 > can be taken short 

enough so that it also lies in this region, and consequently so that through each 

of its points there passes one and but one of the extremals (5) . In other words, 

the equations 

<^(5, a) = ^(5o, Oo), '4^(5, a) ='4/(5o, Oo), (7) 

where ao is the constant value of a, and s^ the length of arc for the extremal Eq , 
have single- valued solutions for 5, a (5 < 0) in terms of Sq. By implicit func- 
tion theory these solutions s{Sq)j a (Sq) will be of class C in an interval 
< 5o < f with the value Sq = omitted. But at 5o = they are continuous 
and approach the values and a^ respectively. 

* See BUbs, loc, cit,, p. 188, where the moBt general solutions of (5) are given and their properties 
stated. With the help of these properties the existence and character of the family (6) can be readily derived. 

f " Sufficient Conditions for a Minimum with Respect to One-Sided Variations," Tranaiictions of the 
American Mathematical Society y Vol. V (1904), p. 480. See also Bolza, ''An Existence Proof for a Field 
of Extremals Tangent to a Given Curve," the same Transactions, Vol. VIII (1907), p. 399. 
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6 Bliss: Generalizations of Geodesic Curvature and a 

where the arguments Xj y, r in / and its derivatives are for the curve C at the 

point an, 3^ is the curvature of C at a^? ^^^ 3— the curvature of Eq at the 
uG as 

point a^. From (4) the value of -y- can be found and substituted, giving 

a s 

da dS f + frr 

The extremal curvature of a curve C at a point a^ {see Fig. 1) is defined 
as a limit 

l = lim^. 

p ^UAO l^U 

Here A^ is the generalized angle (8) between two extremals, Eq and Ej at 
their point of intersection h; Eq is supposed to be fixed and tangent to C at a 
point a^; while E is a movable extremal tangent to C at a. The quantity Au 
is the value of the integral (1) take^i along the curve C from a^, to a. 

According to this definition the value of in terms of the function f and 

9 
its derivatives turns out to be • 



where the arguments of /, Z^, frr ^^^ the coordinates (x^y) and the direction 
angle r of the curve C at a^j while in f = f {x, t/, r) the angle r is the angle 
transversal to t defined by the equations (9). The expression T (^, y, t, t,)* 
15 the first member of the Euler equation (4) taken at a point a^ of the curve C, 

§ 2. Area in a Field, 

If a region R on any surface is simply covered by a one-parameter family 
of curves, the surface area of the region can be calculated by finding the set of 
curves orthogonal to the original family, and taking the double integral of the 
product of the elements of length along the curves of the two systems over the 
entire region. The result is the well-known integral 



jjy/EG-F^dxdy, (15) 

which is independent of the systems of curves used in the calculation because 
Ej F and G are functions only of the parameters x and y of the surface. 



* Here 8 is used instead of a for the length of arc along C, 
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Theorem of Gauss Concerning Geodesic Triangles. 7 . 

Thought of in the a; t/- plane the image of the region R is simply covered by two 
families of curves one of which is transversal to the other in the sense of the 
calculus of variations, transversality in the plane being equivalent to orthogo- 
nality on the surface. 

In a similar manner, for any field of curves a double integral related to the 
integral (1) can be derived defining what will be called area in the field. The 
result is not independent of the family of curves used in its derivation, for, 
unlike the integrand of the integral (15), the new integrand contains not only 
X and y, but the function r (x^y) defining the directions of the curves of the 
family. The area with respect to the integral (1) is dependent, therefore, 
not only upon the form of the region but upon the field of curves which covers 
the region. 

Let the family of curves E have equations of the form (5). If r is the 
direction angle at a point {x, y) of a curve E of the family, then a curve 
cutting E transver sally at {x^y) must have a direction angle r which satisfies 
the equations (9). The parameter s can be determined as a function s {a) of a, 
so that, at any point of the curve 

x = q>{s (a), a), y = ^{s (a), a), (16) 

the direction angle has the value r transversal to r. For, on account of the 
properties of 4>, i^ ai^d /, and with the further assumption that / does not 
vanish in the field, the equations 

1>,Sa +pa = Jc{fBinr + /, cos T), I 
'4',5a + '4'a = * ( — / cos r + /^ sin t), J 

are solvable for Sa and k as functions of class C in s and continuous in a, the 
arguments a?, y and r being here supposed replaced by their values in terms of 
s and a in the field. From the existence theorems on differential equations it 
results from this that through each point of the field there passes one and but 
one transversal curve (16). 

The integrand of the integral (1) taken along a transversal (16) has the 
form 



/ V (^. Sa + ^aV + {'4^s Sa + ^aV d a, 

where the arguments of / are 4>, i// and r for the curve (16). From (17) this 
expression becomes 

fVT^Jljda, (18) 

where A is the functional determinant of the equations (5). Similarly, along 
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10 Bliss: Generalizations of Geodesic Curvature and a 

Since the extremals are the curves along which the curvature 1/p vanishes, 
the first part of the theorem is evident from (21 ) and (23 ) . If / is different from 
zero for all values of r, the same will be true of (o^, and the equation (23) will 
have a solution through an arbitrarily chosen element (a?, t/, t) . Hence, when the 
totality of extremals is the same as the totality of solutions of (23), the equation 
(24) must be an identity in re, y, r. This is the case which occurs in the surface 
theory when the function / has the form (2), as will be shown later. It is also 
possible to have an identity of the form (24) for other values of /, for example 
when / does not contain x and t/, but it is difficult to determine the most general 
function / for which such an identity holds. 

If the equation (23) has among its solutions a one-parameter family of 
extremals forming a field, the functions M and N are expressible in the form 

M = g' cos r' — g'^ sin r' — H sin r% N = g' sin r' + g'r cos r' + H cost'. (25) 

Here H is a suitably chosen functinn of x and y, and the arguments of g' and g\ 
are a?, y and the function r' (a?,t/) which represents the angle at the point (x,y) 
between the x-axis and the tangent to an extremal of the field. 

For the equation (24) must be an identity in the field when r' (a?, y) is 
substituted for r, and the expressions (25) with H = are solutions of this 
equation. It follows readily that any functions M and N for which the equation 
is satisfied are expressible in the form (25). When H is identically zero, the 
following theorem holds : 

The sum of the variations of the angle q along the sides of a triangle A 
whose sides are solutions of the equation 

—— z= {g' cost' — g'r sinr') cosr + {g' sinr' + g'^ cost') sinr, (26) 
a s 

where r' {x, y) is the angle function for an arbitrarily chosen field of curves, 

is expressible in the form 

5hT{g')dxdy. 

The expression in the second member of (26) is exactly g (rr, t/, r) when g is 
linear in cosr and sinr with coefficients functions of x and y. 

For, if both sides of equation (26) are integrated around the boundary 
of A, the result on the left is the sum of the variations of the angle « on the 
sides of the triangle, while on the right Green's theorem gives 

Sh]-^ ig' sinr' + g'r cost') — ^ (g' cost' — g'r sinr') | dxdy, 

and it is readily seen that the expression under the integral sign is exactly ^(^r') . 
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Theorem of Gauss Concerning Geodesic Triangles. 11 

If the angle function r {x, y) (used for convenience instead of the r' (a?, y) 
in the last theorem) belongs to a field of extremals^ the value of T{g) is 

Tig) = (K + ^ ^^-^) f Vr+n, (27) 

where K and V are given by formulas (29) and (30) below. 

The function K is an invariant associated with Jacobi's equation which 
reduces to the curvature of a surface when / is the element of length on a sur- 
face, in which case also the value of V is unity. It has been shown in the 
preceding section that the expression f ^ f^ + fl dx dy may be regarded as an 
element of area in the field. For the case of the surface theory it reduces to 
the element of area on the surface. 

When the function / involves the curvature r, as well as the variables 
x^ y, r, the value of T (/) will be defined to be 

T(/)=/.smT-/,cosT + T.(/-T./0+|^(/,-^/,.).* 

The operator T has the following properties for arbitrary functions / and g : 

r[A/(a;,y,T)]-0, T{f + g)=:T{f) + T{g), 

T{fg)=fT{g)+gT{f)-fgT, j- (28) 

The relation (21) may be written 

g{x,y,r)=^/^-WTif), 
where 

On account of the relations (28) it follows, for the function g just discussed, that 
T{g)=-WT[T{m-\--j-^(f,^J^)-[T{W)-Wr,-\T{f)-Wr^^. 
In a field of extremals of the function / the last two terms vanish, while 
2^[r(/)]=^^-^sinT-^-|i^)co8T-ATj = A.t 

♦ See Radon, "Uber das Minimum des Integrals f F (op,y,$,K) ds" Siteungaherichte dcr Kaiser- 
lichen Akademie der Wissensohaften zU Wien, Vol. CXIX (1910), Abtheilung II a, p. 1267. 

t See Bliss, "A New Form of the Simplest Problem of the Calculus of Variations," Transactiona of 
the American Mathematical Society, Vol. VIII (1907), p. 40r>. 
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12 Bliss: Generalizations of Geodesic Curvature and a 



Let K and V be defined by the formulas 



>» 



V = ViTf, w = ''j(/^' (30) 

in which the sign under the radical may be so chosen that the radical is real^ 
Furthermore, let the differentiations with respect to 5 be transformed into 
differentiations with respect to w, where 

du J. / V 

Then, after some calculation, it is found that the value of T{g) is exactly that 
given in the formula (27). For convenience in notation the prime has been 
dropped throughout these calculations. 

In any field of extremals there exists a two-parameter family of curves^ 
defined hy the equation (26), to which the extremals of the field themselves 
belong, and which have the property that in any polygon whose sides consist 
of these curves the sum of the variations of the generalized angle o along the 
sides of the polygon is equal to the double integral 



fK'^ + TZ^)^^ 



taken over the interior of the polygon. Here K is a known invariant (29) con- 
nected with Jacobi's equation, dA is the element of area in the field, and the func- 
tion V is given by the equation (30). The derivative d^V/du^ is taken with 

respect to the variable 

w = //(a?,y,T)d5, 

in which the integral is taken along an extremal of the field. 

% 5. Invariantive Properties. 

The expressions which enter into the results of the preceding sections are 
either relative or absolute invariants under point transformations. Let the 
variables x, y, r be transformed by the transformation 

x = X{^,y;) y = Y{^,yi) (31) 

* Compare the formula given for K 'with that given by Underhill for Ko in his paper, ''Invariants 
of the Function F (<r, y, x', y') in the Calculus of Variations," Transactions of the American Mathematical 
Society, Vol, IX (1908), p. 334, formula (35). For the relation of JT. to the second variation, see p. 336. 
The value of the function K in the text above is the negative of Underbill's K^. 
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into a new set ^, >;, 6. The relation between r and 6 is determined by the 
equations 

iJ COST = X^ cos d + X, sin d, R sinr = Y^ cos d + T^ sin d, (32) 

where 



(33) 



D 



(34) 



fl = V (X^ cosd + X, sin^)^ + Y^ cosd + 7^ sin 6)* 
= cosT (X^cos6 + X, sin 6) + sinr (r{Cos6+ T^sind). 

By differentiating (32), it is found that 

iJ^ = cost(— X|Sin6 + X, cosd) + sinr (— r^sin6+ I^cosO), 
Rr^ = —sinr (— X^sind + X^cos6) + cost(— r^sind + T^cobO) = ^» 

■n d Xt , • dYt 

^ da da ^ 

iJr, = - sinr ^ + COST ^S 

with similar expressions for the derivatives with respect to >?. The symbol D 
stands for the functional determinant of the transformation (31), and a is the 
length of arc along a curve in the ^j;- plane. 
The integral (1) becomes 

fh{x,u.e)VW+V'dt, (35) 

where 
h =fR 

= (/cosT— /TsinT)(XjCos6+X,sin6)+(/sinT+/TCosr)(r^cos6+r,sin6), 

h0 = fRs + frRt^ 

= (/cosr-/^sinT)(-X^sin(?+X,cos(?)+ (/sinr+Z^cosT) (-r^sin(?+r,cosd) , U36) 
h, = R{UX, + f,Y,)fR, + URr, 

= fl(/,X, + /,r,) + (/coST-/,sinr)^^+(/sinT + AcosT)^S 

with a similar expression for the derivative of h with respect to yi. 
It follows readily that 

fccosO — fe^sinO = X^ (/ cos T — /^ sinr) + Y^ (/ sinr + /^ cos r), ^ 

h sin6 + A^cosO = X, (/cost — /^ sinr) + T, (/sinr + /^ cost). J ^ ' 

From equations (9), therefore, 



X^ cos 9 + X^ sin g = D \/^J-fi cos r. 



A^ + K 



r^cosg + rising = D^Zii^ sinr. 



(38) 
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14 Bliss: Generalizations of Geodesic Curvature and a 

showing that the direction r transversal to r at a point in the xy-plane is 

transformed hy equations (32) into the direction B transversal to 6 at the 

corresponding point of the ^rj-plane. 

The- relation between the Euler expressions, T (f) and T {g)y for the 

integrals (1) and (35) can be calculated from the relations (36) and (37). 

From (31), 

ds ___ pda d _ d I dc^ — R ^ 
dt~~ dt^ da'~'dtf dt"^ ds' 

It follows then that 

BinOTih) = h^ — j^{hcosd — h^Biad) = Z)sinOT(/), 

— coseT{h) = h^ — -^{hHine+h^co8d) = —DcoseT{f).* 

a (J 

Hence, the Euler expression T (/) for the integral (1) and the corre- 
sponding quantity T{h) for (35) are related by the formula 

T{h) =DT{f). (39) 

From equations (33) and (38), 



Ri^,r„e) = D^^^, (40) 

SO that, with the help of the second of equations (34) and the first of (36), 



„ = J^'^yK+»|^,^j-'7.Vr + /!,^, (41) 

where r' corresponds to 6% and r to 6, by means of the transformation (32). 

The generalized angle with respect to the integral (1) between two direc- 
tions r and t' at a point of the xy-plane, is equal to the generalized angle with 
respect to the integral (35) between the corresponding directions at the corre- 
sponding point of the ^yj-plane. 

By differentiating equations (37) for 6 and making use of (32) and the 
value of T^ from the second of equations (34), it follows that 

h + hee = ^,{f + frr). (42) 

From the first of the relations (36), with (40), (42) and (39), it can be shown 
that the extremal curvature 



9 f'if + frr) ^^^ 



* See Trantactiona, Vol. VITI (1907), p. 407. 
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Theorem of Gauss Concerning Geodesic Triangles* 15 

with respect to the integral (1), is the same as the extremal curvature with 
respect to the integral (35) at corresponding points of curves which are 
equivalent under the transformation (31). 

Similarly, from the first of the relations (36), with (40), 



ffhVh' + h^ed^dn = S\S f ^P + f" D d^ dn = JS f V P + fU^d y, 

so that the area enclosed by a curve C in a field of curves in the xy-plane^ 
is equal to the area enclosed by the image of C in the ^yj-plane taken with 
respect to the image of the original field defined by the transformation (31). 

It remains to show that the two integrals which occur in the generalization 

of Gauss' theorem have also invariantive properties. From the behavior of 

6), p and h it follows that 

g{h)=Rg{f), 

where g (h) and g (/) are the values of the function (22) formed for h and /, 
respectively. From this it follows also that the integral 

S 9{^^yyt) ds 
is invariant under the transformation (31). Equations (37) show that the 

expression 

{g COST — gr sinr) dx + {g sinr + ^^cosr) dy 

is equal to the expression formed in a similar way for the integral (35). The 
Euler expression T {g) is multiplied by the factor D when the transformation 
(31) is applied. Consequently, the function T {g)/{fVf^ + /r) is an absolute 
invariant. From equation (27), the value of this fraction in a field consisting 
of extremals is 

r(^)__=X+lfL^, ,43) 



and it follows at once that the value of the second member of the equation, 
taken in a field of extremals, is an absolute invariant. But from equations 
(30), (36), (40) and (42) it is seen that V has the same property. Further- 
more, the derivative of any invariant with respect to t is always invariant, 
and the same is therefore true of the derivatives of V with respect to w, since 

u is an invariant and 

dV ^dV jdu 
du dt I dt^ 

It follows then that the three integrals 

59 (^, y^ T^) ds, ff (k + yj^i) dA, 
j [{g COST — gr Binr) dx + {g siar + g^ cost) dy]j 
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where g is the function defined by equation (22), are all invariant under the 
transformation (31). In the integrand of the second of these the function V 
and its derivative d^V/du^ are invariants for all values of the arguments 
Xy y, T, r,, T„, while K is invariant at least when the arguments r, r,, t„ are 
the functions of x and y defining the direction, curvature and derivative of 
curvature for an extremal of a field. 

§ 6. Application to the Case of the Surface Theory. 

It is interesting to note how the invariants found above are related to the 
well-known invariants of the surface theory when the function / has the value 
(2). With the help of the notations 

X = E COST + FsinT, fi = F cost + Gsinr, 

it follows, as in a preceding paper,* that 

. __ ^cosT + jti sinr . _ — ^smr + fi cos r 

f-y/EG-F yj^-r+^,' t+t.- f, , f + frr J,~, 

80 that the integral (41) giving the generalized angle takes the form 



"=/; 



VEG-F'^ . 

dr. 



E cos^r+ 2F COST sinr + G^sin*T 
The Euler expression T{f) has often been calculated. It has the value 
f T(/) = {EG — F^)r, 

+ (jE? COST + F siuT) [ {F^ — iE^) cos^T + G^ cost siuT + iG^ sin^T] 
— {F COST + G sinT) [i E^ cos^t + J^^ cost siuT + (F — i GJ sin^T], 

which, substituted in (14), gives the well-known formula for the geodesic 
curvature t 

1 ^ T{f) 

9 VEG — F^' 

The integral of g (a;, y, t) from equation (22), which occurs in the proof of 
Gauss' theorem, can be found after some calculation. It has the value 

, —2EF, + EE^ + E,F , EF — EG^ . ^ ,,,, 

S (^» y> '^) = i-!^_^_?_- ^^- COST H ^ - - smT. (44) 

^^ '^' ^ 2EVEG-F^ 2EyEG-F^ ^ ^ 

Since g is linear in cost and sinT, the value of T (g) is independent of the 

* Transactions, Vol. VII (1906), p. 193. 

t See, for example, Bolza, '* Vorlesungcn uber Variationsrechnung," p. 210. 
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direction angle r and consequently entirely independent of the particular field 
in which it is taken. 

The value of V is found to be unity, so that the invariant K in a field of 
extremals is exactly the expression T {g) / Q ^/~p~+'fl) in equation (43). The 
numerator of the latter, calculated directly from (44), is given by the equation 

4.{EG-F^Y^^'T{g) = E{Gl + E^G^-2F,G^) 

+ F{E^G^ + ^F^F^-2E^F^-2F,G,-E^G,) 
+ G{El-2E,F^ + E,G,) 
-2{EG-F^){E^^-2F^^ + G,^), 

which, taken with the expression 

7V7mT? = Veg^^fs 

shows that K is the Gaussian curvature. 

These results were found by direct calculations which were somewhat long. 
It would be still more difficult to identify K with the curvature by substituting 
in the expression (43), without a special choice of coordinates, the value of / 
from (2) and the values of r, and t„ derived from Euler^s equation. But 
the calculation becomes very simple when a transformation has been made 
which takes the transversals of the field into the lines a; = a, and the extremals 
of the field into the lines y = 6, and which furthermore makes the new ^r-coor- 
dinate of any point equal to the value of the integral (1) taken along the. 
extremal arc joining the point in question to some fixed initial transversal. 
When such a transformation has been made, the function / (a?, y, r) will have 
special values for r = 0. Since 

it follows that 

f{x,y, 0)^1. (45) 

The direction r = n/2 is everywhere transversal to t = 0, and consequently, 
from equations (9), 

/r(^,y,0)=0. (46) 

In the field the values of r and r, are zero, and it is easy to see from the formula 
just preceding (29), with (45) and (46), that ^ = 0. Consequently, from (29), 
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18 Bliss: Generalizations of Geodesic Curvature^ etc. 

For the length integral on a surface the conditions (45) and (46) mean that 



/ {Xj t/, t) = Vcos^r + m* sin^r, 

where G has been put equal to m*. Then, in the field, / = 1 and /^^ m*; and 
it follows, by substituting in equation (47), that 

t^ 1 d^m 

m dx^ 

This is the well-known formula for the curvature of a surface when geodesic 
coordinates are used.* 

The Univebsitt of Chicago, Chicago, 111, 



* Gauss, loc. cit,, p. 28. 
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On the Medians of a Closed Convex Polygon. 

By Arnold Emch. 



<§ 1. Introduction. 

In an article which appeared in this Journal* I have proved that all 
medians of a closed convex analytic curve, defined as loci of the mid-points of 
chords of all systems of parallel chords, are continuous and analytic curves. 
With each pair of orthogonal directions a and r are associated two medians M^ 
and M^ which always intersect in one and only one point. It is assumed that 
the tangent changes continuously as the point of tangency moves continuously 
on the curve. With every pair (a, t) a rhomb 4^ A^ A^ A^ is associated whose 
diagonals A^ A^ and A^ A^ are parallel to a and r and whose vertices lie on the 
given curve. This fact then leads to the conclusion : 

To every closed convex analytic curve without rectilinear segmentSy at least 
one square may he inscribed.f 

In what follows I shall show that at least one square may be inscribed 
in any convex rectilinear polygon, and generally in any closed convex curve 
formed by analytic arcs. 

When nothing to the contrary is stated, all points of the boundary are 
supposed to be included by the domain bounded by the curve. Such a curve 
has the property that all points of the segment joining any two distinct points 
of the curve belong to the enclosed domain, and that no other points of the 
domain lie on the straight line joining the two points, t Excluding for the 
present certain cases where pairs of rectilinear segments of the curve become 
parallel, two medians M^ and M^j as defined above, accordingly can not have 
more than one point of intersection. This is also true in all cases of pairs of 

* Vol. XXV (1913), No. 4, pp. 407-412. 

t The problem connected with this theorem was suggested to me by Dr. Kempner. After I had found 
a proof of the theorem and sent it to this Journal for publication, I was told that Dr. Toeplitz (at that time 
in Gdttingen) and his pupils had succeeded in solving the problem. A statement to this effect, without 
proof, may be found in the Verhandlungen der sohweizcrisohen Naturforschenden Oesellachaft in Solothum, 
August 1, 1911, p. 197, according to which Dr. Toeplitz succeeded in proving the theorem for convex curves 
only. I have not been able to find a publication of hi» method and results. 

t Minkowsky, "Theorie der konvexen Korper," zweiter Band, p. 154. 
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parallel sides, when the distance between two parallel sides is less than the 
smaller of the sides. If there were more than one point of intersection, it would 
be possible to inscribe at least two rhombs in the curve with parallel diagonals. 
Among the eight vertices of two rhombs of this kind there would, however, be 
at least four that would form a reentrant quadrangle, which is against the 
assumption of a convex curve. The case of pairs of parallel sides will be 
considered later. 

§ 2. Medians of a Convex Rectilinear Polygon. 
I. Medians Near Pour Consecutive Vertices of the Polygon. 

To study the variation of the medians as the direction of the system of 
parallel chords changes continuously, take first a direction aj| Z)JS. The 
median of the chords parallel to a^ within the triangle BCD ia the line 



T<— .. 



5 




Fig. 1. 



joining C with the mid-point Pj of D B. Let a^ be an intermediate direction 
in the continuous change in the positive sense from a^ to a^ \\ C A. Draw C^B 
and DB^Wa^, and designate by P^ and Q^ their mid-points (Fig. 1). The 
median of all parallel chords parallel to a^ between C and BB^ consists of 
CP^ and PgQa- F^r ^8 II C'fi, the median PgQg terminates in the mid-point Pg 
of CB. As (Tg approaches (T3, CP^ approaches CP^ as a limit. For aj| D J, 
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the median consists of the lines B P^ and P^ Q^ , where Q^ is the mid-point of 
D A. Turning in the opposite direction, as a^ approaches ag, B P^ approaches 
BP^&B a limit. Finally, for g^\\CAj the median consists of the line BP^. 
It will be noticed that as o^ approaches ag, P4Q4 approaches Pg (0) as a limit. 
The prolongations of P^Q^^ P^Q^y P4Q4J ... all pass through S, the inter- 
section oi DC and A B produt-ed. Hence, as the direction of the system of 
parallel chords changes continuously from a^ to o^, corresponding medians, 
originating from C, P3 and 5, change continuously, except for o^\\ CBy where 
as a limit C Pg changes abruptly into B Pg . The medians consist of polygonal 
lines of two sides, whose vertices Pj , . . . . , P2 , ^2 » • • • • > -Ps > Qg > • • • • > -P4 > Q4 > 
. . . ., P5, with the exception of the initial points C and 5, are located on the 
sides of the parallelogram formed by the mid-points of BC, A Dy DB and CA. 
From this fact results a simple construction of the system of medians : Con- 
struct the parallelogram P^ P3 P5 Q^ ; draw all lines bounded by this parallelo- 
gram and whose prolongations pass through S; and connect the points on P1P3 
with C and those on PgPg with B, Within the parallelogram the medians form 
a continuous set. 

As a J changes to a^, P^ moves on P^Pg to Pj, so that BP^ describes a 
pencil parallel to the pencil of directions (0 . a^ . . . . a^). But there is also 

C . P1P2 . . . . A 5 . P1P2 . . . . A . 5 . P1P2 . . . ., 

and consequently 

S .P,P^....AO.a,a^....y 
or 

8 .P^Qz A . ai (Tg 

The question is whether these projectivities are confined to the points of a side 
of the parallelogram only or whether they hold for the whole pencil through S 
contained within the parallelogram. Take, for instance, P^, which is obtained 
by drawing B,C\\a,. BC,\\B,C cuts P, Pj produced at P[ . As C Pg = 5 Pg 
and PgP; \\CC,, there is also BP', = P',C,; hence, as CP, = P,B,y 8 P'^ pro- 
duced must pass through P^. From this follows immediately the projective 
relation : 

8 .P^P^ Pg P, P^1\0 . (Ti(T2 (Tg a^ (Tg. 

Considering next the quadrangle BCDEy the system of medians associated 
with it may be constructed in precisely the same manner as in case of ABCD. 
The prolonged portions of the medians within the parallelogram PlPJPiCi 
all pass through 8\ the intersection of ED and BC produced, while the 
remaining portions are obtained by joining the points of PqP^ to C and those 
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of P3 P[ to D. From this it is seen that the parts of all medians originating at 
any vertex, like C, form a pencil whose rays completely fill the parallelogram 
PJCPjPj, and that consequently no two medians of the complete system of 
medians associated with the given polygon can intersect within the parallelo- 
grams determined by half the sides adjacent at any vertex. 

n. Medians Associated with a Quadrangle Determined by Any Two Non- 
adjacent Sides of the Polygon. 

Let HJKL be such a quadrangle (Fig. 2). In perfect analogy with the 
discussion of the medians within the parallelogram P^P^P^Q^ (Fig. 1), it is 
found that as the direction of the system of parallel chords changes continu- 






^^§^1^ 




Fig, 2. 



ously in the positive sense from LJ to KH^ the corresponding medians form 
a pencil of rays through Sj^y the intersection of LK and HJ^ within the 
parallelogram PikPskPskQiky such that the pencil through Sj, is projective 
to the pencil of corresponding directions. Thus, in Fig. 1, the continuation 
of the medians terminating in points of P^Q^ and PiQi are obtained by com- 
pleting the parallelogram P^ Q^ Q^ Q\ associated with the quadrangle ABDE^ 
and connecting the extremities of the previously constructed medians on P^ Q^ 
and Pi Q[ with the intersection T of AB and E D. The rays of this pencil 
within the parallelogram P^ Q^ Q^ Q[ are the continued medians. 

In a polygon of n sides we can now first form n parallelograms, like 
P^P^P^Q^j having one of their vertices at the mid-points of the sides. Then, 
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with every side are associated (n — 5) parallelograms as defined under 11, 
so that there are ??^-~^^— A parallelograms of this kind. Altogether there are 

w + ^^ I' = ^'^~ ' parallelograms on whose sides the vertices of the 

polygonal lines forming the medians are located. The sides of these parallelo- 
grams, are parallel to the sides of the given polygon. In every triangle with 
one side of the polygon as a base and any two diagonals from the extremities 
of the base to a vertex of the polygon as the other two sides, the line (parallel 
to the base) joining the mid-points of these two sides is common to two, but 
only two, parallelograms of the system. Thus, in the triangle DAB (Fig. 1), 
PiQ^ is common to the parallelograms P^Q^P^P^ and PiQ^Q^Ql associated 
with the quadrangles ABCD and ABDE. Every point of P1Q4 therefore 
belongs to one and only one median of the entire system of medians. These 
results may be stated in 

Theorem 1. In the foregoing system of parallelograms enclosing pencils of 
medians f every side^ except those terminating in mid-points of sides of the polygon^ 
is common to two parallelograms only. Through every point of these common 
sides only one median of the entire system of medians passes. 

Associated with each of these parallelograms is a point 8j or T, through 
which the prolonged medians within the parallelogram pass. The sides of the 
n parallelograms terminating at the mid-points of the n sides of the given 
polygon form a polygon of 2 w points bounding a closed domain (P) within 

which the ^ ^ — - parallelograms are located. Within each of these parallelo- 
grams the medians associated with it, and prolonged, form a pencil which is 
projective with the pencil of corresponding directions. These results may be 
stated in 

Theorem 2. Within the domain (P), the system of medians of a closed 
convex rectilinear polygon associated with the continuous set of all directions a 
through a fixed point {pencil) is continuous with this pencil. The directions 
of the medians within each parallelogram^ and associated with it, form a pencil 
which is projective with the pencil of corresponding directions a. Within the 
domain of the given polygon {excluding the points of the boundary) j and exterior 
to the domain (P), no medians can intersect. Within the domain (P), the system 
of medians is continuous. 

So far we have assumed that no pair of sides of the polygon are parallel. 
From the foregoing development it is obvious that with every quadrangle 
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determined by two distinct sides of the polygon is associated uniformly a 
parallelogram whose sides are parallel in pairs to. the two sides considered, 
and which is continuously filled with the segments of a pencil of medians. 

In Fig. 1, with the sides AB and DE^ for example, is associated the 
parallelogram PiQ^Q^Q^- When AB\\DE, the parallelogram degenerates 
into a single line PiQ^y and the medians of the parallelogram, s,b AB becomes 
parallel to DE, will be transformed also into a continuous set on the segment 
P1Q59 varying from at P^ to the length of P^ Q^ and from this again to at ^5 . 
From this it is seen that continuity of the system of medians with respect to 
both magnitude and position is maintained also in case of pairs of parallel sides. 

Theorem 2 is therefore also valid in this case. 

§ 3. Inscribed Rhombs. 

Consider again a closed convex polygon with no pair of parallel sides and 
two orthogonal directions a and r through 0, and construct the medians M^ 
and Mr associated with them. The extremities A^ and Z^ of M^ , and Ar and 
Zr of Mr always lie on pairs of opposite sides of a rectangle. M^ and Mr 
therefore necessarily intersect. As stated in the intioduction, for a convex 
curve there can be only one point of intersection JS, which, according to 
theorem 1, lies within the domain (P). As the pair (ar) of orthogonal 
directions changes continuously, the medians M^ and Mr within (P) change 
continuously also, and consequently their point of intersection R describes 
a continuous curve. 

In the neighborhood of R the medians M^M^^M^ and Mr Mr' Mr" .... 

form pencils, so that 

M,M^.M^ AO.cra'a" ...., 

and 

and as, obviously, 

there is also 

M,M,.M, AMrMrMr 

In the neighborhood of the point considered, the curve described by R is 
therefore an arc of a conic. 

Now turning a and r continuously through a right angle, the two directions 
and consequently the two medians M^ and Mr are interchanged by a continuous 
process. R describes therefore a closed curve. We have, therefore : 

Theorem 3. The locus of the points of intersection R of the medians 
Mff and Mr associated with all pairs of orthogonal directions is a closed con- 
tinuous curve composed of arcs of conies. 



MrMr'Mr AO.TT'T" 

O.aa'd".... aO.tt't" . 
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The case remains to be investigated where one or more pairs of sides of 
the polygon each consist of parallel sides. We may limit ourselves to one pair, 
since the effect on the medians by any other pair will be of the same nature. 

As stated before, all portions of medians determined by two parallel sides 
lie in the mid-line between the two sides and vary continuously in their length 




Fig. 3. 

and extremities. Consequently, if we take two medians M^ and Mr corre- 
sponding to a pair of orthogonal directions (a, r) and consider the portions 
AffB^ and ArB^ of each determined by the two parallel sides, two cases 
may occur: 

1) For all pairs (a, r) the segments A^B^ and ArB^ have no point in 
common (Fig. 3), so that M^ and M^ have in every position one and only one 
definite point of intersection R. As can easily be established by elementary 
geometry, this will, for instance, always be the case when the distance between 
the two parallel sides of the polygon is less than the smaller of the two sides. 




Fig. 4. 

Every position of R is the center of an inscribed rhomb. As a changes con- 
tinuously, the system of chords also changes continuously. Consequently, as 
R describes a continuous curve, the corresponding inscribed rhombs form a 
continuous set as to magnitude and position. 

2) For all pairs (a, r) of a certain continuous set S, the segments A^B^ 
and AjBr have a portion A^B^ in common (Fig. 4). This means that for 
4 
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every pair (cr, r) of S there is an infinite number of inscribed rhombs whose 
centers form the continuous set of points on the segment A^B^j and whose axes 
are parallel to the directions a and r. Their vertices lie in pairs on the two 
parallel sides. But as a and r within S change continuously, also the extremi- 
ties Ar and B^^ and consequently the segment A^B^ and with it the infinite set 
of rhombs, including those with centers at Ar and 5^, associated with every 
pair (a, r) of the system 8y change continuously. For the extreme pairs (a, r) 
of the system 8 the segment A^B^ reduces to a point and is continuously 
connected with the points of the curve traced by the uniform intersections of 
all pairs M^ and M^ belonging to the remaining set (cr, r) outside of S. 

Evidently, when M^ and M^ have a common segment ArB^y there are not 
other intersections of the two medians outside of the segment. Otherwise we 
could construct four points forming a reentrant quadrangle, which is not 
possible in a convex curve. Hence also in the second case the whole set of 
inscribed rhombs is continuous, and we have : 

Theorem 4. The set of rhombs inscribed in a convex rectilinear polygon 
is continuous. 

Turning a and r through a right angle and designating the inscribed rhomb 
in the initial position by A^A^A^A^y then, after the interchange of a and r, the 
original rhomb, in the same order, will have continuously changed into a rhomb 
A\A*^A'^A\ ^ A^A^A^A^. The smaller diagonal, say A^A^y changes into the 
larger, A^A^y while simultaneously the larger, A^A^y passes into the smaller, in 
both cases through a continuous set of diagonals. Hence, we have exactly the 
same situation as in case of an oval {Jioc. cit.)y and we can state 

Theorem 5. In every convex rectilinear polygeny at least one square 
may be inscribed. 

^ 4. Convex Curve Formed by Analytic Arcs. 

The foregoing construction is evidently valid for a convex polygon of any 
number of rectilinear sides. 

Suppose now that a convex polygon formed by analytic arcs (including 
rectilinear segments) be given. Replace all non-rectilinear arcs by polygonal 
lines of any number of sides inscribed in these arcs, so that for the com- 
plete rectilinear convex polygon obtained in this manner the foregoing con- 
structions may be applied. They hold no matter how small the sides of 
the polygonal lines inscribed in the arcs finally become. Increasing the 
number of sides and at the same time decreasing their length indefinitely, the 
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inscribed polygon will approach the given convex curve formed by analytic arcs 
as a limit. If a is any direction, then any line I parallel to a cutting the curve in 
two points Cj and Cj cuts the polygon in general in two points P^ and P^ (Fig. 5) . 
Designating the mid-point of C^C^ by C and that of P^P^ by P, choosing on I 
any point 0, so that 

OC, = a,, OC, = a,, OP, = b,, OP, = h,, 

then 

OC = i{a, + a,), OP = i{b, + b,), 

and 

PC = OC-OP = ^[{a,-h,) + {a,-b,)]. 

The side of the inscribed polygon on which Pj lies approaches the arc in 
which it is inscribed (as a chord) as a limit, so that OC^ — 0P^ = a^ — &i = «i 




Fig. 5. 

can be made as small as we please. Likewise OC^ — OP^ = a^ — b^ = B^ can be 
made arbitrarily small. But C is a point of the median associated with a and 
the given curve. Consequently, as e^ and e^ become arbitrarily small, L e., as 
the inscribed polygon approaches the given curve as a limit, also 

pc = H^i + 

becomes arbitrarily small. As P is a point of the median associated with the 
inscribed polygon, we conclude from this that as the inscribed polygon ap- 
proaches the given curve as a limit, the median Mp^ associated with the 
inscribed polygon approaches the median Mc^ associated with the given curve 
as a limit. Passing to the limit does not destroy any of the properties of 
continuity and uniformity of the intersections of Mp^ and Mp^ while passing 
into Mcc and Mcr^ The domain (P) approaches a definite domain (P') as a 
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limit. Outside of (P') no two medians intersect, and within (P') the set of 
medians is continuous. By the same argument that led to theorem 5, we 
conclude : 

Theorem 6. It is always possible to inscribe at least one square in any 
convex curve formed by analytic arcs. 

An interesting special case is obtained when the curve is symmetric with 
respect to a fixed center. All medians now pass through the center ; the locus 
of the iJ's coincides with the center. Hence : 

Theorem 7. The center of a square inscribed in a convex curve formed 
by analytic arcs, and with central symmetry^ coincides with the center of the 
curve. 
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The Rational Sextic Curve, and the Cayley Symmetroid. * t 

By J. E. Conner. 



§1. 
The rational space sextic curve, pj > iJaay be regarded as determined by a 
single form involving binary and quaternary variables, 

ia^){aty^{mty = 0, (1) 

where the symbolic a's and a's must be taken in combination to have an actual 
meaning. Evidently (1) is the equation in plane coordinates of the point of the 
curve to which is attached the parameter t. Fixing ^, (1) gives the parameters 
of the six points in which the plane ^ meets pj. The notation {mty = 0, where 
m is a form whose coefiScients sltb linear homogeneous functions of the four ^'s, 
will often be convenient. 

Any invariant of the form {mty equated to zero represents a contra- 
variant surface of (1) ; it is precisely the locus of planes which meet pj in six 
points whose parameters are the roots of a binary sextic for which the given 
invariant vanishes. An important invariant of the binary sextic is the so-called 
catalecticant — the invariant whose vanishing is the condition that the sextic 
have an apolar cubic. For the form (1) this is the symmetrical determinant 

Wo, Wj, Wj, mg 

Wi, m^, Wj, m^ _ Q /gx 

Wg, Wj, m^, Wg 

Wj, m^, mg, ma 

The m's being linear in the coefiScients ^<, (2) represents a surface of class 4. 
Cayley t studied the quartic surface defined by a symmetrical determinant of 
order 4 whose elements are linear in the coordinates of a point of space. He 
called this surface the symmetroid and deduced many of its properties. It 
has ten nodes; these nodes are a symmetrical group of ten points such that 
any nine are projected from the tenth into the base-points of a pencil of plane 
cubics. The ten minors of the symmetrical determinant represent the ten 
linearly independent cubic surfaces on the ten nodes. (2) may be called a 

* This paper was written at Johns Hopkins University, under a grant from the Carnegie Institution, 
t Presented to the American Mathematical Society, December 31, 1912. 

t Cayley, "A Memoir on Quartic Surfaces," Proceedings of the London Mathematical Society, 
Vol. Ill, pp. l»-69. 



Digitized by 



Google 



30 Conner: The Rational Sextic Cnrve^ and the Cayley Symmetroid. 

Cayley symmetroid; it is the dual of the surface of Cayley — it has ten tropes 
each of which meets the other nine in the base-lines of a range of plane curves 
of class 3. We shall frequently have occasion to consider the rational sextic 
curve (1), and hence (2) in its dual form. We shall show in this paper that 
(2) is a general symmetroid; that the reduction of the general symmetroid to 
the form (2) is possible in two ways; and hence, when the symmetroid is given, 
there are two forms (1) whose catalecticant gives the surface. Hence, it is 
seen that rational sextic curves in space are paired, either curve of a pair 
determining the other uniquely and in the same manner. Our main object is 
the discussion of the surface (2) in its relation to the rational sextic curve. 
Many features of the geometry on the surface are quite readily treated from 
this point of view. Cayley pointed out that the symmetroid may be birationally 
transformed into a quartic surface which is the Jacobian of a threefold linear 
system of quadrics. It may be proved that a cubic Cremona transformation 
is suflScient to accomplish this. • 

Certain special cases of the symmetroid are of considerable interest, for 
instance the Kummer surface, and the Hessian of a general cubic surface. 
The detailed consideration of these is reserved for a later memoir. 

It is hoped that the beauty and suggestiveness of the hyper spatial methods 
used are made suflSciently apparent. While the arguments could perhaps be 
made briefer by direct analytical presentation, many geometrical relations 
between apparently unconnected theorems would be lost. 

^ 2. The Norm-Sextic in S^y and the Rational Plane and Space Sextics. 

1. We shall use the letter R throughout this paper for the rational norm- 
curve in a space of six dimensions. This norm-curve is supposed to be non- 
degenerate, and chosen once for all. S^y S^^ . . . . , /Sg will be used to denote 
flats lying in the given six-space, and of the dimension indicated by the subscript. 
S^y Sly S^y S^ are a point, a line, a plane, and a space, respectively. An 8^, 
having (p+l)-point contact with R will be called *'an S^ of R." Sj/s meeting 
R once, twice, three times, . . . . , r times, will be called Sjfs unisecant, bisecant, 
trisecant, . . . . , r-secant to if, respectively. 

R may be given parametrically, in S^'s by 

^i = (e-i)^''~' (i = 0,l, ....,6), (3a) 

and in points by 

a;^=(_)6-<^i (i = 0,l ,6). (3b) 

An S^ y ^, meets R in the six points whose parameters are the roots of 

^^-^^t+....+^,t'^i^tT = 0, (4a) 
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and S^'q of JS on a point x have contact with R at points whose parameters 

are given by 

XQt'' + 6x^t^ + 15x^t*+ +x^^ {xty = 0. (4b) 

(4a) and (4b) will be called **the sextic ^'' and "the sextic x/' respectively, 
or merely "^" and "a?'' when there is no doubt as to the meaning. It follows 
from (4a) and (4b), and is, besides, known, that S^'s on a point x cut from R 
sextics apolar to the sextic x. /S^/s on x and r-secant to R meet R in the 
roots of the apolar r-ics of x. In this fact lies the fundamental reason for the 
study of the plurisecant spaces of R to which we are about to proceed. It will 
be seen for the rational sextic, and it is true in general, that the hyperspatial 
point of view unifies many apparently unconnected theorems relating to rational 
curves. As an example, there may be cited the intimate connection between the 
notion of osculants and that of perspective curves. * 

Rational sextic curves in flats of dimension less than 6 may be derived 
from R by projection or section, these methods giving general rational curves 
of order 6 and class 6, respectively, if the given flats are in general position 
relative to R. We indicate the rational curve of order n in S^ by pp, and that 
of class n in S^, by r^. An invariant of (4a) or of (4b) equated to zero is the 
equation in S^ of a contra variant or covariant five-way spread of R ; similarly, 
the coeflScients of a covariant of either of these forms equated simultaneously 
to zero give a spread covariantly connected with R. The operations of pro- 
jection or section on these, by which a rational sextic is obtained from JS, give 
covariant spreads of the resulting rational curve, whose relation to this curve 
is frequently easy to deduce. 

2. If the sextic x have an apolar cubic, a; is on a plane trisecant to R. 
By a simple enumeration, the locus of such points must be a five-way spread 
in 8^ . The condition that x have an apolar cubic is the vanishing of its cata- 
lecticant. Hence, 

(a) The locus of planes trisecant to R has as equation the catalecticant 
of the sextic (4b) and is a five-way of order 4. 

We call this locus the spread G. Its equation is 



X = 



Xq, X^ J x^, x^ 



^2> ^3> ^4> ^5 
X^j X^y X^j Xq 



= 0. (5) 



Calling the three-way spread of bisecants to R, of order 10,t H, we now prove 
(b) The spread G contains H as a double spread. 

* Compare Conner: "Multiple Correspondences Associated with the Rational Plane Quintic Curve," 
Transtictiona of the American Mathematical Society, Vol. XIII, pp. 265-275. 
t The rational plane sextic has 10 nodes. 



Digitized by 



Google 



32 Conner: The Rational Sextic Curve^ and the Gayley Symmetroid. 

The line joining two points x and y of S^^ 

z, = x^ + Xy,y 
meets (5) in four points whose parameters, X.^, are the roots of 

\z\ = \x + Xy\=0. (6) 

If {xty have an apolar quadratic, that is, if a; is on a line bisecant to i?, {xty 

may be reduced to the form 

{xty=t^+(i 

by a coUineation on the parameter <, and V' is a factor of (6), proving that 
the line xy meets (5) in two coincident points at x. 

3. The surface (2) (p. 29) will be called the surface (of planes) 8 oi f\\ 
dually, rf has a similarly defined contra variant surface (of points), 2 say. 
Cutting the S'g's of 1? by a space c, we obtain a rational sextic of planes, r\ . 
G meets a in the surface 2 of r| . This surface may be defined as the locus of 
points of a which determine, by planes of rj on them, catalectic sextics in the 
binary domain on rj. Theorems (a) and (b) give 

(c) The surface 2 of rj is a ten-nodal quartic surface; the ten nodes are 
the points of intersection of o with the three-way spread H. A node of 2 gives 
on rl a binary sextic reducible to the form t^+ a; that isy a cyclic sextic. 

These ten nodes will be called the cyclic points of rj . Dually, pS has ten 
cyclic planes, the tropes of S. 

4. A plane in 8^ has twelve constants. There are oo ® iS/s five-sfecant to iJ, 
and 00 * planes on each ; thus it is a single condition on a plane in S^ to carry 
an S^ five-secant to R. This condition is easily calculated. If a?, y and z are 
three points on such a plane, the sextics a;, y and z have a common apolar 
quintic. Let {aty be this quintic; then 

\xa\^{xt)^0, 
\ya\'{yt)^0, 
\za\^ (zt) = 0, 

for all t'&. Eliminating the a's from these six equations, we obtain 

Xq a?i a?2 x^ x^ a?5 



^1 


<^i X, rr« a?5 x^ 


Vo 


Vi. Vi Vz Vi Vs 


J/i 


2/2 ys y* Vi y« 


2!o 


2l S, S, Zi 25 


«1 


2» Zt Z^ Sj 2, 



= 0; 



(7) 



(7) is of degree 2 in the determinants |aj<yy2t|, the coordinates of the plane 
xyz. Hence, 
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(d) Planes in S^ carrying 8/s five-secant to R are in a quadratic system 
(hypercomplex) of oo ^^ planes. 

From (d) we have that the locus of planes passing through a line, p, of S^j 
and carrying /S/s five-secant to R, is a quadric spread. If p = xy^ (7) is the 
equation of this spread in coordinates z, A quadric spread in S^ containing 
00 ^ /S/s must have a nodal plane. This plane in the present case passes through 
the line p, and is common to all S/s on p and five-secant to R. We may see 
this in another way. There is a pencil of binary quintics apolar to all sextics 
of a given pencil, but a net of sextics apolar to a given pencil of quintics. 
Thus, giving p determines, by 8^'q five-secant to R and on p, a pencil of quintics 
apolar to the pencil of sextics defined on R by points of p ; to this pencil of 
quintics, however, is apolar a net of sextics determined by points of a plane 
through the line p. This plane is determined in a similar way by any of its 
lines ; it belongs to a system of oo ^ planes in S^ — this system is useful in the 
study of the (unique) cubic surface passing through pi (§5). 

5. In the space a of rj, we have from (d) : 

(e) Planes whose points define on rJ a linear system of binary sextics 
having a common apolar quintic are planes of a quadric surfacCj Ky in a. 

The surface K was discovered by Stahl,* and will be called the Stahl 
quadric of rJ . It is the locus of planes joining three at a time the sets of four 
stationary points (apparent cusps) of quartic osculants of the curve. 

6. A pencil of binary sextics has in general a pencil of apolar quintics. 
But if the sextics are the first polars of a binary septimic, the pencil has a net 
of apolar quintics, namely, the apolar quintics of the septimic. Conversely, 
if a pencil of sextics have a net of apolar quintics, they are first polars of a 
septimic. Lines whose points give on R first polars of a binary septimic are 
in a system of oo ^ lines in S^ ; since the general line in 8^ has ten constants, 
it is three conditions on a line*to belong to this system, and there is a ruled 
surface of these lines in the general space a. Let the pencil of sextics 

{xty + X{yty = 

have a net of apolar quintics ; that is, let the line xy carry a double infinity of 
iS/s five-secant to R. Then to any third sextic (2<)® = is apolar a unique 
quintic of the net. In geometric language. 



* stahl, "Ueber die Fundamental inyolutionen auf rationalen Curven," Journal fUr Mathematik, 
Vol. CIV, p. 56. In connection with this paper and with several others of Stahl, the author is inclined to 
' think that many of his results were obtained by the use of hyperspace, and, for some reason — probably for 
greater convenience of statement — were subsequently translated into algebraic language. Compare the 
introductory pages of the above paper and those of the one entitled " Ueber die rationale ebene Curve 
vierter Ordnung," Journal fUr Maihematik, Vol. CI, p. 300. At all events, the results of Stahl are those 
most easily accessible to the hyperspace apparatus. 

5 
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(f ) // a line xy of S^ carry a double infinity of 8/s five-secant to B, any 
plane on xy carries a unique S^ five-secant to R, 

with the immediate consequence, 

(g) The Stahl quadric K of rj is the locus of lines in a which carry a 
double infinity of 8/s five-secant to R; i. 6., it is the locus of lines whose points 
give on rj the first polars of a binary septimic. 

7. Closely connected with the subject of paragraph 5 is the system of 
lines in 8^ which carry S^'s four-secant to R. There are oo * S^'s four-secant 
to Rj and oo * lines on each ; there are thus oo ® lines in 8^ which carry S^'s four- 
secant to R, and there is hence a congruence of such lines in the general space a. 
We desire to prove 

(h) Lines in a space a and carrying 8gS four-secant to R are in a (3, 6) 
congruence; 

that is, three such lines pass through the general point, and six lie on the 
general plane of a. 8^'s on a point x of 8^ and four-secant to R meet R in 
roots of quartics apolar to rr (oo ^ quartics) and lie on a four- way spread, this 
spread being the locus of points y such that the line xy carries an 8^ four- 
secant to fl; t. e., X and y have a common apolar quartic. Let (kt)* be this 
quartic. Then 

eliminating A;, we obtain 

Xq x^ x^ a?3 x^ 

a?i x^ x^ x^ Xg 

X2 x^ x^ X^ Xq 

Vo Vi Vt ys Va 

Vi 2/2 Vz Vi 2/6 

Vi 3/8 J/4 2/5 2/6 

The order of this matrix in y is easily seen to be 3. Through a point x oi a 
there pass three lines of our congruence, since a meets the four-way defined 
by (8) in three lines through x. 

Again, let n be a general plane of 8^^ ; projecting R from n, we obtain a 
rational space sextic pS ; let p be a fourfold secant line of pj . The 8^ pn meets 
R in four points, and the 8^ on these four points meets 7t in a line of the con- 
gruence in question. The lines of the congruence which lie on n are thus in 
(1, 1) correspondence with the fourfold secants of pj, and there are hence 
six of these lines on n. * 



= 0. 



(8) 



♦ Pascal, <'Repertorium der hSheren Mathematik/' II (Geometrie) (1902), p. 270. 
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8. Projecting R from a plane n, we obtain a space curve pj- Plane 
sections of this curve are the projections of the sections of R by 8^'s on n. 
It follows that points of n define on B, or on the section oi R hy n — an rf — 
binary sextics apolar to the plane-sections of pj. pj and rj will be called 
conjugate curves. Points of n give on rj the fundamental involution of pj; 
similarly, plane-sections of pi are the fundamental involution of r J . 

Dually, projecting from a space a carrying a curve rj cut from R by c, 
we obtain the conjugate sextic, p? , of this curve. A node of pj arises when a 
line bisecant to R meets cr. These lines mark on a the ten nodes of a symme- 
troid, the surface 2 of rj . Hence, 

(i) The ten nodes of a rational plane sextic curve are in one-one corre- 
spondence with the ten nodes of a projectively definite symmetroid. 

§ 3. The Stahl Quadric is a Rational Covariant Surface of the Symmetroid. 

9. There are oo* six-planes circumscribing K and inscribed in the sur- 
face 2 of a sextic of planes, rf . * Each of these six-planes is associated with 
one set of the fundamental involution of rf . Regarding rj as cut from Rhy a 
space (T, an S^ on a meets 12 in a set of six points — a set of the fundamental 
involution of rj — and S^'s on five out of six these meet a in one of the six- 
planes in question, t These six-planes are intimately connected with the oscu- 
lants of rl and the perspective curves of the conjugate p®. The author expects 
to publish an account of this theory later. 

10. One of the above six-planes is uniquely determined when one of its 
twenty vertices (a point of 2) is given. For, let x be such a vertex; there is 
a unique plane on x trisecant to B, and on this plane and a a unique S^ which 
determines a unique six-plane with vertex at x. Opposite vertices of these 
six-planes are hence in involutory and one-to-one correspondence, thus giving 
a birational transformation of 2 into itself which we shall call T. The princi- 
pal theorem of this section is an immediate consequence of one of the properties 
of the fundamental curves of T. 

A singular point of T can arise when, and only when, the plane on a point x 
of 2 and trisecant to R is indeterminate. This happens only at the nodes of 2. 

Let ^1 , , Wjo be the ten nodes of 2. There is a line, p^ , on n^ meeting R in 

two points, <i and t^ . Choosing a plane on ty , t^ and t^ , any third point of fi, 
the iSg on a and the plane ij t^ t^ meets R in three further points, t^, t^y fg . 
The point t^ t^ <<, a (the trace on a of the plane t^ t^ <«) is on the fundamental 

♦ stahl, " Ueber Fundamentalinvolutionen," loc. cit., pp. 56, 67. 

t A complete verification of these statements would require the development of the theory of osculants 
of R. Cf. Conner, '< Multiple Correspondences," etc., loc, cit. 
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curve corresponding by T io n^. The locus of ^4 1^ t^ a as t^ varies is this 
fundamental curve, 8^^^ say. /Sg's on a and p^ meet /? in f j , t^ and in roots of 
quartics of a pencil. The points t^ t^ t^ t^ , mentioned above, are roots of such 
a quartic. The space a meets the complete six-point t^ .... t^ in six planes, of 
which four pass through n^ and two meet on the line t^ t^ t^ t^ a. Call this line 
Px > ^ being the parameter of t^ t^ t^ t^ in the pencil of quartics. On px are 

four points of /S^^\ namely, t^t^t^a, t^t^t^Oj A pencil of binary quartics 

is apolar to a definite binary sextic, a;, the pencil being cut from R by 8^'b on x 
and four-secant to R. {x is here not on <t.) From the matrix (8), p. 3i, we see 
that the locus of these /Sg's is a cubic four-way. This enables us to find the 
order of the locus of px as X varies. A cubic four-way in S^ can not meet a 
space in a surface of order greater than 2 without containing it entirely. It 
follows that the order of the locus of px is not greater than 2. But an 8^ on a 
may be made to contain the lines p^ and p^ on the nodes n^ and n^ of 2 and 
bisecant to R ; hence the locus of px is on all nodes of 2 but n^ . It follows 
that this locus is the quadric surface, Q^ , on the nodes Wg , . . . . , w^o • There 
can not be a pencil of quadric surfaces on n^, . . . . , Wio , for in that case the 
pencil taken with Q^ would give a net of quadrics on Wg ,...., w^o , and no eight 
nodes of 2 are base-points of a net of quadrics.* Hence, 

(j) The nodes of 2 are singular points of the correspondence T. The 
fundamental curve corresponding to any node, Wj, is cut out of 2 hy the quadric 
surface on the remaining nine nodes, and is a rational curve of order 8 with 
nine actual nodes. 

Eecurring to our notation above, the point ^4 1^ t^ a of 8^^^ may be named 
by the parameter t^ of R. The plane t^t^t^t^t^^a, on the point t^t^t^a, is a 
plane of the enveloping cone to the quadric K from n^ , and may be named, as 
a plane of this cone, by the same parameter, t^ . Projecting 8^^^ from n^ , we 
obtain a rational plane octavic curve, the enveloping cone to K from n^ giving 
a perspective conic of this curve. The enveloping cone to K from n^ is thus 
unique when 2 is given, since a rational plane octavic can have at most one 
perspective conic; two conies in one-one correspondence generate a rational 
quartic. Hence we obtain the principal theorem of this section : 

(k) Given the symmetroid 2 associated with a rational sextic curve, rj, 
the enveloping cones to the 8tahl quadric K from its ten nodes are uniquely 
determined. It follows that K is a rational covariant surface of 2. 

§ 4. The Two Sextics Determined hy a Given 8ymmetroid. 

11. Let a? be the symbol of a point in a space a,, and y that of a point in 
a second space Cy . The equations 

♦ Cayley, loo. cit,, and Pascal, "Repertorium," loc. oit., p. 298. 
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(9) 



^0 = (ay)S 

a, /3, y and S being four linearly independent quadric surfaces in Cy , determine 
a one-to-eight correspondence, F,* between the spaces c^ and Oy . Planes of a^ 
pass by V into quadric surfaces of a linear threefold system, (7^, in a^. Planes 
of (Ty, on the other hand, are sent by V into Steiner quartic surfaces in <t, a plane 
>7 of (Ty being mapped on its correspondent surface by means of the three-fold 
linear system of conies in which quadrics C^ meet yj. To a point x correspond 
eight y's ; the surface along which two y's with a common correspondent coin- 
cide is the Jacobian surface, J, of the system Cy. J is a quartic surface con- 
taining ten lines; there are ten quadrics C^ which degenerate into pairs of 
planes, and the line of intersection of two planes of such a pair is on J. 

We use the notation ^PjYiq for a plane and line of c, and <Ty, respectively. 
To a line p of <t, corresponds the intersection of F^ and F^', if f and ^' are 
two planes on p ; this curve is an elliptic quartic, the intersection of two quadrics 
Cy. VJ is a surface of order 16, since the quartic curve Vp meets J in sixteen 
points. VJ is of class 4, since there are four nodal quadrics in a pencil. 

12. If in 

(^^)=0 (10) 

are substituted the values of x as given by (9), the discriminant as to y of (10) 
is the surface VJ in planes. If {AyY is the form (10), then VJ is 



-^00 > -^01 > 
-^10 > -^11 > 



-^02? -^08 
^12 J -^18 



-^20, -421, -^22? -^2 



-^80 > -^81 J -^8 



A, 



^0, 



(11) 



* It is convenient, for the purposes of this paper, to discuss the correspondence Y without reference 
to the norm-curve R, though it is of more than passing interest to point out how it arises from the notion 
of the norm-curve. The spread of /Sf^'s ol R is a five- way of order 10; it has a triple three-way spread of 
order 8, d« , any three iSf/s of R meeting in a point of dg . Now it may be shown that $« is mapped from a 
space ay by quadrics orthic to a norm-curve tf in ay, and that ^ itself passes into R» Regarding the 
curve pS as obtained by projecting R from a plane v m S^, the (8, 1) correspondence is here between the 
eight points in which a space on ir meet? dg and the point which it determines on the space {ax) into 
which the projection is made. In particular, if ir meets fi. six times, the quadrics a /9 7 < of the text 
become quadrics on six points, and the surface 8 of p% is a Kummer surface. Thus, 

// a rational plane aextio T*t has six triple points (dually, six triple tangents), the conjugate curve 
p\ has a Kummer surfctce <m covariant symmetroid. 

The properties of the correspondence V which we use are so similar to those of the (1, 2) corre- 
spondence determined by (9) when a/37d have six common points, that it does not seen necessary to 
develop them in great detail. See Sturm, '* Die Lehre von den Geometrischen Verwandscbaften," Vol. XV, 
part 12, and especially pp. 436 if. Compare also Snyder, Transactions of the American Mathematical 
Society, Vol. XII, p. 354; Cayley, loc, cit. 
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a symmetroid (in planes) in a^. The surface S oi a, rational sextic curve 

(aO (aty^imty^O (1) 

in a, is 



♦»0> 


m,, 


^i> 


mg 


m, , 


♦»2» 


»»8» 


w, 


♦»2. 


»»8, 


W,, 


mj 


♦w«, 


m,, 


»»B, 


w. 



= 0. 



(2) 



The form (11) involves twenty-four constants, and the rational space sextic 
curve has twenty-four constants. The question arises, Given the surface (11), 
is a reduction to the form (2) possible? 
The equations 

yo = t^ 

y, = 3t^ 
2/8 = 1 



(12) 



represent a rational cubic curve in a^. The quadric orthic to the curve (12) 
(t. e., apolar to the quadrics touching the planes of the curve) and cutting out 
the sextic {aty = is 

doyl + ^23/? + ^42/2 + ^62/3 + 2 01^0^1 + 2a2l/oy2 + "^(^zVoVz 

+ 2052/22/8 + 2043/8^1 + 2031/1^2 = 0, 
having the discriminant 



%y «i> «2> «8 

^l> «2> ^ZJ «4 
«2J ««> «4> «6 



*8> 



a^, a^ 



'6 9 



= 0; 



thus it appears that if all quadrics Cy are orthic to the norm-curve (12), the 
equation of the symmetroid FJ, with properly chosen tetrahedron of reference 
in <Ty, assumes the form (2). The cubic curve (12) then maps by V into the 
rational sextic (1) whose catalecticant gives the surface (2). 

Given a symmetroid of which (11) is the general form, the surface J is 
unique to within coUineations, and the system Cy is unique, as is obvious from 
the form of (11). The problem of finding a rational sextic curve having a 
given symmetroid as surface 8 is thus reduced to that of finding a cubic curve 
orthic to every quadric of the system Cy . Eeye * has shown that there are 
two such cubic curves, N^ and ^2 • ^1 *^d ^^2 have the ten lines of J as common 



♦ "Ueber lineare Systeme und Gewebe von Flftchen zweiten Gradea," Journal fUr Matkematik, 
Vol. LXXXII, pp. 78, 70. 
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axes. J is conversely determined by A\ and N^, as is easily shown.* We may 
state the preceding in the following theorem : 

(1) Given a symmetroid {of planes) in a space <t^, there are two rational 
sextic curves {of points) having this surface as covariant surface 8. The 
covariant surface S of a general rational sextic curve in space is a general 
symmetroid. 

Comparing theorem (g), § 2, and the results of § 3 with the above, we 
obtain 

(m) The two sextic curves which have a given symmetroid as covariant 
surface S have a common Stahl quadric K. The two sextics pair with the two 
systems of generators on K and also ivith the two systems of generators on a 
quadric Q^ on nine out of ten of the tropes of the given symmetroid. 

It follows that if K has a node^ every quadric Q^ ts a conic. 

12. An interesting result may be drawn from the correspondence which 
V establishes between J and VJ^S. F>7 is a Steiner quartic surface, C,, 
touching 8 along the correspondent of the quartic curve of intersection of J 
and rj. Any line q maps by V into a conic touching 8 four times. 

Cg is mapped from y/ by the intersections of rj with the system C^ — a three- 
fold linear system of conies ; that is, a system every conic of which is apolar 
to all conies of a range. Let the base-lines of this range be gi, gg? Ss? 34- 
Since gf is apolar to all conies of the range, it follows that a quadric C^, 
necessarily a cone, touches 17 along q^ ; hence g^ is a line of a cone C^, and the 
plane of Vq^ touches 8 at a point of Vq^. The planes of Vq^ are the four 
tropes of (7^, while the points F(g^g^) are the six pinch-points. It may readily 
be shown that J passes through the six points g<g^; in fact, J is the locus of 
points yy' apolar to all quadrics C^, and g<g,-, g,g,a are such a pair of points. 
The lines g^ map into the four conies in the tropes of C^ ; these conies each 
touch 8 four times, three contacts of each being three pinch-points in a trope 
of C, . It follows that the edges of the tetrahedron of tropes of C, touch 8 at 
the pinch-points and 

(n) There are 00® tetrahedra circumscribed to 8 whose edges touch 8. 

These are analogous to the Humbert tetrahedra of the Kummer surface, t 

§ 5. The Cubic 8urface on p|. 

13. It is a single condition on a rational plane sextic curve to have a 
perspective conic. Stahl J showed that this condition is the condition for the 

♦ Compare Meyer, "Apolaritttt und rationale Curven," § 31, p. 310. 

f Hudson, " Kummer'B Quartic Surface/' p. 58. 

t Stahl, "Zur Erzeugung der ebenen rationalen Curven," Math. Ann., Vol. XXXVIII, pp. 665, 566. 
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existence of a binary octavic apolar to all line-sections of the curve. K (ai)®, 
{htYj {cty are three linearly independent line-sections, the condition is 
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(13) 



This is of degree 3 in the determinants 

Piih = I «i &i ^t I 
and also of degree 3 in the complementary determinants n,^„^ formed from 
four linearly independent sets of the fundamental involution of the given plane 
curve. Let (13) expressed in terms of the Tt's be 

If now a, 6, c are the forms generating the fundamental involution of a space 
sextic pS, then any added form (dty defines planes on a point of the space of 
pS, plane-sections on this point being apolar to a, &, c and also d. The deter- 
minants ni^^r formed from a, &, c, d are proportional to determinants linear 
in the coordinates of the point. * Hence, 

(o) The locus of points from which pj projects into a plane sextic curve 
with a perspective conic is a cubic surface^ P. 

The equation of this surface is intrinsically contained in (13). 

A rational plane quintic curve has a unique perspective conic, and pS pro- 
jects from one of its points into a rational quintic. Again, a plane sextic with 
a fourfold point has a perspective conic— the fourfold point repeated. Hence, 

(p) The cubic surface P is the unique cubic surface on pJ. It contains 
the fourfold secants of pi. 

14. Certain facts regarding the surface P may easily be obtained by using 
the apparatus in 5'^ which was developed in § 2 of this paper. We saw 
(theorem (d)) that it is a single condition on a plane in S^ to carry an S^ 
five-secant to R. Any two S/s five-secant to R meet in a plane, and this plane 
carries 00 ^ S/s five-secant to R. Let us call such a plane a plane w. Since 

♦ Stahl, " Zur Erzeugung der rationalen Raumcurven," Math. Ann., Vol. XL, p. 2. 
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a plane 6 is uniquely determined by a pencil of binary qnintics on Ry there are 
00 ® planes HinS^. We have shown that there is a unique plane q on every line 
of S^j and that a plane u is equally Well determined in this way by any line on it. 
If a plane xy z carry oo ^ S^'s five-secant to B, a?, y and z have a pencil of 
apolar quintics, and they are second polars of an octavic, the pencil of qnintics 
being the apolar quintics of the octavic. Any sextic apolar to a;, y and z is 
apolar to the octavic. Hence, 

(q) R is projected from a space carrying a plane q into a sextic curve 
with a perspective conic. 

S^'s on the given space and on the S^'s on u and five-secant to R give the 
lines of the perspective conic. Again, 

(r) Spaces carrying planes u are in a cubic hypercomplex of spaces of 
which (13) is the equation^ if a, b and c are three linearly independent S^'s. 

In a space carrying a plane c5, the Stahl quadric of rf is a conic in the 
plane q. It follows that 

(s) The invariant conditions that a curve rj have a perspective conic and 
that the Stahl quadric of its conjugate pj have a node are identical. 

We need especially the following theorems : 

(t) Any plane on an S^ four-secant to R is a plane q. 

(u) In an S^ on a point of R there is a unique plane q on this point. 

Theorem (t) is sufficiently obvious. Theorem (u) follows, by projection 
from the point of fl, from the fact that for the rational norm-curve R^ in S^ 
there is a unique line on a plane of S^ carrying oo ^ S^'s four-secant to R^.^ 

16. Projecting R from the plane n on a space c, we obtain a rational 
sextic curve, pS in <t; spaces on n carrying planes q meet a in points of the 
cubic surface, P on pJ . On n there are six lines carrying S^^s four-secant to R 
(theorem (h) ) . Let us call these p^ , . . . . , Pe • The S^ containing n and on an 
S^ four-secant to R and meeting tc in a line p^, meets cr in a line q^ which lies 
entirely on P, since the pencil of planes on p^ and in the four-secant space are 
all planes 5. The lines g< are the fourfold secants of pJ. In like manner, it 
follows from theorem (u) that P contains pf , for on the space on n and a point 
of R there is a unique plane w. This space marks on <t a point of pJ and of P. 
The important additional point which we can make is that there is a natural 
one-to-one correspondence between the lines of n and the points of P. For, 

* Marietta, "SuUe curve razionaU del quinto ordine/' Rendioonii del Circolo maiemaiico di Palermo, 
Vol. XIX (1006), p. 94. 
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given a general line p on ti, there is a unique plane ci on it ; on this plane and n 
there is an 8^ marking on <t a point of P. Conversely, given a point of P, the 
8^ on this point and n carries a plane o meeting n in the line p. The six lines 
p^ are simple singular lines of the correspondence, for on a line p^ there is a 
pencil of planes q. Hence, 

(v) The lines of n are mapped on the points of P by means of the linear 
threefold system of curves of class 3 on the six lines p^. The correspondent 
of pi in 71 is a curve of class 10, ^f say^ having the lines p^ as fourfold tangents. 

On a plane of a space 8^^ cutting out of a norm-curve R^ a rational curve 
of class 5, r|, there is a unique line carrying oo^ 8^'s four-secant to R\ This 
covariant line of rl was studied by the author* in a former paper; points of 
this line give on rl first polars of a binary sextic — the unique sextic apolar to 
the fundamental involution of rl . Calling this covariant line of rf H, we have 

(w) The rational ten-ic ^f is the locus of covariant lines ft of quintic 
osculants of the curve rj in n. t 

The preceding theorems may be summed up in the following : 

(x) Given a plane sextic curve {of points) ^ pj, in a plane 7t, there are six 
points Pi of n having the property that lines on them cut from pi a pencil of 
sextics with a common apolar quartic. The locus of the covariant point ft of 
quintic osculants of pj is a rational curve of order 10, V, having p^ as fourfold 
points. V is in one-to-one correspondence with pi. A set of the fundamental 
involution of pj is cut from ^f hy a curve of order 3 on the six points p^, the 
00 * such curves giving the oo ^ sets of the fundamental involution. Mapping n 
by means of this system of cubic curves gives a cubic surface P, and the ten-ic 
curve * maps into the conjugate sextic of p? . The lines p^ map into the four- 
fold secants of this conjugate curve;, these fourfold secants are a sixer on P. 

The author suspects most strongly that the second sextic associated with 
the symmetroid of the conjugate curve lies also on the cubic surface P, and has 
as fourfold secants the other half of the double-six. This has not been proved. 

Bbtn Mawb College, December, 1013. 

* Conner, Transctctiona of the American Mathematical Society, Vol. XII (1012), p. 265; see in 
particular, §§ 3, 6, 7, 8. 

t See in particular § 6, Conner, loc. cit. 
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Limited and Illimited Linear Difference Equations of ttie 
Second Order witfi Periodic Coefficients. 

By Tomlinson Fort. 



In this paper, I show how a method developed by A. Liapounoff * for the 
linear differential equation of the second order can be extended to the difference 
equation in which the independent variable is restricted to integral values. 
Certain portions of Liapounoff 's work can be applied to the difference equation, 
with changes which are in no wise fundamental. I shall consequently state 
sbme results without proof, the proofs being readily supplied from the paper 
of Liapounoff. The fundamental theorem of Liapounoff, the proof of which, 
as given by him, is exceedingly diflScult and long, covering some sixteen pages, 
when stated for the difference equation admits a proof both short and simple. 
This simplicity does not, however, extend throughout the theory, as the for- 
mulas to be used in the calculations are usually more difficult to obtain and 
somewhat more complicated for the difference than for the differential equation 

§ 1. A Necessary and Sufficient Condition that the Equation be Limited. 

Given 

y(i + 2) + M{i)y(i + l)+y(i)=0, (1) 

where the function M{i) is real and defined for all integral values of the argu- 
ment, and satisfies the relation M {i + u) ^M (i). 

Let j/i and y^ be two linearly independent solutions. Then, as y^ (t + co) 
and 2/2 (i + <<>) ^^re also solutions, 

2/2 (♦ + ")= ^21 Vl (i) + ^222/2 (0, J 

where a^ , a^ , a^i and a22 are constants ; and since the determinant 

y^ii) 2/2(^ + 1) 



is a constant, 

n. n. \ 

= 1. 



«n a,j 



* Uimoires de VAoadimie Impiriale de» Soiencet de 8t. Piterabourg, 8e Sirie, Tome 13, 1902. 
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= 0, 



Consequently, the characteristic equation* of (1), 

I «21 «M — P 

reduces to p* — (^n + ^22) P + 1 = 0, which we write 

p^ — 2Ap + l=0. (3) 

From the first of equations (2), 

t/i {i + o) = 2A y, (i) + a^^y^ (i) — a^y^ (t). (4) 

Write equations (2) in the form 

2/2 W = «21 3/1 (i — ")+ «22 2/2 (* — ")• J 

Solve (5) for yi(i — o) and substitute in (4). We get 

But -4, being a coefficient of the characteristic equation, is independent of the 
particular fundamental system of solutions chosen. Hence, when y is any 
solution of (1), 

y(i + o) + t/(i-6))=2^t/(i). (6) 

We call A the characteristic constant of the difference equation, (1). 

From (6), proceeding exactly as is done by Liapounoff in the case of the 
differential equation, we obtain the following theorem : 

Theobem I. If A^>lj all solutions of (1), not identically zerOj are illim- 
ited.^ If A^<ly all solutions of (1) are limited. If -4 = 1, there exists at least 
one solution, not identically zero, having the period a; all solutions not having 
the period u are illimited. If A = — 1, there exists at least one solution, not 
identically zero, satisfying the relation i/(i + 6))^ — y{i); M solutions not 
having the period 2 o are illimited. 

%2. The Finite Series, 1—A^ + A^— + ( — 1)"-4„. 

The problem of the calculation of A next presents itself. 
Let f{i) and ^(i) be the two solutions of (1) such that 

/(0) = 1, A/(0)=0; 
^(0)=0, A^(0) = 1. 

From (6), /(q) +/(— w) = 2-4. Moreover, A^(w)/(i+a))— A/(6))^(t+(a) 
is a linear combination of /(i+w) and ^(i+ca), two solutions of (1), and hence 

* The characteristic equation of (1) is the analogue of the characteristic equation of the differential 
equation, ^— ^ -f- m (d?) y = 0, where m (a?) is periodic. Compare Floquet, Ann, 8oi. de I'koole Normale 



Supirieure, 2e S^rie, XII, p. 47. 

t A solution of (1) is said to be limited if it remains finite as i becomes infinite, and to be illimited 
in the contrary case. 
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is itself a solution. Moreover, it and its first difference at are equal respect- 
ively to /(O) and A/(0) ; hence 

/(i)^A<?>(G>)/(i + G>)-A/(G))^(i + G)). (7) 

From (7), /( — («)) = A^(w), and hence 

2^=/(G)) + A^((a). (8) 

If (J is small, the calculation of A from (8) is easy. We calculate /(2), 

/(3), , /(6)) successively from (1), then ^(2), ^(3), , ^(w+1), and 

substitute in (8). 

K o is large, this process is tedious, and for very large values of o is 
prohibitive. In the following pages a process, analogous to that employed by 
Liapounoff for the differential equation, is developed for the treatment of this 
case. We begin by writing the difference equation in the form 

A2y(i)+p(i)i/(i + l) = 0, (9) 

where p(t) replaces M(i) + 2. 

Treat f{i) and ^(t) by a method of successive approximations* similar 
to that employed in existence theorems for differential equations. Denote the 
successive terms in the two series by /o, — /i, ...., ( — !)'*/„, ...., and 

g 

^oy — 4>i >••••> ( — 1)" 4>fi respectively. Adopting the convention 2 F {%) = 0, 
h> g\ when i>0, 

J 

t. (i) = *2 2' 2 . . . . V W ih) Pii,) ....P ih,) (i.„ + 1), (10) 

<,=0 <,-0 <,=0 <,^i=0 i,.=0 

U (i) = 1, 



y 

/„(i) = 2 2 2.... 2 2 p(i,)p(0 ....p(0. (11) 

* Consider equation (9) . Form successive approximations for a solution, y, such that y (a) = Cq , 
y (a+ 1) =0i, where a is any integer, and c, and c^ arbitrary constants. Assuming yn-i as known, we 
determine yn from A'yn (*) = — p (t) yn-i (» + 1), subject to the conditions yn (a) =o», yn (o + 1) = Ci . 
Choose yo = (» — o) (Ci — c») + c« , and let «n (i) = yn (t) — yn-i (i) when n > 1, afo (») = y© W • Clearly, 
when n> 1, 

A« »» (t) =— p (i ) »n-i (i + 1) and af» (o) = »n (a + 1) = 0. (j) 

Adopting the convention 2 ^ (t) = 0, A; > ^r, we have, when n > 1 and %<a, 
i=h 

«n (») =— 2 2 p (i) «n-l (» + 1). (jj) 

From (jj) it is immediate that if 2rn-i(i) = when7=a, o+l, , i— 1, «rn (i) = when T:=o, 

a + 1, , i. But 2?i (a)=«ri (o+l)=0. Hence ar, (a) = », (a -f 1) = », (o + 2) = 0, and in general 

011 (a) = iPn (a + 1) = = 2ft, (a + n) = 0. Consequently, the series «o (») + «i (») + a^i (♦) + has all 

its terms zero after the (i — a)-th, and hence converges. Moreover, it satisfies the difference equation 
and the conditions at a, and accordingly is the solution of the difference equation sought when i^a. 
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From (10), 

A^. (t) = '2 2 v.... *'"£' p (i,) p (»J . . . . p (*•„) (s, + l) 

^=0 <,»o <«»o <,.»o 

= 2 2 2.... 2 2 p(ti)p(is).---P(Wi)- (12) 

H=«0 <,=0 ^=0 i,^,=0 <,.=0 

Let 2 J, = /, (o) + A 4>„ (o) . Clearly, 

A = l-A, + A,- .... +{-iyA^. (13) 

Consider 

/,(c)= 2 2 p(t,) 2 2 p(t,). 
Let 2 p (t) = P (t), thus defining P (i) ; and sum by parts, considering ij 
as variable of summation. We get 

A (ca) = "2 ''2' (P (t,) - P (i,) ) P (t,) . 

Now apply similar summation by parts to /„ (q) , considering successively, as 
variables of summation, ^2,^4, . . . . , i^,^_^ . The above result is clearly general 
for any single summation, and we write 

fAo) = 2' V V . . . . ""I;""' (P(o-P(y) . (P(i,) -P(t3)) . . . . 

<i=0 i,=0 <,=-0 <,,= 

(i^(d)-P(0)P(0. (14) 
Consider next 

«— 1 tj <i— 1 i» 

A^j(o) = 2 p(t,) 2 2 p(t,) 2 1. 

Sum by parts, considering successively *i and tj as variables of summation. 

A«^,(«) ="2 2'(P(a)-P(»,)) {P(i,)-P{i,)). 

In general, letting P («) = ft, 

A<^,(a)) = 2' 2' 2'. . . . "2"' {Sl-P{i,) ) {P{i^)-P{h)). . . . 

<,=o <,=0 <,=0 <,=0 

(P(t._,)-P(0). (15) 
Combining (14) and (15), 

2 A, = "X 2' 2'. . . . "2" (fl-P(t,) + P(0) • (P(t,)--P(i2)) 

....(P(t._J-P(iJ). (16) 

Remark that when P (i) is any function, 2 2 P(i2) = 2 2 Fih)- 

Then, from (11) and (12), 

w-l <,-! <,-! <s <i»-«-l <»»-i 

/,(o)=2 2 2 2.... 2 2 p(gp(iJ....p(U, (17) 

l,mO <i-0 <i=0 i4-0 <i.-l = i,,=0 

A^. (6)) = "2 2' 2 2'. . . . '2' 2"' p (ij P (t,) . . . . P (tj»-.). (18) 

4,-0 <,=0 <,=0 <4=0 i,..,=0 1,.=0 
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Apply summation by parts to (17) and (18), considering as variables of 
summation ij , tg > • • • • , hn-i ^^^ h^h^ . . . . , i^^-^ respectively. We arrive at 
the following formula : 

«-l t,~l <,-! i».x-l 

2^,= 2 2 X .... X (co-ii + O (ii-t^) .... 

<i=0 i,=0 «t=0 <»=0 

(*.-,-OP(ti)P(i«).---P(i.), (19) 
an alternative foimula to (16). One draws the conclusion from it, as easily 
in various other ways, that if p{i)^0 at all points, A^>0. 

§ 3. Fundamental Theorem. 
Theorem II. If p (i) ^ at all points^ theny if A^ = 0, -4»+i = 0/ if 



An n + lA^^,' 

To prove the first conclusion of this theorem, we refer to (19). This 
f onnula can be written 

A^ = X{o — i, + iJ{i^ — i^) .... (i-,— tn)P(*i)P(*2) ""PiiJy 
where 2 denotes the sum of all possible products of the form expressed, 
hi hj ' ' ' 'J K taken in every possible way from o — 1, u — 2, . . . ., 0, subject 
to the restrictions tj > ij > .... > *»• (<^ — *i + *n) (^i ~ ^2) • • • • (*n-i — h) 

is always positive. Hence, if A^ = 0, each product p{ii) p (i„) must be 

zero ; that is, there do not exist n numbers of the set u — 1, u — 2, . . . . , 
for which p =#= 0. But A^^^^ is the sum of products of the form 

(6) — ti + i„+i) (ti — tg) • • • • (^n — K+i) P ih) Pih) ""P (i+i) ; 
tj, tg, . . . ., i„+i numbers of the set w— 1, o — 2, . . . ., and ii>i2> .... >i»+i; 
and hence is zero. 

For the second conclusion of the theorem we refer to (16). This can be 
written 

2^ = 2(fl-P(t,)+P(0)(P(ix)--P(«2)).--.(J*(C)-P(*«)), 
where 2 denotes the sum of all products of the form expressed, the letters 
*i J hi Kj chosen in every possible way from the numbers o — 1, d) — 2, . . . . , 1, 0, 
subject to the restrictions ^i > ig > *8 > • • • • > *» • 

If we conceive of the numbers 6) — 1, o — 2, . . . ., 1, as equally spaced 
points on a circle of circumference g), in the expression 

(fi-p(i.)+p(tj)(P(t.)-p(t,))....(P(i._,)-p(tj), 

the first factor is in no manner different from any other, and (16) can be written 
2^. = 2r(2p(t))( I'' p(t))....( 2 P(i))1, 
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where 2 denotes the sum of all possible products of the form expressed, 

fco , A?! , jJci^ = K being the numbers w — 1, q — 2, ,0 taken always in 

the same cyclic order, namely q — 1, q — 2, . . . . , 0. For brevity we write 

Then 

^Al = jSoDx, . xA. . . . • x^AJ )2oA • M.A • • • . M..Af, (20) 

4^,_,^,+, = ISA • .A. • . . • .^^..J ISA • pA. • • • • pA^^J, (21) 

where, instead of using only the letter I, we use distinct letters, X, f£, v, p. 

We shall consider (20) and (21). Begin by supposing a^^ a^y , ag^ 

numbers of the succession o — 1, q — 2, . . . ., 0, and assume that among the a's 
•there are exactly k distinct numbers, and that no number occurs more than 

twice among them. If k>n + ly the product p{ajp (a^) p{(^2n) ^ill occur 

in the expanded right-hand members of both (20) and (21). We shall show 
that the ratio of its coefficient in (20) to its coefficient in (21) is greater than 

, . n + 1 
or equal to — ■ — . 
n 

Omitting coefficients, let p{j^) p{Jn-i) ^^ ^ term of A^_^ and p{ij) .... 

p{in^i) a term of J„+i such that p{Ji) . . . -pUn-i) Pih) P(*n+i) is identical 

with p (a,) p (a^) p (agj, and let p{J^) p(;J and p{\) ....p Gn) be 

terms of A^ such that pUi) .... p{jn) Pih) •••• P (k) is identical with 

P (^i) P i^i) ' ' ' ' P {O'^n) • W^ shall show that the ratio of the number of ways in 

which ^1 , ....,;„, ti , . . . . , i^ can be chosen to the number of ways in which 

ii, . . . ., ;^_i , tj, . . . ., i^+, can be chosen is greater than or equal to . 

These numbers are exactly the coefficients of p{a^) P(«2n) ^ (20) and (21) 

respectively. 

Eequire, first, that p(ii), ^(^2)? • • • -, p{in-\) be each the first term of one 

of the parentheses oA^ A.» ^ ^-.^^^i* ^^^ that p{i^), p{i^), , p(«n+i) 

be each the first term of one of the parentheses oA> pA.> • • • •> pA«+i- Under 
this requirement the number of ways in which ;\ , . . . . , ;^, tj , . . . . , i^^^ can be 
chosen is the number of ways in which j^ , . . . . , ;„__i can be chosen from 
a,, a2, . . . ., a2„. The 2w — k numbers which occur twice among a^j a^j . . . ., 
a^^ necessarily occur among ^j, j^^ . . . ., ^_, . There remain k — n— 1 of the ;'s 
which can be chosen arbitrarily from the remaining 2 k — 2 w numbers. Letting 

k — n = Nj^^ this can be done in — ^ *~ -i v '. * ways. Similarly, 

\^ k ■'■) • 

the number of ways that jj , ....,;„, ij , . . . . , t„ can be chosen, requiring that 
p (^i), , p {j^) be each the first term of one of the parentheses oA> > 
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\^J)\^j and p{ii)j . . . ., p{in) be each the first term of one of the parentheses 

ratio -\t^. But 2^fc<w, and hence ^|±A>??L±i. 

We generalize as follows: Instead of requiring that each p be the first 

term of a parenthesis, let us require that p (aj be the X-th, p (a^) the f£-th, , 

p{a^n) tbe ^-th. For convenience we shall refer to j\, . . . .,^11-1 ^^^ Ju • • • •> i» 
as the sets J and to i^ , . . . . , t„+i and i^ , . . . . , t„ as the sets I. As above, those 

a's occurring twice among a,, , aj^ necessarily occur in both the sets J and I. 

Consider them as fixed. We proceed as before, choosing the remainder of the 
sets J. 

It may happen that the fact that d^ lies in the sets J (or 7) requires that 

a^+^ lie in the corresponding sets I (or J). Thus, suppose that a^ is the p-th 

term of a parenthesis and a^+^ the p-th, and suppose that p > v ; then, if a^ is 

one of the set J, in order for p (a^+,) to lie in a different parenthesis from 
p{a^)j as it must, it must necessarily be a member of the set 7. Moreover, 

the fact that a^ lies in the set J can require that only one of the a's lie in the 

sets 7; for, suppose that p{a^+^) is the p-th term of a parenthesis and 9>li^Vj 

then p{a^^,) and p{a^^f^) belong to the sets 7 and lie in different parentheses. 

Hence, p^^ — v but ip > (ij a contradiction. 

In the way that we are choosing the sets J, let us suppose all p(a)'s that 

impose any restriction on others as fixed. Let this number be L. Then there 

are thereby fixed R in the sets 7, and necessarily R<L. The remaining a's 

can now be distributed in sets J and 7 at pleasure. This can be done in (21) 

and (20) in 

{2N^-L — Rli2Nj -L — R — 1) .... {N^ — R + 2) 
(N,-L-l)\ 
and 

{2Nj, — L — R) i2N j, — L — R — l) .... (Nj, — R + 1) 



ways respectively. The second is the larger in the ratio —^j- ^lt_, which 



N,-L 



IS 



m4- 1 

greater than ^ . We thus conclude that the coefficient of p(a,) p{(^2n) 

ft 

in (20) is greater than its coefficient in (21) by a ratio greater than or equal 

n 

We have considered Aj>« + 1, which exhausts the terms of (21). There 

are in addition in (20) terms of the form pia^) p(«2n)> where k = n; that 

7 
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is, terms of the form (pia^) .... p{ajy. These are not all zero as A^^f^O. 
All coefficients are positive, and hence we conclude 

A^'>Vl±1a a 
n 

from which we immediately draw the desired conclusion 

~A^" < -^ /-" • (22) 

A^ n + lA^_^ 

From theorem II one readily proves the following: 

Theorem III. If p(t)^0 at all points^ 

when — 1 + ^2 — -ij + + A^n^Oj A <1; 

when 2—A^ + A^— — ^^n-i ^ Oj A> —1; 

when 2—A^ + A^— +^2i.^0, A < —1; 

when — Ai + A2 — A^+ — An-i ^0, A > 1. 

§ 4. The Calculation of A^ and A^ . 

The problem now proposed is the calculation of A^, A^j etc., with as little 
labor as possible. We retain the supposition p > at all points. 
From (16), 

4, = i 2'V(n-P(iJ + P(t,))(P(iJ-P(g) = inViP(i)-i2'^ 

+ 2 2P(n)P(g-ifi2 2P(i,)-i2 2 (P(^,))^ 

This expression can be still farther reduced by summing by parts those terms 
in which two 2's occur. We obtain 

^, = n2^P(i)-^2\p(i))«+ir2P(i)Y-n^2'p(t). 



From this we easily verify the formula 

2 

'24 



^ = n*^^-iB, (23) 



where 



« = „-|;(p«-ni)'-[s(p«-fli)]*. (24) 

If a{i) is any real function, 

«— 1 / «— 1 \ 2 

q2 {a(i)y>( 2 a(i)). 

j^2 ]^ 

Hence iJ(i) >0. Consequently we can use ^ . H' as a superior limit for -ig, 
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or more loosely ^^. . But from (16), -ij = ^^ ; hence 

With this last result we can proceed as is done by Liapounoff (§14), obtaining 
the same result as is obtained by him. 

We have defined P{i) as 2 p(t), but we might equally well have defined 

P(t) by the equation P{i) =2p(t), where 2 denotes the indefinite sum, re- 

taining the notation Q= 2 p(t)> since in the formula for A^y (16), P{i) 

occurs only in the combination (P(iy) — ^(ti)). Let us particularize P{i) 
by choosing the arbitrary constant of summation so that 

2'p(i) = a^. (25) 

It is immediate that 

2'(P(t)— Qi/(o)=0, (26) 

and we get as a simplified formula 

R = tt s' (P(i) — ai/ay. (27) 

(P(t) —Cii/(d) has the period o, since increasing i by g> increases both terms 
of the expression by H. The same thing is true of its sum ; that is, 

2'(P(i)— ai/tt) 

has the period o. For, if we increase i by cd, we add 

2 (P(t)— ni/a>)= 2 (P(i)— n*/a)) = 0, 
by (26). 

Now let P{i) — iit/o = £iA${i), where A6{i) denotes the first difference 
of a function $. We have just shown that $ has the period o. From (23) 
and (27), 

A = n«[^^-4»2](A0(t))*}. (28) 

For brevity let i/o + A6{i) = Qii); then (16) gives 

where 

a. = i2'V...A2\l-(?(t,) + (?(0)(C(ii)-«(s))..-(«(Cx)-<2(0). 
Hence, 

a,==4 2''2 V(l-Q(i,) + <2(t,))(<2(i,)-<2(t,))((2(i«)-Q(t»)). (29) 

ijE&O ifsO ^sO 



Digitized by VjOOQ IC 



52 Fobt: Limited and Illimited Linear Difference Equations 

It is possible to greatly simplify this expression. The smnmand reduces to 

Q\h)Q{h) + Q(.h)Q{h)-Q{h)Q{h)-mh))'+{Q{h)-^^ 
+ {Q{h)-Q{h)) {Q{h)y + {Q{h)-Q{h)) {Qiiz))'' 

Distribute the sign of summation and apply to each term summation by parts 
or perform obvious summation. We obtain the following results : 

«— 1 <,— 1 <,— 1 «-i ii—i 

2 2 I,Q{i,)Q(h)= 2 2 hQMQih), 

i^sO ^=0 ^=0 ii^O <a»0 

«— 1 <,— 1 V-1 «'^1 <i— 1 

2 2 2g(t,)Q(t,)= 2 I, {a-i,-l)Q{i,)Q{i,), 

<^sO t,sO {,=0 ii=0 <a=0 

2' V V(2(»,)g(i,) = 2' 2' ih-h-l)Q(h)Q{i,), 

^»0 <a=0 ^=0 <isO t,sO 

2' "2 V (<2(i,))*= 2' («-«-!) i(g(i))S 

<is=0 it=0 it=0 {»0 

2' 'S' V (C(ii))*0(t,) = 2' V (t,-t,-l) {Q{h)yQ{h), 

<^aO <aBO ^»0 <x»0 <g==0 

«i>— 1 <i~l <g--l »--l <i— 1 

2 2 2 (g(i,))*(2(i,)= 2 2iAQ(h)yQih), 

i^^rO <asO ^bO ii»0 ^=0 

2' V VQ(g (0(t,))* = 2' V (2(iO (g(g)*t„ 

i^aO <isO <s«0 <,bO it=0 

»-l H— 1 ig-l tt»— 1 <,— 1 

2 2 2 (g(g)*g(t,)= 2 2 ((o-t^-l)((2(ti))«g(i,), 

<^=0 <asO <a»0 ix»0 ^»0 

2' ''2 "iQii,) QisV = 2' V ((o-ti-l)g(t,) (g(t,))S 

i^r^O <asO <|bO <,»0 <a=0 

w-1 <,-! <t— 1 w— 1 <i— 1 

2 2 2(2(iJ((2(t,))»= 2 X is-i,-l)Q{i,)iQiH)V. 

<,=0 <asO ^»0 i,=rO ^»0 

Collecting, 

+<2(«i)(C(*i))M" + 2t,-2t,)]-i2'(«-t-l)i((2(i))*. (30) 
By means of the formula for summation by parts, one proves easily : 



2 Vg(ii)g(»,) = if2(2(t)Y-i2\g(i))S 

2 2 (g(h))*(2(t,)i, = (2ig(t))(2 (g(i))M-2 2 iiQ(tx)(g(t,))* 

= ("2tQ(i))("2 (g(t))*) 



• V''2i,g(ti)(0(H))«-*'2i(0(t))». 
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Similarly, 

Ctf— 1 <x— 1 «tf— 1 

- 2 2 ti(g(t,))«(?(g- 2 t (<?(»))«. 
Substituting these values in (30), 

as = i(2'(2(i)Y+ 2'V(i,-t,)g(t,)0(g 

+ (2^((2(t))«)(2^'(2(t))-(2^g(i))(2\g(t))*) 

+ ^2 2 Q{.i,)Q{H) {Qih)-Q{h))-'^ 2 t(<2(*))' 

-T2'((?(t))« + i2'tM<2(t))^ (31) 

Moreover, C (*') = ^ + Ad (i) = ^ + (P(i) — fl -) • Hence, by (26), 






<»o <»o 0) 2 

Substituting in (31), 

16 <i«0 t,«0 



ID <i«o t,«o 

+ i 2' tM<2(i))*-(2'ig(i))( 2' ((?(«))*) 



+ %'^\'Q{h)Q{h){Q{h)-Q(i,))-~''i\Q{i)Y. (32) 

We have only defined the function 6 by its first difference. We can par- 
ticularize by letting 6 (0) = 6 (o) = 0. Under this assumption, the above 
expression for a^ permits of great simplification. We treat the different sums 
occurring separately, applying summation by parts, collecting and simplifying, 
arriving at the following result : 

'^==te-M+Ho]+2|<»«)'-Ti-';!;<^»«)' 

-fs'XiXAeWJ'-^s'^Ci + lj-CASW)'. (33) 

We know that 

A, = £i^a^. (34) 

To obtain the actual formulas desired, we proceed thus : 

nAO(t) = P(i) -n- = 'xp{i) — n i + c, 

6) 4sO (■> 
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54 Fort: Limited and lUimited Linear Difference EquationSy etc. 
where C is determined so that 2 P{i) =£i ^ . 

nA*6(*)=p(i + l)-^. 

Let Q A* 6 (i) = A*<^ (i + 1), where A*^(i) denotes the second difference of 

a function ^ (t) . Let ~ = c. Then A* ^ (t + 1 ) = cw A* 6 (i) . Determine the 

arbitrary constants of summation so that A<^(t + 1) = cttA6(t) and ^(i + 1) 
= C(dd{i). Like A6(t) and A*6(t), A<^(i) and A^^(t) have the period o. 

Bear in mind that, if f{i) has the period Oj S f{i) is independent of X^, 

tsjfc 

and substitute in (16) for A^ and in (28) and (34) for A^ and ^3 respectively, 
using the value of a^ given by (33) : 

A = ^, (35) 

^. = c*«*[^^]-i<»2/A<^(i))S (36) 

^«=^"^[m-m+ilo]+2-i;(<^wr-c^2;(A^(i))* 

-| 2 4»(*)(A<^(t))«- J 2 (A4>(t))»4>(t + 1). (37) 

We proceed by determining c = — , then A^^(t) = p (i) — ci, then 

A^(i) = 2 A*^(t), where that particular sum is chosen which will cause ^(i) 
to be periodic. 

^(t) = 2A^(i), determined so that ^(1) = 0. 

Formulas (35), (36) and (37) are easily applicable when p is expressed 
as a trigonometric sum, which development is always, theoretically at least, 
possible. 
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Finite Groups of Plane Birational Transformations 
with Eight Fundamental Points. 

By F. R. Sharpe. 



The enumeration of the finite groups of plane birational transformations 
is due to S. Kantor and A. Wiman. The former, in his Naples Prize Memoir,* 
showed that all periodic plane birational transformations could be reduced by 
combinations of quadratic transformations into one of a certain number of types 
having at most 8 fundamental points. The groups of periodic transformations 
having 3, 4, 5 or 6 fundamental points have been completely determined.! In 
the cases of 6, 7 or 8 fundamental points the Grassmann depiction of the plane 
on a cubic surface may be used to advantage. The groups of periodic trans- 
formations with 6 fundamental points are therefore isomorphic with the groups 
of linear transformations of the 27 lines of a cubic surface. In the cases of 
7 or 8 fundamental points the cubic surface may be depicted upon a double 
plane by means of a certain (1, 2) correspondence. In the case of 8 funda- 
mental points the curve of branch points on the double plane is a sextic with 
2 coincident triple points, t A. Wiman § found the equation of this curve 
and determined its groups of transformations. The purpose of this paper 
(suggested by Prof. Virgil Snyder) is to determine the transformations in the 
simple plane in which the 8 fundamental points lie that correspond to a given 
group of transformations in the double plane. There are 120 conies that are 
tangent to the sextic at the triple points and also at 3 other points. || It is shown 
that each conic leads to the partial determination of the cubic surface. The com- 
plete determination of the cubic surface then reduces to finding the bitangents to 
a certain quartic curve. To the triple infinity of conies that are tangent to the 
sextic at the triple point, correspond a triple infinity of quadrics that are tangent 
to the cubic surface at two points 0, 0'. This system of quadrics meets the cubic 
surface in space-sextic curves. To the 120 special conies in the double plane cor- 

* << Premiers fondaments pour un theorie des transformations p^riodiques univoques," 1801. 

t A. Wiman, Math, Annalen, Band 48. 

t S. Kantor, « Theorie der endlichen Gruppen," 1895. 

§ Loc. cit. 

II Schottky, Orelle, Band 103. 
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respond 120 composite space sextics. Of these, 27 are the 27 lines on the cubic 
surface and 27 residual quintics ; 2 are the points 0, 0' and 2 sextics ; 54 are the 
residual conies found by passing planes through the 27 lines and or 0' and 54 
residual quartics. In depicting the cubic surface on the simple plane, any line 
may be depicted as a point a^ . Any of the 15 lines skew to a^ may be depicted as 
a conic 6i , not passing through a^ . Five other lines skew to a^ , but meeting 6, , 
are depicted as points a^j a^^ a^^ a^j a^ on the conic fej. and 0' are depicted 
as points, a^^ a^j a^^ a^j a^^ a^j Oj 0' being the 8 fundamental points. Given 
the transformation in the double plane, the transformation on the cubic surface 
can be found. There are two cases according as we do or do not interchange 
the two sheets of the double plane. To this interchange corresponds the inter- 
change of the 2 parts of each composite sextic of the cubic surface and the 
Bertini transformation of order 17 in the simple plane. We can now determine 
the images of 6 a lines and of and 0' on the cubic surface, and hence of the 
8 fundamental points in the simple plane. For a special case, the determination 
of the 120 conies, the cubic surface and the transformation in the simple plane 
is actually carried out. 

By using homogeneous coordinates (re, y, 0, w), letting be (0, 0, 1, 0) and 
0' (0, 0, 0, 1), the equation of the cubic surface may be reduced to the form 

z {zu + f2) + u {zu + <p^) +zuU + U = 0, (1) 

where A, ^2> /i> fz are homogeneous functions of x and y of degrees 2, 2, 1, 3 
respectively. The quadric surfaces tangent to (1) at 0, 0' are 

zu = A(x^+2Hxy + 3^/^=2 F^. (2) 

We may write (1) in the form 
\z{zu+U)—u{zu+q^^)\^={zuU+UY—^zu{zu+U){zu+^^) 

For a given value of ^, (1) and (2) give 2 sets of values for -, -. If we set 

up a correspondence between a point {x,y,z,u) on the cubic surface and a 
point (a;', y', z') on a plane, where 

x' = x, y' = y, z'y' = -zu- ^f'^\^'-f\ (4) 

any plane through 0, 0' will meet the curve of intersection of (1) and (2) in 
2 points that will be represented on the plane by the same point. The plane 
is therefore a double plane. 
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Transformations with Eight Fundamental Points. 57 

The 2 points coincide if 

z{zu + fi)—u{zu + ^i)=0. (5) 

The curve of degree 9 in which (5) meets (1) is represented on the double 
plane by the sextic curve of branch points 

4^'«y'»-0't/74-/6 = O, (6) 

where, from (3), 

^__ f, I (2/./.-«/.».)(*/. + 4».-ffl I (*/. + <t »■-/!)' (7j 

12 Jib 

From (2) and (4) the sextic curves of intersection of (1) and (2) are repre- 
sented on the double plane by conies 

0'y' = Fi = px'' + qx'y' + ry'\ (8) 

that are tangent to (6) at (0, 0, 1). 

There are 120 sets of values of p, g, r such that, when (8) is substituted 
in (6), the left-hand member of (6) is of the form 

The conic (8) is then tangent to (6) at 3 points as well as at (0, 0, 1). 
Substituting any 1 of these sets of values of p, g, r in (8), let 

From (7) it follows that 

^ = -/6-(/4-12F;*)Fi-8Fi« 

= {ax" + ^x"y' + Yafy" + hy"Y. 
ISence 

f^ = aa? + ^a^y + YX^ + hi^. (10) 

From (7) and (9) we find 

(U-^y = (tl-ZFCJ -2hh-12F^' + h. (11) 

If 2' = ^ is a bitangent to the quartic 

{z"-ZF^y-4.z'U-12Fi* + h = 0, (12) 

then 

{U-^Y={sxr^-^ix^y' + vi^)\ (13) 

and A, ^ can be found from (9) and (13) in the form 

§-|f,' ± \ {sxT^ + tcify' + vy"). (14) 
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It is to be remarked that /4 and — /« are the invariants / and J of (12), 
regarded as a quartic in z% and that (6), regarded as a cubic in z'y'j is the 
reducing cubic of (12). 

The determination of the 120 tritangent conies to (6) appears to be a 
matter of considerable difl5culty. In the particular case /4 = 0, /^^ — a?'* — y'* 
we have to determine p, g, r so that the substitution in (6) of 

Viz'y' = px'^ + qx'y' + ry'^ 
gives (dropping the primes) 

{p^ + q(cy + rt/y + x' + y'={oLa? + fia^y + yxy'+ry'y. (15) 
The solutions are of 5 types : 

pa^ + qxy + ry^=:—a^OT—y^, (I) 

and 4 other solutions found by substituting gx for Xj ey for y, where e^ = 1. 

z. — 
px^ + qxy + ry^= V2 xy, (II) 

and 5 other solutions found by the same substitution. 

pa? + qxy + ry^ = —a^ — y'^/'ioT —y^ — x'y/I, (III) 

and 16 others found as in the previous types. 

pa^ + qxy + ry'=V2'\xy + kix + yy\, (IV) 

where fc=— 2-\/2"-\^, — 2 — 6* \/2"— e* {/T, — 2 -e* \/2"-€* {/T, 
and 53 others of the same type. This result is obtainable by putting a = 5, 
j3 = y so that {x + yy is a factor of the right-hand member of (15). We 
may now take 

pa^ + qxy + ry" = y/Y\xy + k {X + yy\, 

since p = r and {x + yy is a factor, where k is chosen so that 

\{x + yy-3xyy + 2\k^{x + yy + 3k'ix + yyxy + 3ka^y'\ 

is a perfect square. Hence, 

9 (k^ — 1)* = (1 + 2 k') (9 + 6 Jfc) ; 
that is, 

k^ + 6k^ + 6k + 2=:0y 

which gives the stated values for k. 

The remaining 36 solutions are of a more general type. From (15) 
we have 

a« = p» + l, 2aP = 3 p^qj 2ay + /8* = 3pV + 3pg*, 

/3« = r» + l, 2y5 =3r*g, 2^S + y^ =3f^p + 3rq\ 

2aS + 2^y = ^ + 6pqr. 
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Eliminating a and J, 

4(p* + l)j8« = 9p*g*, 4(p' + l))^= i3p*r + 3pq^ — ^y, 
4(r« + l)y» = 9r*g*, 4 (f'^- 1) j3«= (3pV + 3r«' — /)S }■ (16) 
4(p» + l)(*^ + l) = (g* + 6pgr-2/3y)^ 

Eliminating ^ and /, 

16(p» + l)»r*g»=(f» + l)|4p(pr + g»)(p» + l)-3pV(, 
16{r' + iyp*q*= (p* + l) |4r(pr + g*)(f' + l)-3r*g' 

Divide the first of these by the second, extract the square root, and divide by 
p» (r* + 1) — ♦* (p» + 1 ) . This gives 

. 4(p' + l)(f^ + l)(pr4-g*) = 3g»{p»(f' + l)+r»(p» + l)j. 
Substituting back in (16) and (17), we find 

16(p» + l)(r*+l) = 9p*2V = /3*y* = 4g». 
Hence, 

p» ■ f* _20 pV _32 

p» + l"'"f' + l 9' (p»+l)(r» + l) 27 * 
and therefore 

p» + 13' f* + 19' 
so that 

p = — \/r, r = 2; 
and therefore 



g= V — 3 V2, 

a=V^^, (3 = 3 \^, y=—2V^-3y/Y, 8=—3. 
Hence, 

prK*4-ga;y + ry» = — \^ra;*+ V^^3'v'2"a;y + 2y*, (V) 

and 35 other solutions of the same type. 

If we take the simplest solution 

pjc* + gojy + ry* s — (c*, 
then 

^2=X=^ and /,sy*. 
Hence, from (12), z = ifi is bitangent to 



(-#)■ 



4«y'--^ = 0. (18) 



2V2" 



Writing x for -fz^^ , this equation becomes 

V2 
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^Z{2^ — J/^) —3 {2^ — 0^)^=0. (19) 

Hence, z = Oj 2 = y, €^y, €*y are bitangents. 

To find the remaining 24 bitangents, consider the cubic surface 

zu^+V3'{z' — a^)u + 2^ — i/' = 0. (20) 

The tangent cone vertex V (0, 0, 0, 1) meets w = in the quartic (19). The 
plane through V and any bitangent to (19) meets (20) in one of the 27 lines 
and a conic. Four planes of the pencil 

u = k{z-y), (kizO), (21) 

through the line ti = 0, z = y meet (20) in a triangle. Since 

I(^{z — y)z+V^k{i^ — a^)+2^ + yz + 2^ = (22) 

passes through the intersection of (20) and (21), we can determine k by making 

l(^{z — y)z+ VYkz" + z^ + yz + «*.= 

a perfect square. Hence, 

(A;2_1)2 = 4(A;2+ V3"* + l); 

that is, 

{k+ V3")(ik»— V3"ft* — 3*— VT) = 0. 
Hence, 

V3 V3 V3 

Substituting in (22), we find 

y + 

Hence, the 28 bitangents of (18) are 



y + ^-^0=\/V3"A-a;, 



V2 

V2 

V2 

y_(l + ,*</T+^\^)e=±ll+p^)-^. 

VT 

and 18 others found by substituting e*y or 6*3/ for y. Selecting = as the 
simplest case, we have /i = 0. Hence, from (9) and (11), 
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where a = 



</4 






a5* = a«*iB*, 



The cubic surface is therefore 



ft + ^ = 
ft- 


3a^ . 

V4 
_3 + V-3 


2V4 
_3- V — 3 

2 V4 



;2 («w — ae^a;*) + ^^ (2:1* + ae*a;*) +j^ = Q. (23) 

Theoretically, in order to determine the 27 lines on (23), we could find the 
intersection of (23) with the 120 qnadrics derivable from the 120 conies 
previously found. Practically, it is easier to write (23) in the form 

(i^a^{^u — z)'\'i^ + s?U'\-zu^ = Q. (24) 

The plane z = ^u meets (24) in the 3 lines 

z = ^Uy y = Uj ^u or B^u. 

Proceeding as in the determination of the bitangents to the quartic, we find 
that through the intersection of (24) and the plane 

^u — z = h{y — u) (25) 

passes the cone 

a^TcT? + y^ + uy {1 + k^) + {1 — k — 2h^ — k^) u^ = Q. (26) 

This cone breaks up into 2 planes if 

(1 + *«)^ = 4(1 — 2*6* — Aj^). 
Hence, 

lc = -yj^^ (l±iD^, (i + g'vT)\ {i + B'y/Y)\ 

_V-3 -V-3 -V-3 

Substituting the values of X^ in (25) and (26), we find the 4 lines 



V2 



ex. 



y — t*z= ±—^ — -ix, 
V2" 



V2 

VT 
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and 4 similar lines found by changing V2" into ^ V2" or €* V2^ except in the 
denominator of the right-hand members. By changing y into ^y or e^y we 



8 ,— 8 ._ 8 , 



find the remaining 16 lines. For brevity, denote by V — 3, V 2^, ^ V 2, e* vT 
the value of k used, by y, ^y^ e*y the value of y, and by +aj, — x the value 
of X. The 27 lines can now be chosen as follows : 

Oi, y, V — 3, a?; aj, y, VT, a?; Oj, 6*y, e' VT, —x; 

«4, ^'y, V2^, —a?; a,, s'y, V — 3, —a?; a^, f*y, €* VT, a;; 

&i. y, V2 , —a;; 6j, y, V — 3, —x; &s, «*y, VT, a;; 

h^e'y, e'y/Y, x; 6,, e*y, ** \/2", -a;; &,, e*y, V^=T, a;; 

Ci8, e*y, e* V2 , —a;; c,,, e*y, V2 , —a;; c.j, e*y, «*V2 , a;; 

ct,, e*y, e*V2~, a?; Co, 6*y, V2~, a;; Cj,, e*y, «* VT, —a;; 

Ci«, e*y, V — 3, x; c^, e*y, V — 3, —x; c„, y, e* V2 , —x; 

^86, y, €^V2 , a;; c«, y, e^ V2 , — a?; c^, y, f'V2 , a?; 
(^z — u = f^u — z = 6 (^u — z = 

This choice was determined by first choosing c^, %, c^. Then ai was chosen, 
which fixes b^; and a^, which fixes b^. The others were then found, first the a's, 
then the fe's and c's. The transformation y = ey'j z = iz' in the double plane 
gives, from (4), zu=z'u' on the cubic surface. Also, from (3), 

according as we do or do not interchange the sheets in the double plane. 
From (1), since c* = — 1, we find 

z{zu + U)+u{zu + q^^)=- \z' {z'u' + /O +u' {z'u' + q^)\. 

Hence, if we interchange the sheets in the double plane, the transformation is 
linear on the surface, and is 

z= — z'j u = — u'j x = x'y y = ey'; 
that is, 

z = z'j u = u\ x = — a?', y = c*y'. 

This transformation sends a^ into ag, a^ into 0^4, a^ into c^^, a^^ into (hj 
ag into Cy^ , a^ into a, . It leaves and 0' invariant. It is therefore a quad- 
ratic transformation of Kantor's Sg type *^6' en c, & en a, a' en 6," a, 6, c, a', &', 
c' being O2 , a, , ag , a^ , a^ , a^ , respectively. If we do not interchange the sheets, 
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the transformation is of degree 16 having a^ a^y ae, 0, 0' for 6-fold points, and 
Oiy a^j a^ for 5-fold points. 

The transformation x = ex' in the double plane gives 



a? 



X 



,/2 



V4 VT 



on the cubic surface. Hence, 



zu = z'u' + ^i. 



Also 



and 



z {zu + f,) + u {zu + <p,) = - f, = z' {z' u' + n) + u' {z'u' + ^), 



« {zu + h)-u {zu + <!>,) = ^ \z' {z'u' + n) - u' {z'u' + 4^0 j, 



according as we do or do not interchange the sheets on the double plane. 
If we do interchange, 

^^ u'{z'u' + ^i) ^ u'(z'u' + ^',) 
ZU + fi z' u' ' 



u = 



z'{z'u' + n) _z'{z'u' ^u) 



zu + ^ 



z'u'+n 



Hence, 



X = BX' * Z\ yz=y''Z\ Z^U' {z' u' + ^g)* ^ = ^'*- 



This is a quadric transformation, the image of (0, 0, 1, 0) being the 
plane z' = 0. Any plane through is transforined into a plane through 0'. 
Hence, the image of any line on the cubic surface is found by first transforming 
each line by changing the first plane on which it lies by u = z'^ x = ex' into 
the second plane on which another line lies. This is equivalent to changing 
y into £*y', x into —x\ The image of the first line is then the residual conic 
found by passing a plane through the second line and 0\ Hence, 

ai is transformed into a conic residual to ag, 



^2 

a. 


































^46 > 



(hy 



aj. 



is transformed into z' = 0, the section of the cubic surface by the tangent 
plane at 0\ 0' is transformed into 0. Hence, in the plane, 



Digitized by VjjOOQIC 



64 Shabpb: Finite Groups of Plane Birational Transformations, etc. 

Oi is transformed into the cubic C«j »««»««» «*» <»»» «•' ^» ^'\ 

Oj « " " « conic (0, 1, 1, 0, 1, 1, 0, 1 

o, " " " " conic (1, 1, 1, 0, 1, 0, 0, 1 

a« " " " " cubic (1, 2, 1, 1, 1, 1, 0, 1 

oj " « " " conic (0, 1, 1, 1, 1, 0, 0, 1 

" " cubic (1, 1, 2, 1, 1, 1, 0, 1 



" 
0' " 



" cubic (1, 1, 1, 1, 1, 1, Oj 2 



" " " the point 0. 

This is a transformation of degree 7. If we do not interchange the sheets, 
we find a transformation of degree 11 having 4 3-fold, 3 4-fold and 1 6-fold 
point. 

CiOBNiSLL UxiVEBSiTT, November, 1913. 
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Conies through Inflections of Self-projective Quartics. 

By F. R. Sharpe. 



The line through any 2 of the 9 inflections of a plane cubic curve meets the 
curve again in another inflection. In 1875 J. Grassmann* stated the analogous 
theorem for quartic curves: "The conic through any 5 of the 24 inflections 
of a quartic curve meets the curve again in 3 other inflections. There are 
therefore 759 such conies." This theorem is now known to be untrue. In 
1899 Ciani,t in a paper on quartics invariant under homologies, found quartics 
having as many as 51 conies each passing through 8 inflections. In 1901 the 
same author t showed that the Klein quartic had 147 such conies as well as 
112 conies through 6 inflections. His method depended chiefly on the use of 
groups of coUineations under which the quartics and conies were invariant. 
In this paper more use is made of the points of inflection themselves. The 
results confirm those of Ciani as regards the numbers of conies through 8 in- 
flections. They also show the existence of additional conies through 6 inflec- 
tions, 220 in the case of a quartic invariant under 1 homology and 2100 for 
the Klein quartic. 

The different cases were classified by Ciani according to the number of 
homologies under which the quartic is invariant. For the sake of clearness 
let us begin with the quartic 

x' + y'-r z*-S(i {y'z' + z'a^ + a^y') = 0, (10) 

which is invariant under a G24 of coUineations 9 of which are homologies. If 
(/, gy h) are the coordinates of one point of inflection, the 24 inflections are § 

A^{f,g,h), B^{g,hJ), C^{hJ,g), 

D^{-f,g,h), K^{-g,hJ), R^{-h,f,g), 

S ^ (A -g. h), E^{g,- h, /), L ^ (fe, -f,g), 

N = (/, g, -h), U^ ((7, h, -/), G^ {h, /, -g), 

X^{f,h,g), J^{g,f,h), Q^ih.gJ), 

0^{-UKg), V^{-gJ,h), H^i-h,gJ), 

M ^ {U-h,g), T = {g, -/, h), P = {h, -gj), 

P ^ if. h, -g), W^ {g, /, -h), / ^ {h, g, -/). 

* Dissertation, Berlin. f Rend. Circ. Mai, di Palermo, % Annali di Mai, 

§ Ciani, Annali di Mat., 1001, p. 53. 
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The reason for the particular choice of letters will appear later on in the 
work. 

Corresponding to the 9 homologies there are 9 systems of conies : 

pa? + qy' + ri^ + syz = 0, (1) 

py^ + qis^ + ra^ + szx = 0, (2) 

ps^ + qa^ + ry' + sxtf = 0, (3) 

p{t/' + i^)+qx' + ryz + sxiy + e)=0, (4) 

pi2^ + a?) +qy^ + rzx + sy{z + x) = 0, (5) 

P{x' + y')+q^ + rxy + szix + y) = 0, (6) 

p{y' + ^)+qo^ + ryz + sx{y-z)^0, (7) 

p{^ + x')+qy' + rzx + syiz-x)=0, (8) 

p{a^ + y')+qz'' + rxy + sz{x-y)=0, (9) 

each being invariant under 1 homology. The inflections may be arranged in 
the corresponding invariant pairs of points : 





AD 


SN 


XO 


MP 


(1') 


BK 


EU 


JV 


TW 




CR 


LG 


QH 


FI 




AX 


DO 


8P 


NM 


(4') 


BJ 


KV 


EW 


UT 




CQ 


RH\LI 


GF 




AO 


DX 


SM 


NP 


(7') 


BV 


KJ 


ET 


UW 




CH 


RQ 


LP 


GI 





A8 


DN 


XM 


(2') 


BE 


KV 


JT 




CL 


RG 


QF 




AQ 


DI 


8F 


(5') 


BX 


KP 


EM 




CJ 


RW 


LT 



AF 

(8') BM 

CT 



DH 
KO 
RV 



SQ 
EX 
LJ 



OP 

VW 

HI 

NH 

UO 
GV 

NI 

UP 

GW 



AN 

(3') BU 

CG 


SD XP 
EK JW 
LR QI 


AJ 

(6') BQ 

CX 


DT 
KF 
RM 


SV 
EH 
LO 



AW 
(9') BI 
CP 



DV 
KH 
RO 



8T 
EF 
LM 



OM 
VT 
HF 

NW 

UI 

GP 

NJ 
UQ 
GX 



If from any 1 of these 9 sets of pairs of points we select any 3 pairs, 
the 6 points lie on a conic of the corresponding type. We can now take up 
with advantage the various types of quartics, beginning with 

Cask I. One homology, C ^ « j > *^® quartic being 

Using the arrangement (1') there are 220 conies of type (1) that pass through 
6 inflections. 

Case II. Three homologies, (^ ^ *\ ^^ ^ ^\ (^ ^ ^\ with their centers on 

' \xz y/' \z y jc/' \y x 2/' 

x + y-\-z = and their axes concurrent at (1,1,1). The quartic is of the 

symmetric form 

a^a^ + b2y'i^ + cxyz2x + d^xy'Xx^ = 0, 

Using the arrangements (4'), (5'), (6') and the corresponding types of conies, 
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the 4 sets of 6 points ABCJQX, DOLITU, FGPKVS, EHMNRW are 
common to the 3 arrangements and lie on 4 conies of the symmetric type 
aX(x^ + h^xy = 0. The line x + y + z = is a bitangent to the quartic, 
the points of contact being (1, o, o*), (1, 6>*, cj), where o' = 1, which also lie on 
the 4 conies. Hence, the inflections lie on 3 sets of 220 conies, 4 of which are 
common to the 3 sets and pass through the points of contact of a bitangent. 

Cask III. Three homologies, (_^ ^ ^), g _^ 0, g ^ _Q, the quartic 

being 

ax* + by* + cz* + dy'z^ + 62^ + fa^y" = 0. 

The inflections may be arranged in 6 sets of 4, 

ADN8, BKEU, CRLG, XOMP, JVTW, QHFI, 
such that a conic of the form 

px' + qy^ + r^ = (10) 

passes through each pair of sets. Hence, the inflections lie in eights on 15 conies. 
Among the conies of types (1), (2), (3) each of these conies occurs 4 times. 
Hence, the inflections lie in sixes on 3 sets of 160 conies. 
Case IV. Five homologies, the quartic being 

In addition to the 3 homologies of Case III, we have also f^ ^ ^\ (^ ^ _j . 
The inflections may be arranged in 6 new sets of 4, 

AJNW, BIQU, CGPX, D8TV, EFHK, LMOR, 
such that a conic of the form 

p{x' + y") +q^ + rxy = Q (11) 

passes through each pair of sets. Three of these pairs coincide with 3 of the 
pairs of Case III. Hence, the inflections lie in eights on 27 conies. In count- 
ing the conies through 6 inflections of type (1) or (2), each of the 15 conies 
of type (10) through 8 inflections is counted 4 times, and similarly for (6) or 
(9) or (11). In the case of type (3) each of the 27 conies of type (10) or (11) 
is counted 4 times. Hence, the inflections lie in sixes on 4 sets of 160 conies 
and 1 set of 112 conies. 

Case V. Seven homologies, the quartic being 

a{x* + y*) +62* + ca?^t/* = 0. 
The 2 additional homologies are 



/x y z\ / xy z\ 
\y —X izj' \—y x izj ' 



Digitized by VjjOOQIC 



68 Sharps: Conies through Inflections of Self -projective Quartics. 

The 24 inflections consist of 4 sets of 4, 

ANBU, D8KE, JWQI, VTHF, 
lying on 4 lines through (0, 0, 1), and 4 undulation points on 2 = 0, 



{g {r [m I 



X 

p 



each of which counts for 2 inflections. The first and fourth lines, the second and 
third, and each of the 4 taken with z = twice, form 10 new degenerate conies 
through 8 inflections. Hence, the inflections lie in eights on 37 conies. In 
counting the conies through 6 inflections we find, of type (1), (2), (6) or (9), 
32 not passing through undulations, 48 through 2 undulations, 16 through 4 
undulations, the 2 latter types being counted twice. Among the conies of 
type (3) are 8 not through undulations, 80 tangent to the quartic at 1 undula- 
tion and 16 tangent at 2 undulations. There are also, corresponding to the 2 
new homologies, the 2 new types of conies 

pz^ + q{x^ — y^) +rxy + sz{x — iy)= 0, 

pz^ + q{a^ — y^) + rxy + sz {y — ix) = 0, 

and the corresponding pairs of invariant points 

AF HN fC fM AH EW fC fM 
BV IS [G [0 BT JK {G {o 



DQ KW rx {R DI QS fX fR 

EJ TU \P \L FN UV \P ]L 



In either case, if we select 3 out of the first 8 pairs and reject the 2 conies 

through 8 points ANBUVTHF, DSKEJWQIy we find 48 conies. If we select 

2 of the first 8 pairs and 2 of the undulations CM or XB, each counted twice, 

we find 56 repeated conies. If we select 1 of the first 8 pairs and 4 undulations, 

we find 8 conies repeated 4 times or 16 conies tangent at 2 undulations. Hence, 

the inflections lie in sixes on 4 sets of 160 conies, 1 set of 104 conies and 2 sets 

of 152 conies. 

Case VI. Nine homologies, the quartic being 

2a;* — 3/^2yV = 0. 

This is a combination of II and III, and differs from IV in having 2 new sets 

of conies through 8 inflections : 

p{y^ + ^)+q(x?-^ryz = 0, (12) 

with the 6 sets of 4 points 

ADXO, BKJV, CRQH, SNMP, EUTW, LGFI, 
and 

p{^ + ^)+qy^ + rxz = Q, (13) 



Digitized by 



Google 



Sharpb: Conies through Inflections of Self-projective Quartics. 69 

with the corresponding sets of points 

A8QF, BEXM, CLJI, POKU, VWGR, DNIHy 

each giving 12 new and 3 old conies through 8 inflections. Hence, the inflections 
lie in eights on 51 conies. The sets of conies through 6 inflections of types 
(4), (8), (9) have 4 conies in common, of the form 

p{o(^ + y^ + ^^) +a{—yz + zx + xy) = o, 

that pass through the points of contact of the bitangent y + z — a; = 0; namely, 
AXFEWG, BJMLNI, CQTSPU, DOHKVR. 

Similarly, for (5), (7), (9) and the bitangent x + z — y = we find 
AQORUWy BXVDGI, CJHKPN, SFMLTE; 

and for (6), (7), (8) and the bitangent x + y — e = 0, 

AJOKLF, BQVRMS, CXHDTE, NWUIGP. 

Hence, the inflections lie in sixes on 3 sets of 112 conies, on 6 sets of 152 conies 
and on 4 sets of 4 conies that pass through the points of contact of a bitangent. 

Case VH. Twenty-one homologies, the quartic being 

2a?* — 3^2t/V = 0, (13) 

where /t£* — /t£ + 2 = 0. 

The quartic of VI is invariant under a G^ of coUineations, while (13), 
for the special values of [i^ is invariant under a G^ of coUineations. To deter- 
mine the systems of conies, we must know how one of the 48 coUineations of 
period 7 interchanges the 24 inflections. The Klein quartic 

af'z + y^x + ;^y = (14) 

has J[ (1, 0, 0), B (0, 1, 0), C (0, 0, 1) for 3 inflections. It is invariant under 
21 homologies, 1 of which is, in the notation of Weber ("Algebra," Band II), 

x' = ax + ^y + yZy ] 

y' = Px + yy + az, ^ ^ (15) 

z' = yx + ay + fiz, J 

where 

a = hie* — ^), /9 = fe(e^-e»), y = fe(e-e«), 

The center of this homology is a (fiy, a^, ay), and the axis 2>c is 

/3ya! + aj3y + ay« = 0. (16) 
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Transforming by the coUineations 



fxyz\ 
\y zx)' 

/ X y z\ 
\BX e^y B^zJ^ 



(17) 
(18) 



we can find 20 other axes and centers of homology. Four centers lie on each 
axis, 4 axes pass through each center. Transforming A^ 5, C by means of 
(15) and (18), we can find the remaining 21 inflections. The quartic (14), 
when referred to a & c as triangle of reference (where 6, c are 2 of the 4 centers 
on (16) such that each lies on the axis corresponding to the other), will have 
(13) for its equation, provided that the other 2 centers, d^d' on he and 6, e' on 
aCj are transformed into (0,1, ±1), (1,0, ±1). We can then determine the 
effect of (18) on the inflections when referred to the triangle of reference ahc. 

If 

h is (a^6, ayf^, jSy^*), 
ac is a^^x + ay^y + fiy^z = 0^ 



then 
and 



c is (ay/, /Sye^, a^^), 

ah is aye*x + fiyey + aPe^z = 0. 

These results follow from the identities (15). Hence, the transformation 
which sends (14) into (13) is 

X' = p i^yx + a^y + ayz), 
y'==q{.a^^x+ay^y + Py^z), 
z' = r(ays^x + pyey + ap^z). 
The 2 remaining centers on 6 c are 

d{ay€\ Pye, a fie") and d' {afis^ ays', ^y^), 
and on ac 

e{^y^, a^B\ aye) and e' {aye\ (iy^, ol^^). 
Using the additional relations 

(i + li' = l, iiii' = 2, h{ii-(i')=l, y = aP-y\ 
ae + Ps' + ys' = l, a = Py-a% 
a8' + P^ + y^ = l, I3 = ay-^, 

it can be shown that d is transformed into 

(0, qh{3+ii), rh{S+^L)). 

Hence g = r, and similarly, by considering 6, we find that p = r. The required 
transformation is therefore 



(19) 
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x' = fiyx+ afiy + ayZj 

y' = afie^x + ayifiy + ^yd'Zj - (20) 

z' = aye^x + ^yey + afi^z. 

Denote j8y, afie^y ays* by /, ^r, h. The coUineation (15) sends 

J[ (1,0,0), 5(0,1,0), C (0,0,1) 
into 

D(a,/3,y), S(^,y,a), C (y, a, /3). 

Repeated applications (18) send 

D into EFGHIJD, 
K into LMNOPQK, 
R into STUrWXR. 

Referred to the new coordinate system, we find the coordinates to be as in 
Case VI. The reason for the choice of letters is now apparent. 

The transformation (18) sends a(/3y, aj8, ay) into (jSyc, a^e*, aye^). 
Referred to the new coordinate system, it sends a (1, 0, 0) into (/£, — 1, 1), 
and similarly, 

h (0, 1, 0) into ill, 1, —1), c (0, 0, 1) into (0, 1, 1), 

d (0, 1, 1) into (—1, fi, 1), e (1, 0, 1) into (1, (i, 1). 

These results follow from (20) by using the identities (15) and (19). Hence, 

proceeding as in the determination of (20), we find the transformation of 

period 7 to be 

a,= -2x'+(y'-z')ii, 

y = 2x'+{y'-z')ti, \ (21) 

z = ii'{y' + z'). 

Instead of transforming the conies directly by (21), it is more convenient to 
use the points of inflection themselves. Through A pass 3 conies 

ADNSXOMP, ADN8JTVW, ADN8QHFI 
of type (10). If we transform these by (21) and (^^f}> ^^ fii^d 63 conies 

that are repeated in the types (11), (12), (13) and their transforms. The 24 
inflections may be arranged as the vertices of 8 inflectional triangles 

ABCy DKR, 8EL, TFM, UGN, VHO, WIP, XJQ. 
Hence, the inflections lie in eights on 63 conies that pass through one vertex of 
each triangle. 

Through A and B pass 2 conies ADNSBEKUy AJNWBIQU of types 

(10) and (11). If we transform these by (21) and f^^ j, we have 42 conies. 
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If we transform these by (^^ j, we have in all 84 conies that are repeated in 

(10), (11), (12), (13). Hence, the inflections lie in eights on 84 conies that pass 
through 2 vertices of 4 triangles. 

If we transform (4'), (5'), (6'), (7'), (8') and (9') by repeated application 
of (21), (6') and (8') are transformed into (1'), (4') and (9') into (2'), 
(5') and (7') into (3'). 

The 4 conies conunon to (4'), (5')> (6') are transformed into 28 conies 
common to (1'), (2'), (3') that pass through the 6 vertices of 2 triangles and 
the points of contact of a bitangent. The 4 conies common to (4'), (8'), (9') 
are similarly transformed into 28 conies common to (1'), (2'). Similarly for 
(5'), (7'), (9') and (2'), (3'), also (6'), (7'), (8') and (1'), (3'). In each case 
the conies pass through 1 vertex of 6 triangles and the points of contact of a 
bitangent. 

This accounts for the transformations of 12 of the 112 conies through 
6 inflections of types (1'), (2'), (3'). The remaining conies can be divided into 
2 types. The first type pass through 2 vertices of 2 triangles and 1 vertex of 
2 other triangles. Type (1') has 60 of these conies. If we transform these 

by (21) and (^^j^ we find in all 1260 of these conies. The second type 
pass through 1 vertex of 6 triangles. Type (1') has 40 of these conies, ex- 
cluding the 8 already considered. Transforming these by (21) and f^^jf 

we find 840 conies. Hence, the inflections lie in sixes on 4 sets of 28 conies, 
on 1 set of 1260 conies and on 1 set of 840 conies. ' > 

Cornell Univebsitt, November, 1913. 
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Concerning an Analogy Between Formal Modular Invariants 
and the Class of Algebraical Invariants Called Booleans. 

By 0. E. Glenn. 



In the general theory of algebraic invariants and covariants the coeflBcients 
of the forms involved are considered to be arbitrary variables. Likewise the 
coe£Scients in the set of linear transformations to which the forms are sub- 
jected are arbitrary variable parameters. 

Hurwitz published, in 1903, a paper* in which he defined a type of inva- 
riant essentially different from the ordinary algebraic type. The distinction 
consists in this : Whereas the coeflBcients of the forms are still arbitrary vari- 
ables, the coeflBcients of the linear transformations involved are parameters 
representing integers belonging to the residue system modulo p, p being a 
prime number. 

Professor L. E. Dickson has called my attention to the present state of 
this theory. No proof of the finiteness of the formal modular concomitants 
described above has been published. Hurwitz has emphasized the diflSculty of 
this problem in the case of the invariants. 

In a recent paper Miss Sanderson proves a fundamental relation between 
the formal modular type and modular t invariants and covariants \ as defined 
and extensively investigated by Dickson. The latter author has recently con- 
tributed a general invariant theory, the methods of which apply both to the 
modular and to the algebraic types of invariant. He has made applications of 
this method to the formal modular case. 

§ 1. Extension of a Principle Due to Boole. 

It is the purpose of this paper to show how a principle due to Boole,§ 
applied by him to the problem of finding a fundamental system of invariants 
and covariants of a binary form under the restricted substitutions 

♦Hurwitz, "Ueber hdhere Kongruenzen/' Archiv der Math, und Phys,^ Ser. 3, Vol. V (1003) • 

t Dickson, TranscLctions Amer. Math, Society, Vol. X (1909) and Vol. XIV (1913) ; American Joub- 
NAL OF Mathematics, Vol. XXXI (1909) ; Proceedings London Math. Society, Ser. 2, Vol. VII (1900) ; etc. 
An elementary account of Dickson's modular invariant and covariant theory and of his general invariant 
theory will be found in his " Colloquium Lectures," delivered at the Madison Colloquium of the American 
Mathematical Society in September, 1013. 

t Sanderson, Transactions Amer, Math, Society, Vol. XIV (1913). 

§ Boole, Cambridge Mathematical Journal, Vol. III. 

10 
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/ sJQ (6)— g) , ^, sin ( o)— ^) sina ,sin^ 

sm (d sin o sin Q sin o ' 

may be applied in the case of formal modular concomitants. 

The essential features of the method of Boole result from the fact that 
the form f=a^i+2xiX2 cos o+^l is a universal covariant* under the transfor- 
mation (1). That is, 

a;J'+2a;Ja;J cos o'+x'^'=a^+2xiX2 cos a+xlj 
where o is the inclination of the old axes, and o'=^—a. Then the Boolean 
concomitants of a binary n-ic F^ are precisely the simultaneous concomitants 
of /andF„. 

Likewise, if we possess for the restricted substitutions consisting of the gen- 
eral binary linear transformations with coeflBcients reduced modulo p, a uni- 
versal covariant C, then the members of the simultaneous system of C and F^ 
will be, as a rule,t formal modular concomitants of F^ . 

A fundamental system of universal covariants of the general linear trans- 
formations in m variables, with coeflBcients belonging to a general finite field, 
has been discovered by Dickson and published in his memoir, "A Fundamental 
System of Invariants of the General Modular Linear Group, with a Solution of 
the Form Problem,^' Transactions of the American Mathematical Society, Vol, 
XII (1911). In view of the principle explained above we may, in the present 
case, employ these universal covariants in place of C, restricting the finite field 
to the field of integers modulo p ; m=2. Results of this combination are given 
in '^^ 3, 4, 5. 

§ 2. Defining Properties of Formal Concomitants; (a), (6), (c). 
The definitions formulated by Hurwitz relate to absolute formal modular 
invariants only. We define the covariants of a form as follows : Let F^ be a 
binary form of order n with arbitrary coeflBcients ; 

Let F„ , transformed by the general linear binary transformation with coeflB- 
cients belonging to the field of integers modulo p, go over into 

Let p^O (mod p) be the-modulus of the transformation. Then 

(a) Any function F (ao > ^ , > ^» > ^ > ^2) of the coefficients and variables 

of F^ which identically satisfies the congruence 

F(aJ, a;, , <, a;;, ir;)=p*F(ao, ai, , a„, x^j x^) (mod p), 

♦study, Leipz. Ber,, XL (1897). f Compare §6. 
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will he called a formal modular covariant of F^. It will be a relative covariant 
except when p*^l (mod p), when it will be an absolute covariant. 

Without loss of generality we may assume that F is homogeneous both in 
the variables and in the coefficients. If its order is zero, it is an invariant. 

(b) The weight w of a term of F, and the index A;, order cj, and the degree 
i of F satisfy the following congruences: 

*»»-"=fj(modp-l). (2) 

For under the particular substitution a?i=Xa;J, x^^Xx'^, (X= a primitive root) 
of determinant ^^ we have a'r=X^a^ , x'i=X~^ x^^ from which the first congruence 
readily follows. To prove the second, take a;i=icj, a?2=/lrr2, whence aj=;i'^a^, 
X2=X'^X2. Let a typical term of F be 

T^a^.a'la'l xlxt-\ 

Then, 

r'=x'''^+'^+'^+- •+''-^T=;i*r(mod p). 

Hence, 

2 (ii;— o) ^tw— ©{mod p — 1), 

which proves the second congruence. 

(c) The annihilators S of a formal invariant ^(a) of degree i are partial 
differential operators of order i. In fact, if F^ is transformed into F^ by the 
particular substitution S : iVi=x[+tX2j a?2=^2 (* a residue mod p), then 4>{a') 
may be expanded by Taylor's theorem ; * and after powers of t are reduced by 
Fermat's theorem (mod p), the result takegf the formf 

»(a-)-»(a)^3-»(a)<+ j^»(a)<^+ . . . . + ^'^^^^^"^ tf>-' {mod p). 

Here S' is an operator of order > i. Then a necessary and sufficient condition 
for the invariancy of ^ under S is given by 5'^ (a) =0. If in 5' we delete all 
partial derivatives of orders >i, we obtain an annihilator S as described above. 
We give below the explicit form of 5 for n=2, i=4, p=3. 

4 

+ «0«?4>a,a.»+ 3 ^J4>a,««» + g (^0 «? + ^? «l)4^a,- (3) 

In this operator ^„,^.= g^^T> ®tc. 

*Tbe method is due to Dickson, who developed it for modular invariants in Transfictiona Amer, 
Math, Society, Vol. VIII (1007) , p. 200. The essential point of difference is that in the present case there 
is no greatest value for i, and d is more complicated. 

t Cf. Transactions Amer. Math. Society, Vol. XV, p. 72, lemma in § 1. 
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For illustration, we determine all invariants of Fg, of degree 4, modulo 3. 
These will be determined again by the method of § 1 (Cf. § 5, Table II). Let 

^{a)=A'faUA^Vala,+A%^ala\+A^Valal+A^i^aoa\a^ 

+A't^a{+A'Vaoal+Afa\al+A'Vat. 
By formula (2) this is the general form of ^{a). Operating by 5 we obtain 
A^t^-A<t' + A^V^O; ^^}>-^<?; ^'V^^'V^O'\ . . 

J[(2) + ^(|)+^(4)_^(4)^0 J^ ^* 

Also, since ^(a) must remain unaltered by the substitution (aoaj) (— Oiai), we 
have 

A^f^A^V^O; A^f^A^V (mod 3). 
Hence, 

q>{a)=A^\^{alal+aoa\a2—alaz—aQal)+A^t^{alai+at+aoal) 
^A<t^J+A^tU. 

Two linearly independent formal modular invariants of degree 4 are thus / 
and J. One of these is reducible. In fact, 

Z+J^D* (mod 3), 

where D is the discriminant of Fj . 

§ 3. Universal Covariants in Two Variables. 

The universal covariants forming a fundamental system for the general 
binary linear group, modulo p, are two in number. They are (see § 1) 

L=xlXi—XiX^j Q={x^a^—x^xf)'r'L. 

We now prove a theorem concerning Q. Let Ji(/<^) be the functional deter- 
minant of / and, 4^. Let Jzif^) be the functional determinant of Ji and 4>, or 
the second iteration of the functional determinant of / and ^. In ordinary 
notation for transvectants, 

In general, let J^ be the k-th iteration ; that is, 

* 

J»=(....(/4>)^)....^). 
Then we have 

Theorem : The covariant Q is a modular covariant of L, and is precisely 
the (p — 2)-th iteration of the functional determinant of the Hessian of L and 
L itself, modulo p. 

In proof, let H= {LLy. Then, 

Ji{HL) =— 2a^<'-'J + jpf<''-^'a;^''-'> +a^-»a|*-»— 2a4<'-" (mod p). 

Proceeding by induction, assume 

Jt_,(FL)^o<o*>a;*('-'>+o<fM»-»(''-'>a;r'+ .... +a<J)a^('-'>(mod p). 
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+o<|+l>a4*+»>(P-')(modp). (4) 
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Then, 

From this congruence we obtain the recursion formula 

a«+')^(fc_/»)o(*)+(fe-l)oi*>x(mod p), {h=0, 1 , A;+l). (5) 

Let us now define two new a numbers as follows : 

o(_*^=0; ai%^0 (modp). 
Then we obtain readily from (5) 

Assume k=p—l. Then by virtue of Wilson's theorem 

J^^iHL)^x^,^-'^+x^^''^^-'^xr'+ .... +a;?<'^--^>^0(mod p), 
which was to be proved. 

Since^ then, Q is a covariant of L, it suflSces to employ L for C (§1) in 
obtaining by the method of § 1 the concomitants of F^ modulo p. 

^ 4. Concomitants of Fg Modulo 2. 
Let Fs be the general binary cubic form 

Fs=aQa^i+3aia^iX2+3a2Xi(4+a2i4^ 
and let p=2. Then the fundamental system* of F^ and L, taken from the 
algebraical standpoint, is a closed set, and the system of irreducible concomi- 
tants obtained from this set by deleting the members which are reducible, 
modulo 2, constitutes a formal system for F^ modulo 2. No proof that this 
is a fundamental system is given in this paper, however. These irreducible 
concomitants! are given in Table I. All transvectants in the simultaneous 
system of Fg and L not given in the table prove to be reducible. For instance, 
{HQ)^H+R^'^Q, {Q{F,Ly)^C^l^+B^'^Q, (mod 2). 

§ 5. Concomitants of F^ Modulo 3. 

We give in Table II similar results for the case p=3, n=2. The mere 
process of transvection here sometimes fails to give a formal concomitant 
(mod 3), owing primarily to the fact that some of the numerical coefficients 
involved are divisible by the modulus. No proof that the system given by the 
method is or is not coextensive with the totality of formal concomitants of 
/(=F2) is here attempted. It is, however, worthy of note that we obtain by 

* Faa di Bruno, Walter, « Theorie der bin&ren Formen/' p. 209. 

t With each transvectant has been introduced the smallest numerical factor which has the effect of 
removing extraneous numerical factors when the concomitant is expressed in terms of the actual coefficients. 
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transvection between / and Q alone a complete set of concomitants, which, when 
reduced by Fermat's theorem, modulo 3, give the fundamental system of modular 
concomitants of /.* These are (see Table II) g, A, /, L, Q, Ci, Cj, /<. 

Table I, 



Notation 


Transvectant 


Concomitant (mod 2) 


B<') 


{F.Lr 


Ol + O, 


fiw 


{HQy 


OoOj+OiOj 


i?w 




aoiao+<h+az+(h)as 


L 




xixi+xi(4 


Q 


{LLY 


a^i+XiXi+ai 


Fs 




OoO^i + (ho^iXi + UtXioi + Oga^ 


H 


iF,F,y 


(Oo02+of)a!?+ (ao08+aiaj)jcia!s+ (OiOj+aDal 


C<{' 


(QPsV 


(ao+ai+(h)Xi+ (ai+02+08)a!j 


CT 


{F,Lr 


a^i+ (Oi+a8)%a^+o,a| 


C<1> 


{F^L) 


(hM+ (oi+0!)a^a|+aaa4 


c<? 


(ELY 


(Ooa8+aiOj+aoO«+o!)ai+ Kos+OiOa+OiOs+o?)** 


C<|> 


(HiF^y) 


(o5o,+aoa|+a;+afaj)a;f + (aooH-afa,+aio|+oS)a;| 



Table II. 



NoUtion 


Tranavectant 


Concomitant (mod 3) 


A 


iffy 


of— OoOj 


3 


{fQY 


(^ + OoOi + Ooo! ■\-a\ai—al—(^ 


/ 


ipuy 


ojos+aooj+ot 


L 




a^a^— a;ia| 


Q 


{(LLYD 


a;;+a;*aH-a^a^+a;S 


f 




Oorrf+2oia;ia;2+««a| 


U 


ifQV 


OiflA + Oiscja;, + Oi^o^ + a^xi 


Ci 


(NY 


(aSai-o?)a^+ (co— a^) (o!+aoa8)aHX,+ (a?— a,a|)a^ 


C, 


{fQY 


(og+of— aoa,)a;f+ai(aa+08)a;ia:2+(of+o|— Ooa2)fli 


c. 


ifLy 


aoa;?+2aia;?a|+aja;5 


c. 


ipLr 


(a5+ol-o,aj) a;t+2oi {<h+<h) (Ax^+x^ai) + (of+al-OoOe) a;| 


C. 


ifLr 


<^+2a?a;,!Ej+<^ 


c. 


(ruy 


(aoa?— ago,) a;f+ (aoo|— aJo2)ajiirj+ (Oio|— afa^);^ 



Univebsitt of Pennsylvania, October, 1913. 



* Dickson, Transactions Amer. Matk, Society, Vol. XIV (1913), p. 310. 
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Periodic Orbits on a Smooth Surface. 

By Daniel Buchanan. 



§ 1. Introduction. 

In the third chapter of Moulton's "Periodic Orbits/' which will appear 
shortly, the general solutions of the problem of the spherical pendulum are 
determined as power series in a parameter in which the coefficients are tran- 
scendental functions of the time. The solution obtained for the vertical motion 
is periodic, but the solutions for the horizontal are not periodic in general. 
The problem discussed in this paper is a generalization of the problem of the 
spherical pendulum. The path described by the bob of the pendulum may be 
considered as the orbit described by a particle which moves, subject to gravity, 
on the surface of a smooth sphere whose radius is equal to the length of the 
pendulum and whose center is at the point of suspension. The object of this 
paper is to show the existence and to give a method for the determination of 
periodic orbits described by a particle which moves under similar conditions 
on a smooth surface of more general character. The orbits determined have 
the same period as the solution for the vertical motion of the spherical pendu- 
lum. The equation of the surface is the same as that used by Poincare in his 
memoir "Sur les Lignes Geodesiques des Surfaces Con vexes,'' Trans. Am. Math. 
Soc.y Vol. VI (July, 1905). Periodic orbits play the same role in the present 
paper as closed geodesic lines in Poincare's memoir. 

^ 2. The Differential Equations. 

Let us take a system of rectangular axes with the positive 21-axis directed 
upwards. We shall denote the surface upon which the particle is constrained 
to move by the equation 

F{x,y,z)^a? + y' + ^-V + 2ef{x,y,z)=Q, (1) 

where 6 is a parameter and / (a?, j/, z) is a power series of the form 

f{x,y,z)= 2 fiikX'yU\ (2) 

the /j^jb being constants, audit converges for \x\^ \y\ and \z\ sufficiently small. 
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If (2) is a polynomial, then no restrictions need be placed on a?, y and Zj except 
that they shall be finite. For s = the equation (1) reduces to the equation 
of a sphere with center at the origin and radius I. 

Let us choose the unit of mass so that the mass of the particle is unity. 
Then, denoting derivatives with respect to the time by accents, we obtain as 
the differential equations of motion for the particle, 

a?"=X, r = T, z"=Z-g, (3) 

where X, Z, Z are the normal reactions due to the surface. Since the surface 
is assumed to be smooth, the normal reactions at any point are proportional 
to the direction cosines of the normal at that point. Hence, 

Y = ?iF^=2X[y + sf,], \ (4) 

where ;i is a factor of proportionality. When equations (4) are substituted 
in (3), the differential equations become 

x''=2X[x + eU, y"=2;i[y + 6/,], z^'=2X[z + ef,]-g. (5) 

These equations admit the integral 

x'' + y'' + z'' = g{-2z + c,), (6) 

where Ci is the constant of integration. 

In order to deteimine X, we find the second derivative of the equation of 
constraint with respect to t and eliminate a;", t/", 2", and a;'^ + y'* + ^'^ by 
(5) and (6).. Since F {Xj y^ z) is independent of <, we have F" = 0, and 
therefore, when the differentiations and eliminations are made, we obtain 

o,- ^(3g-c0~f[ a ;-V,,+y-'/,,+^-V,,+2y -;g7y.+2a; -g7x.+2a;-y7,,-ff/J . 

^+26[a;^+t//,+^^-/]+6M/l+/l+/n • ^^ 

After the values of the partial derivatives are obtained from (2) and substituted 
in (7), the expression for 2JL can be arranged as a power series of the form 

2X = -^{3z-c,)+7i,e + ^s'+ ...., (8) 

in which the coefficients X^ are power series in x^y^z and contain a?', t/', z' to the 
second degree considered together. If f (x^y^z) is a polynomial, then the 
convergence of (8) can be controlled by e alone, provided a;, y and z are finite. 
If / (a;, y, z) is a power series, then a;, y and z must lie in the region for which 
(2) converges. Upon substituting (8) in (5), the differential equations take 
the form 
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x"= ^,{3^-c^)x + eX, + s'X,+ ...., 
z" = 1^ (32-Ci) 2-<7 + eZ, + B^Z^ + . . 



(9) 



where Xj, Yf, Z^ are similar in form to the Xy in (8). 

§ 3. The Spherical Pendulum. 

For e = the equations (9) reduce to the differential equations of the 
spherical pendulum, which are 

x"=j^{:iz-c,)x, y"=jriS^-Ci)y, z" =f, {3z-c,) z-^g. (10) 

The last equation of (10) is independent of the other two and is solved first. 
It admits the integral 



z" = -f,{2z-c,)z^-g{2z-c,) 



(11) 



where Ct is the constant of integration. The periodic solution of the last 
equation of (10) has been obtained in Professor Monlton's memoir, to which 
reference has already been made. The solution is 

= -4'{r) = aa+ (ai-as)[^ (1-cos2t)/«+ ^^^ (1-cos4t)|m^+ ....], (12) 



z 
where 






(l + «) 
— Q^ — ^8 



(0<|«<1). 



(13) 



ai — as 

In the physical problem of the spherical pendulum, excluding the case of 
revolution in the a;t/-plane with infinite speed and that of the simple pendulum, 
the three constants ai , 02 , Og satisfy the inequalities 

— /<a8<0, —l<a2< +h «!>+/. 
On comparing the equations in (11), it is seen that 

2(ai + 02 + Os) = Ci> aiOg + 0203 + Ostti = — l^j 2 aiOgOs = — CgT. (14) 
11 
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§ 4. The Solutions of the Equations of Variation. 

Let z = '^ + Wy (15) 

where ^ is the periodic function defined in (12). The function w is undeter- 
mined except that it vanishes with e. Now let (15) and (13) be substituted 
in (9). If derivatives with respect to r are denoted by dots, then the differen- 
tial equations (9) become 

x+[a' + e['^ii + e^'^ii' +....] X = ?il±il^i^-f fXi -f f«x, + . . . 

«! Os 



w+ [b^ + e^^>fi + ei'^fi' + ....]w='^' 



OLi — Os 

_ 6 (1 + a) w* 



+ eWi + s'Wt + 



(16) 



OCi — Og 

where a^ and b^ are constants independent of fi ; a^d 6j*^ (t = l,2;;; = l,....,oo) 
are sums of cosines of even multiples of r and are therefore periodic with the 
period 27t. The X^y F), W^ appearing in the right members of (16) are power 
series in a;, y, w in which the coefiBcients are similar in form to '4' ('^) except 
that they contain additional terms in a?, y, w^ ij/ to the second degree considered 
together. 

By putting 6 = in (16), and taking only the linear terms in Xy y, and m;, 
we obtain the equations of variation, which are 

x+ [a' + e['^(i + ei'^ti^+ ....]x=o, ^ 
w+[b^ + e?^fi + ei^^(i^+ ....]w = o. ^ 

Obviously the solutions of the first two equations of (17) can differ only in the 
arbitrary constants. The solutions of these two equations have been obtained 
in Professor Moulton's memoir, where it is shown that there are three forms 
of the solutions according to the values of a : 

Case I. a:=^0 and 2 a not an integer. 
Case IL aq^O and 2 a an integer. 
Case III. a = 0. 

Case I. This is considered as the general case, 
case have the form 



The solutions in this 






(18) 



where At (t = l, ....,4) are the constants of integration; a is a power series 
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in II with constant coefficients ; and ^i , ^2 are power series in fi in which the 
coefficients have the form 



^1 = 2 [a^co8 2;T+ V— 16^ sin 2; r], 

^2 = 2 [a^cos2 jT— V— 16;- sin 2 J r], 

Gj and fe,- denoting real constants. These solutions have the additional property 

^1 (0) = ^2 (0) = 1. 

Case IL In this case the solutions are similar in form to (18), but they 
contain, in addition, terms in cos 2 a jr and V — 1 sin 2 a jr. The constants 
of integration are determined so that 

ii (0) = ^2 (0) = 1. 

Case III. For a = the solutions have the same form as (18) except that 
a> ^i> ^2 are power series in Vf^ instead of fi. 

Unless otherwise stated we shall suppose that we are dealing with Case I. 

We shall now derive the solutions of the last equation of (17). Since the 
differential equations (9) do not contain t explicitly, it is known, a priori^* 
that two of the characteristic exponents which belong to the solutions of equa- 
tions (17) are zero. These two zero exponents belong to the solution of the 
last equation of (17). The generating solution of this equation is '^{r), 
defined in (12), and it contains two arbitrary constants, viz., the initial time fo> 
and the scale factor Z, the latter occurring only in the second degree. Hence, 
the two solutions of the last equation of (17) aref 

= /* (o, — ai) sin 2 r + g ^ sin 4 T + , 

Since each of these solutions is multiplied later by an arbitrary constant, the 
factor ii{aL^ — ai) may be absorbed by the arbitrary constant, and the first 
solution becomes 

Wi = ^ = ^m2t+ ^/iisin4T+ (19) 

♦ Moulton, "Periodic Orbito," §33. Poincar^, "Les Methodes Nouveiles de la Mecanique Celeste," 
Vol. I, Chap. 4. 

t Moulton, loc. cit,, § 32. Poincar^, loc. cit,, Vol. I, Chap. 4. 
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It is observed from equations (12) and (13) that '4' is a function of ai, Oj, 
II andr, while r is a function of ai, Os, S and Z^, and S is a function of (i. 
Now when 02 is eliminated from (14) by the substitution 

02= a8 + /t4(ai — Os), 

the first equation of (14) expresses (i as a function of ai and Os, and the other 
two equations express ai and as as functions of P. The constants Ci and c^ 
enter into these relations, but as they are constants of integration, they are 
independent of the scale factor. Hence, 

dT^KB^Jdl' '^KdcisJdP "^ KdfiJlda^dP'^da.dl'] 
+ P^\(%)+ll^J-\^l^A'^^^^ (20) 

where the parentheses ( ) denote that the differentiation is performed only 
in so far as the variable enters the function explicitly. Upon performing the 
differentiations expressed in (20), we obtain 

8 ttj 1 9 oj _ 



|/i = i±if_, |i^=lj=£_, |i=:^(a,-a3)4>, 
Ody cta — Oi OOa Og — ai dr '^ ' ^ 

(1^) = <«^-«») B (1 -«os2r) + j^ (1 -cos4t) m + • • • •], 
dv __ r aS_l , 11 ■ 

M~ 2(1 + 5)' a^-2'^16''"^-"-' 

f'dr\__r_ /aT\ /^9'y^— "^ 

V^ZV ~ 2 f* ' Va ai/ ~ \a oj/ ~ 2 (ai - Os) • 

When these results are substituted in (20), we get for the second solution 

Wi = x + A'rl>, (21) 

where x and A are power series in (i of the form 

X = o7 \fo^ ,A T\ [2 ai + 4 0, — Ci — (6 ai — Cj) C082t 

■*■ 2(as — ai) (2ai + 4a3 — Cj) 

+ f {22ai + 32as — 9Ci — 8(2ai + 4a,— Ci) co8 2t— (6ai — Ci) cos4<rj + ], 

"*- 16Z*(a,-aJ^'*^ 
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The determinant of the two solutions (19) and (21) at r = is 

D = -0(0) ;C (0) = -o-z-rh 7 + *^""^ ^^ ^^ ^^2) 

which is not zero for (i sufficiently small unless ai , 03 or c^ is infinite. Now 
Os is finite because of the inequality — Z < og < 0. It is shown in Professor 
Moulton's memoir that if Ci is infinite, the particle revolves in the a;j/-plane 
with infinite speed, and, of course, this case can not be realized physically. 
Then Ci is finite, and since —l<as<0, —I<(i2<+1, it follows from the 
first equation of (14) that ai also is finite. Hence, D:pO for [i sufficiently 
small, and the two solutions (19) and (21) constitute a fundamental set. The 
general solution of the last equation of (17) is therefore 

w = A,^ + Ae[x + Ar^], (23) 

where A^j Aq are the arbitrary constants. The functions ^ and x are periodic 
in r with the period 2 n. 

§ 5. Existence of Periodic Solutions. 

Let us take the .initial conditions at r = 0, 

a? = ai, x = a^j y=:asj y = a^, w = a^, w = af^. (24) 

If the surface of constraint is a closed surface, then the vertical velocity of the 
particle must vanish for some value of t and change sign. If the surface is not 
closed and if the motion of the particle is to be periodic, then a?', y% z' must 
vanish and change signs for some values of f, otherwise the particle would 
recede to infinity. Then without loss of generality t^ can be chosen as the time 
when the vertical velocity is zero. Hence, ;s = at t = 0; and since ii/(0) =0, 
it follows from (15) that 11; (0) =0. Therefore, ac in (24) may be put equal 
to zero. 

In order to prove the existence of periodic solutions of equations (16), 
we integrate (16) as power series in a,- (i = 1, . . . ., 5) and f, and impose 
necessary conditions that rr, y and w shall be periodic in r with the period 2 n. 
Only the linear terms in a, are required in explicit form. The solutions of (16), 
subject to the initial conditions (24), are 

y = (f-^)e«v=ir^, + (| + g)e-«v^-^, + eP,(a,,6;'r), [ (25) 
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where A is the determinant of the fundamental set of solutions (18) and is 
therefore different from zero.. The terms Pi, P2 and Pa are power series in 
Gi and 6 J and carry f as a factor since the right members of (16) vanish with €. 
Sufficient conditions that x^ y, w in (25) shall be periodic in r with the 
period 2n are 

a;(27t)-rr(0)=0, t/ (27t) -y (0) = 0, w {2n) -w {0) =QA 
i(27f)— a:(0) =0, y (2n) — y (0) = 0, io {2n) —w {Q) ={i.] ^^ ^ 

These six conditions are not independent, as we shall show, and the condition 
w {2n) — w (0) =0 is a consequence of the other five conditions. In order 
to show this we make use of the integral (6), which, on being transformed by 
the substitutions (13) and (15), takes the form 

i^ + J^+(4 + ti^)*+— ^■t^^(2'4/ + 2«£;-cO=0. (27) 

«! Og 

Let us make in (27) the usual substitutions 

rr = fl?(0)+5, y = y(0)+y, w = w{Q) +wA 
iz=i(0)+», t/ = t/(0)+y, w = Q + id, J 

where 5, . . . . , w vanish at r = ; and let the resulting equations be denoted 
by (27a). By putting t = in (27a) we obtain an equation (27b) connecting 
the constant terms of (27a) which are independent of 5, . . . ., m;. When those 
constant terms are eliminated from (27a) by means of (27b), there results an 
equation of the form 

G (5, y, 57, 5, y, W) = 0, (29) 

in which, at r = 2 71, there are no terms independent of the arguments indicated. 
The coefficient of the linear term, in w{2n) is 4i^(l +5)/(ai — ag), and it is 
different from zero. Hence, by the theory of implicit functions, equation (29) 
can be solved uniquely for w{2n) as a power series of the form 

w{2n) =(215(271), y(27f), x(2n), y(2n), S7(27i)i, (30) 

in whiqh there is no constant term. Now if the conditions in (26), except the 
condition w (2 7t) — w (0) = 0, are imposed, then 

x{2n) =y{2n) = i{2n) =y(2n) =S;(27t) = 0, (31) 

and it follows from (30) and (31) that w{2n) =0. Therefore, the condition 
w{2n) — 1«;(0) =0 is a consequence of the other five conditions in (26) and 
may be suppressed. 

When the necessary conditions of (26) are imposed upon the solutions 
(25), the equations which a, (i = 1, . . . ., 5) must satisfy are found to be 
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= -^ [e^'^-i' + e-2.v-i, _ 2] — ^ [e2«v-ix _g-2«v_i,] _|_ terms in e, 

= — -!^ [e««^-' 
4 



e-2.v-iT-|+j:^[gs«v-i, + g-2«v-iT_2] + terms in c, 
= -^ [e2«v-ir ^ e-2ayf-iT_ 2] — -^ [e««v-i' — e-«»v3i'] + terms in c, 



= — ^[e""^^'- 



-2oV-lTl ^ ^ TgEoVl-iT^g-SoV^I,. 



■ 2] + terms in s, 



U = ^— T^r + terms in e. 



(32) 



The determinant of the linear terms in Oj (t = 1, ,5) is 

2,1^ ii^n)^ (e*«^^' - 1)* (e-*«^^' - 1)', 
X (") 



(33) 



and it is different from zero if a is not a real integer or zero. First, let us 
suppose that a is not an integer. Then the determinant (33) is not zero and 
the equations (32) can be solved uniquely for a^ as power series in e. These 
series vanish with e and converge for \e\ suflBciently small. Hence, periodic 
solutions of (16) exist uniquely and have the form 



x= X Xi€\ y = X jfiS*, w = X Wi €\ 



t=:l 



<=i 



<sl 



(34) 



where each Xi , t/< , Wi is separately periodic for | s \ sufiBciently small. 

Now let us suppose that a is an integer or zero. Then the determinant 
(33) is zero, and in order to prove the existence of periodic solutions of (16) 
we require the explicit form of the quadratic terms of the first two equations 
of (25). Let us denote the linear and quadratic terms of these two equations 
l>y ^1 J Vi and x^ , y^ respectively. Then the values of x^ and i/i , subject to the 
initial conditions (24), are 



%2> 






(35) 



The differential equations from which x^ and tft are obtained, are the same 
as (17) except that the right members are not zero. K the right members are 
denoted by X^^^ and Y^^^ respectively, then 
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X<^> = XiWiRo + eXiRi + syiR^ + eWiR^ + s^R^j 
7(2) _-, y^WiRo + eXiRi + epiRs + eWiR^ + e^R^y 

where -Bo is a power series in (i with constant coefficients, and -B^ (i = 1, ,7) 

are power series in /^ in which the coefficients are sums of cosines of even 
multiples of r. The complementary functions of the differential equations 
defining 0^29 t/2 are the same as (18) ; that is, 






y,=:ai'^e-^-- 



(36) 



where af^ (i = 1, . . . ., 4) are the arbitrary constants. Now regarding these 
constants as variables, according to the method of the variation of parameters, 
we have 






(37) 



where A is the determinant of the fundamental set of solutions (18), and is 
therefore different from zero. Since X^^\ Y^^^ contain terms in 6±*^~*^ 
multiplied by power series in (i in which the coefficients are sums of cosines 
of even multiples of r, the integration of the equations (37) will yield non- 
periodic terms. We shall be concerned with the explicit form of only the non- 
periodic terms arising from (37). When the values of ap^ (i = 1, . . . ., 4) are 
obtained from (37) and substitued in (36), we have 



+"'""'[(f-f)' 



iV-i 



,aV-lT 






+ eag [non-periodic terms] -f periodic terms, 



y2 = T6p^^^l 



[(f-^)'-"'f'-(Y+l>-""'«'] 
+ sGfi [non-periodic terms] + periodic terms. 



where p^*> (i = 1, ....,4) are power series in (i with constant coefficients. 
Hence, the solutions of (16) as power series in e and a» (i = 1, ,5) are 



(38) 
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X = Xx + X2+ . . . . , 

y = yi + y2+ — , 



• » «5, f; r)y 



(39) 



where x^^ t/i; x^^y^y and Pg are defined in (35), (38) and (25) respectively. 

Now let US impose upon (39) the necessary periodicity conditions of (26). 
Since x^ , y^ are periodic when a is an integer, we obtain 

= _i^2 (epO) + a5P<'> -^^ap^'> + ea5r<^> 

+ B [quadratic and higher degree terms in f, aj, . . . ., ag], 

= — 7tAai(fp^^>+a5P^'>) — 7tAa8fp<^> + 6a5r<2> 

+ e [quadratic and higher degree terms in e, ai, . . . ., ag], 

= _i^«fp(8)-i^^-*(fp(O + a5P^^>)+8a5r(«> j. (40) 

+ B [quadratic and higher degree terms in t, ai, . . . ., as], 
= —nAa^Bp^^^ — nAa^ {bp^'> + a^p^^^) + Ba,r^'^ 

+ B [quadratic and higher degree terms in f , ai , , ^g] , 

= ?^-^|i^^ + e [terms in ., o,, ...., o,], 

where r^*> (i = l, ....,4) denote power series in [i with constant coeflScients. 
The coeflScient of a^ in the last equation of (40) is different from zero and 
therefore this equation can be solved uniquely for a^ as a power series in e and 
a,- (j = 1, . . . . , 4) of the form 

as = 6p{ai, , a^jB). (41) 

When (41) is substituted for a^ in the first four equations of (40), the factor b 
can be divided out and we obtain four equations in b and a^ (; = 1, . . . ., 4) 
of the form 

= —nAq^^^ai — nAp^^^(h + bQz (f, ai, , ^4), 

= ^^ — ? — ^ — + bQs (e, a^j ... ., aO, 

= — 7iAp<*>ai — 7tAg(^>as + 6Q4(f, a^ , a^), 



(42) 



where g('>, g<^^ are power series in ft with constant coeflBcients, and Qt (i = 1, 
. . . ., 4) are power series in e and o<( i = 1, . . . ., 4) in which the coefficients 
12 
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are power series in (i. The determinant of the coefficients of the linear terms 
in a^ in (42) is 

16n'\q^'^q^^^—{p^^^y\\ (43) 

This determinant is not zero, in general, but it may be possible to choose such 
values of the constants Cj, c^ and /^^t (see equation (2)) that (43) shall vanish. 
We shall exclude such special values of these constants, if any exist, and there- 
fore (43) is not zero. Hence, (42) can be solved uniquely for a^(j = l, . . . ., 4) 
as power series in c, vanishing with e. When these series for a^ are substituted 
in (41), as is likewise a power series in f, vanishing with b. Consequently, 
when a is an integer or zero, periodic solutions of (16) exist uniquely and are 
power series in e of the form 

a? = 2 a;<*> €% y = i y^*> €*, w = 2 u;<'> e^ (44) 

t=i <=i <=i 

where each 0?^*^ y^*\ ti;^*^ is separately periodic for l^j sufficiently small. 

Now the solutions (44) include the solutions (34) as the special case when 
a is zero ; and since both the solutions are unique, they are therefore identical. 
Consequently, in making the practical construction of the periodic solutions of 
(16), it is not necessary to make a special consideration of the case when a is 
a real integer. 

If the period were chosen to be 2y7t, r an integer, then the proof of the 
existence of periodic solutions of (16) with the period 2vn would be identical 
with the preceding proof except that, in the preceding, 2 n would be replaced 
by 2 V 71. Then periodic solutions exist having the same form as (34). Since 
these solutions are unique for every r, and since the orbits having the period 
2vn include those having the period 2?!, there are no orbits with the period 
2vn which do not have the period 2 n also. 

If a is a rational fraction JV/w, where N and n are real integers relatively 
prime, the question might be raised whether orbits exist which have the period 
2nn in r, and not the period 2n. From the preceding paragraph we conclude 
that such orbits do not exist. 

§ 6. Direct Construction of the Periodic Solutions. 

Let us substitute (34) in (16) and equate the coefficients of the same 
powers of e. Since the results are identities in f, there is obtained a series of 
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differential equations from which the coefficients in (34) can be determined. 
The constants of integration arising at each step are to be determined so that 
the solutions shall be periodic and satisfy the initial condition w = 0, from 
which it follows that 



^V(0)=0^ (i = l, ....,00). 
The differential equations for the terms in e are 



(45) 



(46) 



where the R^^Hi = 1, 2, 3) are power series in fi with sums of cosines of even 
multiples of r in the coefficients. The complementary functions of (46) are 
the same as (18) and (23) ; that is, 






where the aP^(t = 1, ,6) are the constants of integration. 

method of the variation of parameters, we have 



Aa< 



<i) 



»V3ii 



^.m'\ 



Ai('> = e'^^'eiieP>, 



D aj'> = -[x + A 1 1] Ri'\ D aj'> = fp Ri'>, 



(47) 



On using the 



(48) 



where A and D are the determinants of fundamental sets of solutions (18) and 
(23) respectively and therefore are not zero. 

When equations (48) are integrated and the resulting values for aj^^ are 
substituted in (47), we obtain the general solutions of (36) which are 



X, = ^<*>C-^=^-£i + ^<^>6->^^- ^2 + CP> (T), 

w, = Ai'> ^ + ^i^> [x + Ar^]-p^r^ + C<^> (r) , J 



(49) 



where Jp^ (i = 1, ,6) are the constants of integration ; C^^^ (r) (t = 1, 2, 3) 

are power series in [i with sums of cosines of even multiples of r in the coeffi- 
cients ; and pi is a power series in ft with constant coefficients. 
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Since we have shown that the periodic solutions of (16) have the same 
form whether a is an integer or not, the constants A^^^{i = 1, . . . ., 4) must be 
zero in order that the first two equations of (49) shall be periodic when a is 
not an integer. If these constants are not put equal to zero at this step, 
a consideration of the terms in e^ will show that they must be zero in order 
that Xi and yz shall be periodic. 

In order that the last equation of (49) shall be periodic, the constant A^^^ 
must have the value 

where g, is a power series in (i with constant coefficients. From the condition 

(45) it follows that Ai'> = 0. When these values of A^'^ii = 1, ,6) are 

substituted in (49), the solutions of (46) become 

X, = C«>(T), y, = Ci'>(r), w, = \q,x + Gi'\t) =\G,{r), (50) 

ft fl 

where Ci (r) has the same form as Ci^^i = 1, 2, 3). 

It is easy to show that all the succeeding steps of the integration are 
entirely similar. The differential equations for the coefiBcients of e" are 









,]y. = -A.ie(-), 






(51) 



where R^'^i = 1, 2, 3) are similar in form to BJ'> (i = 1, 2, 3) . Then on forming 
the equations analogous to (47) and (48), we obtain the general solutions of 
(51), viz., 



w, = Ai''^^ + Ai'>[x + Atfp] --^P,r^+ -^.r.Ci'H'r), 



(52) 



where Al''^i = 1, ,6) are the constants of integration; CJ^M*^) (^ = 1> 2, 3) 

are periodic functions similar in form to CP^(i = 1, 2, 3) ; and p^ is a power 
series in (i with constant coefficients. In order that the solutions (52) shall 
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satisfy the periodicity and the initial conditions, the constants of integration 
must have the values 

4<»> = 0(i = l, ....,5), ^^"^ = -L-^"=^««^ 

(I ji fi 

where q^ is a power series in fi with constant coefficients. Hence, the desired 
solutions of (51) are 

y» = ^.Ci">('r), 

r 



(53) 



where C^{r) is similar in form to Ci{r). Thus the general step of the inte- 
gration is entirely similar to the first step. 

When we are dealing with Cases II and III of the solutions of the first two 
equations of (17), the method of proving the existence and of making the con- 
struction of the periodic solutions of (16) is similar to the preceding. In the 
other two cases, as in Case I, the solutions of (16) are power series in c. In 
Case II the coefficients of the various powers of e are power series in [i similar 
to those obtained in (53), but they contain additional terms in cos 2 (a; + fc)r, 
j and k integers. In Case III the coefficients of the various powers of e are 
power series in ^/ (i with coefficients similar to those in (53). 

§ 7. The Character of the Surface. 

The equation of the surface is general except that | € \ must be taken small 
in order to insure the convergence of certain series appearing in the preceding. 
Suppose the periodic orbits are desired on a given surface S. Because | f | is 
small, it may not be possible to choose such values of e and /.^^ in (2) that (1) 
shall represent S. Let us suppose that certain values of /^y^ are taken in (1) 
and that i is the largest value | e \ may take, and let us denote the resulting 
equation of the surface by Si . Then by the preceding method we can deter- 
mine periodic orbits on the surface 

where Bi is a new parameter and fi{Xjy^z) has the same form as f{Xjy,z). 
By repeating the same process over and over again, we can determine periodic 
orbits on a sequence of surfaces 
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8,^,^S, + 2s,f,(x,y,z) = 0, (fc = 1, 2,3, . . . . ), 
where fj,{x^yjZ) has the same form as (2) and cj is a parameter, provided^ 
of course^ that the solutions obtained do not pass through any singularities. 
Thus, in general, the given surface S can be approached by the sequence of 
surfaces Sj^^^j and the periodic orbits described on it can be obtained as power 
series in /m, c, fi ,...., f^ , 

Queen's University, Kingston, Canada, Sepiemher 23, 1913. 



Digitized by VjjOOQIC 



On FoucauWs Pendulum. 

By William Duncan MacMillan. 



§ 1. Introduction. 

A number of papers have appeared during the past sixty years on the 

theory of the motion of the Foucault pendulum,* but the theory is still far from 

being in a satisfactory state. The theory given in the various treatises on 

mechanics includes only the case of infinitesimal oscillations. For oscillations 

of this type the equations of motion are completely integrable, and it is found 

that, if the motion is referred to a horizontal plane rotating in clockwise direc- 

24 
tion with uniform angular speed of period — — ^ hours, where ^ is the latitude 

of the place, the pendulum describes a relatively long, narrow ellipse in which 
the ratio of the minor to the major axis is the same as the ratio of the period 
of a single oscillation of the pendulum to the period of the rotating plane. 
This result is independent of the azimuth of the initial vertical plane of the 
pendulum, so that the theory for this case is complete. 

For finite oscillations, however, only approximate solutions have been 
given. If a> represents the angular rate of the earth's rotation, and if terms of 
the order o^ and higher are neglected in convenient places, the equations of 
motion can be integrated by means of elliptic functions.! Since the quantity 
G? is very small, the results obtained by this process doubtless represent the 
motion very accurately for a considerable interval of time ; but as the results 
obtained do not satisfy the equations of motion, no inferences can be drawn 
from them with safety over extended intervals of time. 

It is the purpose of the present paper to set forth explicitly two rigorous 
particular solutions of the equations of motion as they are usually given. t In 
these equations the oblateness of the earth and the terms in co^ are neglected. 
It will be shown that if the pendulum is started from rest in the plane of the 
meridian, if certain conditions of commensurability are satisfied, and if the 

* Beferences to the literature of this subject are given in the " Encjklopiidie der Mathematischen 
Wissenschaften," IV, 7, S. 6. 

t Ghessin, Amebican Journal of Mathematics, Vol. XVII, 1895. 

tPoisson, Journal Poly technique, 1838. Routh, ''Advanced Rigid Dynamics," p. 27. Appel, "Traits 
de M^canique Rationelle," II, p. 310, edition of 1806. 
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oscillations of the pendulum are not too large, then the motion of the pendulum 
is always periodic. Furthermore, it will be shown that the period of the rotat- 
ing plane, which is 24 hours divided by the sine of latitude for infinitesimal 
oscillations, increases as the amplitude of the oscillations of the pendulum 
increases. Similar results are obtained when the pendulum is started into 
motion with an initial impulse. 

§ 2. The Differential Equations. 

It is assumed that the earth is a sphere and that the iry-plane is tangent 
to the sphere at the place of observation. The positive end of the rr-axis is 
towards the south, the positive end of the y-axis is towards the east, and the 
positive end of the ^-axis is directed downward. The origin is taken at the 
point of suspension of the pendulum. We will let w denote the rate of the 
earth's rotation, /? the latitude, I the length and mT the tension of the suspend- 
ing wire, and g the acceleration of gravity. The equations of motion are 

d^^ T , ^ . r, dy 



dt 
dt^" 
dt^ " 



I ' ^ dt 

T ^ . ^dx 



+ 2<a cos /3 



dz 
If 



2' , o ady 



(1) 



Since the pendulum is of invariable length I, the following relations are always 
satisfied : 



dx , dy , dz ^ 



X 



dt 

d^x 

dt^ 



dt 



dt 






(2) 



and the energy integral is 



(3) 



where c is the constant of integration, 
without difficulty that 



Combining (1), (2) and (3), it is found 



It will be supposed that the pendulum is initially displaced towards the 
south through an angle whose sine is ii. Then the initial values are 
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.=1,, y=0. z=Nl=W, t = % = %='■ <5» 

from which it follows that c= Vl — /«*. 

Let us now make a change of variables by the transformation 

a; = i[^ cos «< + >7 sin «<], 

y=l[ — ^ sin «<+>; cos n<], - (6) 

so that ^*+>7*+ (1— ^)*=1, and for brevity let us take u sin ^=a, o cos /3=<Ti. 
Then the motion of the pendulum is referred to a system of rectangular axes 
rotating with the angular velocity «, where n is an arbitrary at our disposal, 
and the differential equations are 



d{ 



+ [y + «*— 2n(«— <T)] ^ = — 2 (n— (T) ^ +2<t, sin nt ^ , 
^ + [y+«^-2«(n-<r)]>7= + 2(«-<T)^i-2<riC08nf^, 
f +^?=^-2..(«^-|)cosn.-2a,(f+n.)sin«. 



(7) 



From the relation ^=1 — Vl — i^+r;^) it is seen that, if ^ and >; are small 
quantities of the first order, ^ is a small quantity of the second order. Neg- 
lecting terms of the second and higher orders and choosing n=a, the differen- 
tial equations become simply 



d^^ 
dt 

dt 



2 + 



. + 



[ 



I 






]>7=0. 



(8) 



In order to satisfy the initial conditions in the icy-plane we must have at <=0, 
^=[Xj — =0, >7=0, ^^ =a/M, and therefore the solution is 



^=^cos^-^-+a'^, >7 = 



Cfl 



Vi 



sm 



i 



+aH, 



+ a' 



(9) 



which is an ellipse of which the semi-major axis is (i and the semi-minor axis 



IS — ^ 



13 



Hence the theorem of Chevilliet for infinitesimal oscillations. 
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" The ratio of the major to the minor axis is equal to the ratio of the period 
of the rotating plane to the period of oscillation in the ellipse" 

There is no difficulty in introducing an azimuth constant into this solution 
if it is so desired. 

§ 3. Development of a Periodic Solution. 

The choice n=:a certainly simplifies the differential equations. Neverthe- 
less it does not seem to be convenient to develop a periodic solution in this 

manner. For finite oscillations we will take n= t—, — , where x is an arbitrary 

1 + x 

constant, the form and value of which will be determined by the initial and peri- 
odicity conditions. It will be convenient also to take 1= :j— ^ , where Iq is a 

fixed constant and X is a constant of the same type as x. We will transform 
the independent variable by taking t={l-\-x)T so that nt=-ar, and, finally, 

we will write -^ +o^=p'^. Since the length of the pendulum is invariable 

►0 

throughout the motion, we can discard the differential equation in ^, and there 
remains 



r + [(l+«)'y + (l + 2«)<T*]^= + 2«<T,7'+2(l+«)<ri^'sin<TT, 
,7" + [(1 +*r ^ + (1 + 2*)(T* ]»7= -2*<Tr-2 (l+x)<rx^' cos (TT, 
where accents denote derivatives with respect to r, and 

(l + x)»^-=(l + x)Ml + ^)|-[3Vl-(f+>7*)-2VI^^] 
+ 2(l+*)a(|)7'->?$')-2<TMl+x)(f+»?') 

+ ((,,+,,ViMl^T?)+^f^)sin..], 
and ^=1— Vl— (^*+>7^). The integral becomes 



(10) 



COS at 



(11) 



l-(f+»7') 



2^ 



+ f(l+X)(l + x)*[Vl-(f'+,7^)-Vl-/]. (12) 
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We propose to integrate these equations as power series in /m, and we 
therefore assume 

ri = mii+riili^+mii^+ , 

;i=V+V+V+ 

In these series the constants x, and ^^ will be chosen so that the coeflScients ^ 
>7y shall be periodic functions of t. As is seen from equations (8), the free 

period of the differential equations is — and the forced period — . It is neces- 
sary to assume, therefore, that the constant Iq has such a value thatp = -J -^ -\-a^ 



is commensurable with a. This assumption is of importance in the theory of 
convergence of the series, but, obviously, is of little importance physicallv. It 
is found readily by a few preliminary computations that xi=Xi=ayji — ^[ = ^2=0 j 
and ^iyj[ — rii^[=a. Utilizing these facts to simplify the expansions, the differ- 
ential equations become 

[— 2<ri(<T»7i+f;)^i sin aT+<ri(^? +)??)' am (TT]ft* 

+ 2<Ti^i»72 COS <TT+ (2<ri(>7i)72)'— 2<r<ri^i»72) sin aT](/? 

+ \ -2<Ti^i(<T^8->78) +<Ti^i>7i(^!+>7?)'}co8 <TT+ \ -2a,x,^A<rm+ ^i) 

-2a^eAayls-{-^'>)+<r^^{am+e^)iel+v\)-ce^(a+y!'^y-2<r^^A<rm+e^) 

+«2<Ti(^H»7?)'} sin ar](i*+ ...., (13) 

i W!+p\]ii'= 

[— 2ai(<T>7i+^;))7i sin <TT—(ri(^f +>;?)' cos ar]^^ 

+ [-{p'-o')^y:i-2x,ip'm+ae^)-{p'+(y')ni+ii{3p'+a') (e+n^)*:! 

+ 2<Ti>7i(>72 COS <tt)'— 2<Ti(»7,>72)' cos <TT— 2ai((T>7i+^I)>?2 sin <tt]/u* 
+ [-iP^-o'nsm-2x,ip'm+oB[) + {3p'+a')y!W-2ay,,{^ryi',-e,y„) 

-\ {p'-o'n, + 2p%+p'+<j'\r„+ii3p' + o') (^!+)7?)>72+2<Tx,7.(»72COS<rT)' 

+ \-2a^Vii(T^s-m) +«Ti>7?(fH-»7!)'-2<Ti(^i$3 + >?i)73)'-2(Ti>72>72 

-2a^nAayl^+^',)+a^r,^{av^+e^){e^+y!'^)-<yyllUe^ + *!l)' 
-2(ri>7a(<T>7i+S;) \ sin ar](i*+ (14) 
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From the initial conditions (5) and the equations of transformation (6), 
it is found that the initial values of ^ and vt are 



Consequently, 



^(0)=^, >7(0)=0; r(0)=0, n'{Q)=Ofi. 



^i(0)=l, »7i(0)=0; ^aO)=0, n;(0)=<T; 1 ,^5. 

^,(0)=0, ,7,(0)=0; ^;(0)=0, »7;(0)=0, ; = 2,....,oo.J 

Equating the coefficients of the first powers of n in the left and right mem- 
bers of (13) and (14), we find 



(16) 



and the solutions of these equations which satisfy the initial conditions are 



fi=eospT, >7i= — sinpr 
P 



■•) 



(17) 



From these expressions it results that 



p'+g" , f—c^ 



2^ +^^2?"^^^^^*^' <T>7i+f;= — ^— — sinpr, afi— >:;=0. (18) 

From the coefficients of the second power of fi in (13) and (14), and from 
the values given in (17) and (18), it is found that 



>?2 +p'>72= . sm ar+ ^ — ^^ ^^sin {2p—o)r 

P ^P 

+ "'-'";<^^+''"'- sio(2p+,)r, 



(19) 



On integrating these equations and imposing the initial conditions, we find 



*'2= p(9p»-g«) ^^^ ^'^+ ^ ^^'^ g^- ol^...^ ■ ix sm(2p+<r)T 



2p'(3p+<T) 

(P + (T)^gx 

2p''(3p-(T) 



sin(2p — <t)t. 



(20) 



Similarly, the differential equations obtained from the coefficients of the 
third power of /u in (13) and (14) are 
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,2 ^« 



cos ar 



+ /n -a 2x COS (2p+<T)r+ /n — 2 2^ ' cOS(2p— g)T 

P(9p*— ff*) \ i- I / I p(9p2_(;2) 

+ \p4p+o) cos(p + 2<r)T 



( _2p«— p «(T + 9pV— 5p <7»— 3g^ ) gf 
4p*(3p— g) 



+ -'^ Zs/Q.. ^x ^cos (p-2g)T 



" 1 -,2 

r , 5p*+3g* , (7p*— 3g*)gf-lg , J J. . 
r3pMV (5p'+g') g! "I g , , ... . , 6 ip 

3(p*-g')(P + 2g)(p-g)g! . ,o , ^ 

-— iBm(2p+g)T 



2g*) (p*-g*)gf . 
' ^"^ i sin gr 



p*(9p*— g*) 



p*(9p*-g») 

^)(p-2g)(: 
p*(9p*— g*) 

(p^+ 3p»g + 9pV— 7pg«— 6g*) g? 



■ 3(p'-g')(p-2g)(p+g)gf 
+ VW=^) sm(2p-g)T 



4p»(3p+g) 

(p*— 3p«g+9pV+7£g»— 6g*)gf 

4p*(3p— g) 



sin(p+2g)r 



+ — A &ioJ J\ ^-isin(p— 2g)T 



, (p— g)»(p4-2g)gf ... , - , (p+g)'(p— 2g)gf ... _ . .--. 
+ 4p»(3p+g) «^°(3P + 2<T)T 4p»\^p_^/ 8m(3p-2g)r. (22) 

In order that the solution of these equations may be periodic, it is neces- 
sary and sufficient that the coefficient of cos pr in (21) and the coefficient of 
sin pt in (22) should vanish. Both of these coefficients carry {p^ — a^) as a 
factor, but this factor cannot vanish, since a is very small as compared with p. 
The coefficient of sin pr in (22) carries a/p as a factor, and this can vanish 
only at the earth's equator. For other places on the earth's surface we must 
have 

p'—a^ {^p^+a^)a\ 



^2 + 2x2= + 



,2 —2\ ' 



8p' p*(9p*— g*) 
5p*+3g* ^ (7p*-3g*)gf 



^=-—-6^ - + 



8p* ■ p*(9p*— g*) 
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From these equations it results that 






«« = + 



8p* 






(23) 



8p* p*(9p''— (T*) 

Since <r and <Ti are very small as compared with p, it is seen that X^ is approxi- 
mately equal to — f, and xj is approximately equal to +|. 

Using the values of ^ and xj given in (23), the solutions of (21) and 
(22) which satisfy the initial conditions are 



^3 = 



r (3pHa») ip^-a') 

4 



(243p»— 256pV+208pV— 4pV+(T'')<rf 



64p«. 
(3p«+<T^) (p^-o*) 



3(P* 



6^p* 
a'){p-a)al 



+ 



Pip+c)i3p+a){9p^-a') 

3ip'-a'){p+a)al 
p{p-a){3p-a)i9p'-a') 
(2p«— p'ff— 9pV— 5p<T*+3<7*) df 



+ 



+ 



16p'a{p+a){3p+a) 

{2p*+ p*a —9p^a^+5p<j'+3a*)a\ 

16pV(p— (T) (3p— a) 



8p*{p^—a^){9p^—ay 
(3p'— <t') (p'— g'')<Tf 
8p^(9p^— <T*) 

cos (2p+a)T 
cos (2p — a)r 
cos{p+2a)r 



] 



cos pr 



COSCTT 



cos(3p+2(r)T-|- 



cos (p — 2<t)t 

(p+aVal 



16p»(p + (T)(3p + (T) 

_ r 3(3p''+g')(p'— q')q 

"L 64p* 8p*<r(9p*— (T^)* 

r (3pH<T' ) (p*-a^or (5pM-<r*) (p^(T^)ffff? ] 
L 64p* ■•■ 8p'>(9p^— <J*) J 



^cos(3p-2a)T, (24) 



16p''(p— <r)(3p— (T) 
(27p''+900pV— 572pV+32p V— 3<T«)on 



smpr 



64p* ■•■ " 8p'>(9p^— <J*) 

I 3(p^-«T')(p- c)(p + 2 g)af ,.„,„. 



. ^ , 6(p''-2a'')(T? . 
sm 3pT + -^-2 — TT sinar 
P (9p — <' ) 



+ 
+ 



p^(p+(T)(3p+<T)(9p*-<r*) 
3(p'-<T')(p+<r)(p-2g)<Tf 
pMp-(t) (3p-a) (9p*-a*) 
( p* + 3 p'' q + 9pV— 7p <y*— 6g^) ff[ 

16p«<r(p+<T)(3p+<T) 
(p^— 3p''q+9pV+7p<T^— 6a*)gf 

16p*<T(p— (l)(3p— (T) 

(p-<r)»<Tf 



8in(2p — <t)t 

sin(p+2<T)r 



16p'(p+(T)(3p+ff) 



8in(3p+2<r)T+ 



sin(p — 2<r)T 

(p+<T)Vf 



16p«(p-<T)(3p-(T) 



sin(3p-2<T)T. (25) 
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§ 4. Properties of the Solution. 

It is not necessary to carry the computation any further, though by induc- 
tion it will be shown that it is possible to carry it as far as is desired, and that 
the constants Xi_i and x^.j can always be determined in the coeflScient of (i* so as 
to keep the solution periodic. So far as it has been computed, f is a cosine 
series and >7 is a sine series. Let us suppose that this property holds up to and 
including the coefficients of fi'~^. Then from (11) and from the properties of 
evenness and oddness it is seen that T/l is a cosine series up to and including the 
coefficient of fi^^K Then it follows from (10) that the differential equations for 
^i and Y!i have the form 

^'i+Pl^i= [ — {^i-^i + ^^i-i) {P^—<y^) + ^f] cos pT+ other cosine terms, 

»7'<+P*»7t=| —\-i — {p^—<y^) +Bi sinpr+other sine terms, 

where Ai and B^ are known constants. In order that the solution may be peri- 
odic, we must have 



■(26) 



A^-i — 



aip^—a^) ' 

and these equations uniquely determine X^.j and x<_i. The solution of (26) 
which satisfies the initial conditions is then 

^i= sum of cosine terms, 
yii= sum of sine terms. 

Thus ^i and >7, have the properties which were assumed for J<_i and i^i_i . The 
property holds, therefore, for every t, and consequently ^ is a periodic cosine 
series and >7 is a periodic sine series. 

We have therefore formally determined a periodic solution of the equa- 
tions of motion, and we are assured of its convergence by the general existence 
theorem of periodic solutions.* 

A second property of the solution which has just been obtained is as fol- 

sin 
lows: If {ip±ja)r is a term in the solution, then i+j is an odd integer. 

This is certainly true up to and including the coefficients of (i^. That it is gen- 
eral is readily seen by induction. Bearing in mind the properties of even and odd 
multiples, it is readily seen from (11) that it i+j is an odd integer in all coeffi- 

♦ MacMillani " An Existence Theorem for Periodic Solutions," Tranactotions of the American Mathe- 
matical Society, Vol. XIII (1912), p. 146. 
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cients of ^ and >? up to and including /e£*~^ then the expansion of T/l contains 

only terms in which i+j is an even integer; and consequently from (10) it is 

seen that ^« and >7^ contain only terms in which i+j is odd. The property 

is therefore general. 

We have already supposed that p and a are commensurable numbers. Let us 

take, then, p = m^ and <y=M^, where m and n are integers relatively prime. 

cos cos 

Any term in the solution, . {ip±ja) r , can therefore be written . ( im ± jn ) ^. 

If m and n are both odd, then {im±jn) is necessarily odd and the solution con- 
tains only odd multiples of ^. The projection of the path described by the 
pendulum upon the rotating f>7-plane is therefore symmetrical with respect to 
both the ^-axis and the >7-axis. In the fixed Ty-plane, however, since 

x=l[^ cos(TT-f >7 sinar], 
y=l[ — ^ sinar+>7 cosar], 

the expressions for x and y will contain only even multiples of ^. Therefore 
the xy-cuTYe described in the interval — <'t< — is identical with that described 

in the interval 0<r< — , though in the rotating plane they are distinct. Since 

re is a cosine series and j/ is a sine series, the orbit is symmetrical with respect 
to the rc-axis, and it has a cusp at the point for which r=0. The pendulum is 

again at this cusp when t= — . Since the orbit is symmetrical with respect to 

7i 

the rr-axis, it follows that at r= ^r- the orbit again crosses the a;-axis perpendic- 

ularly or at a cusp. 

If m and n are not both odd (they cannot both be even since they are rela- 
tively prime), then the expressions for ^ and ri in the rotating plane contain 
both even and odd multiples of ^, and the orbit, while symmetrical with respect 
to the ^-axis, is not symmetrical with respect to the >7-axis. 

27t 27t 

The period of the rotating plane is — = — (1+x). It is seen from (23) 

that, for small values of f£, x is approximately +t^^ Consequently the period 
of the rotating plane increases as the amplitude of the pendulum increases. 

271 

The mean period of oscillation of the pendulum is — . In order to find the 

27t . 2W7I 

actual period, which will differ but little from "— , we will take r=: \rK ^^^ 
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impose the condition that r^=^^+yi^ is a maximum, i. e., -j— =0. This condition 
gives the equation 

8(3p2+(T')<T<Ti ^ or , 32a*ai . ^ ^^ 1 s , 
9p^ — a^ p 9p^—a^ p r 

from which is obtained 



r 16a% . ^ (t1 



2W7t 



Substituting T= '^^^ hf» in the expressions for ^ and >7, we have the coordi- 
nates of the apse, or the end of the oscillation. The expression for the >7-coor- 
dinate of the apse is 

^'=[^ «^"(lF=!^^=^ 8in2«n|)^]^+ 

Since a and Ci each carry o as a factor, this quantity is of the order o*. Thus 
the line of apsides does not rotate with uniform angular motion, but its depar- 
ture from uniformity is exceedingly small. 

At first thought, it might seem that this solution should reduce at the 
north pole to that of the simple pendulum referred to rotating axes, and conse- 
quently the rotating axes should have the period of 24 hours exactly. On 
second thought, however, it is seen that at the poles the Foucault pendulum 
becomes a spherical pendulum referred to rotating axes, for initially the pendu- 
lum is at rest with respect to the earth and therefore in motion with respect to 
fixed axes. Since this motion is counter-clockwise when the pendulum is 
released, and since in the motion of the spherical pendulum the line of apsides 
rotates in the same direction as the motion of the pendulum itself, it follows 
that the line of apsides rotates in the same direction as the earth itself. There- 
fore it takes the earth more than 24 hours to come back to the same position 
with respect to the pendulum. The expression for the period of the rotating 
axes is P= (l-hx2/t/^+ . . • • )24\ and the value of X2 at the pole is positive. 

§ 5. FoucauWs Pendulum with Initial Impulse. 

If, however, the pendulum is started from relative rest, in which it hangs 
freely from its point of suspension, with an initial impulse, the solution so 
derived should reduce to the simple pendulum at the poles. By exactly the 
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same method as has been used above, a periodic solution can be obtained, pro- 
vided the initial impulse be directed towards the east or towards the west. 

With the same notation as before, let us suppose that the initial condi- 
tions are 

which implies an initial impulse towards the east. The solution is found to be 

^^' cos (2p-a)rV +...., 



r,= [smpT]^ + [ (p._^.^^Qp,_^3) sm pr-j^-^^^m or 
- 2ip+a)%p+a) .^^"^'P+">^+ 2(p-a7(W-<T) »^^(2p-<t)t]^H . . ■ ., 

r p'+3g' (iip''-3<T'')gf ] 

Ls ip^—a^) {p'—a') {9p^—a^) T "^ ' ' ' ' ' 
,_r 4pVf 1 

I ip'-a') {9p'-a') T '^ 

The period of the rotating axes is P= (l4-x2/u*+ . . . .)24*; and since 
ai=a cos /3, it is seen that this is 24 hours exactly, at the poles, as it should be. 

Univbbsitt of Chicaro, February 20, 1914. 
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Invariantive Theory of Plane Cubic Curves Modulo 2. 

By L. E. Dickson. 



§ 1. Introduction. 



The ten types of plane cubic curves in ordinary geometry have been char- 
acterized by invariants and co variants by Gordan.* The types in modular 
geometry can be characterized by invariants only, the abundance of invariants 
making it unnecessary to resort to covariants. The most effective theory of 
modular invariants is that based upon a separation of the particular cases of 
the f-orm in question into classes of equivalent forms. 

For the present problem of cubic curves modulo 2, this classification is 
effected in § 3 by means of the real points (t. e., points with integral coordi- 
nates) on the cubic, supplemented by a determination of the real inflexion 
points and the real and imaginary singular points. While we could test directly 
each real point on the curve, not a singular point, and find whether or not it is 
an inflexion point, we have completed the geometrical investigation by making a 
determination of all of the real and imaginary inflexion points on each of the 
twenty-two types of cubic curves modulo 2. For this purpose we have set up 
in § 2 a cubic function H, which here plays a role analogous to that played by 
the Hessian in the algebraic theory. 

From the geometrical classification of the modular cubics we easily derive 
in § 4 a fundamental system of modular invariants. 

The methods employed in this paper are applicable to other problems of 
this nature ; they indicate the decided advantage to be gained in the theory of 
modular invariants from modular geometry as developed by Bussey and Veblen, 
Coble and the writer. 

§ 2. Inflexion Points on Cubic Curves. 
Let there be a single intersection of 

Xs=ax^+bx2 (1) 

with the cubic w (^a , a?2 , x^) =0. Then 

w(rri, X2y aXi+bx2)=U{Xiy x^) =aa^+^a^iX2+yXixl+B!4 (2) 

* Transactions Amer. Math. 800., Vol. I (1900), p. 402. 
14 
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is the cube, modulo 2, of aa?i+8a?2> so that ^^y^ah. Thus the point on (1) 
with rri=8, a?2=a, is an inflexion point. For these values, 

all reduce to zero modulo 2. By (2), 

a^i/ d^u . , a*« . s'w , , a'ti 



dx^Bx^ dxidx^ dxidx^ dx^x^ d(x\ ' 

For each derivative in the second members, every term has an even coefficient 
except the term derived from (CiXzX^ • We set 

u=v + kx^XtX^, ^«=4*3:3» ^i^i^z^z^ • (3) 

OX^ OX^QX^ 

Thus, at our inflexion point, 

fi+aA;rr2+a«^»«0, ^2 + fe*^+fe'^i«0, (4) 

>78+6>72+^>7i+a&f8+A;a?8=0 (mod 2). (5) 

Multiply (4i) by icj, (42) by a|, add and apply (1). We get 

This is equivalent modulo 2 to w=0. We therefore drop (4i). 

Eliminating a between (1) and (5), and then 6 between the resulting con- 
gruence and (42), we find, after simplifications by use of (6) and a final dele- 
tion of the factor x\ , that 

S = $if 2^ 8 + 2?<>75 + k^x^^iVii + A;2a?i>72>78 + k^^^oi^Vz + k^x^^x^^O. ( 7 ) 

Evidently H is a co variant of u with respect to any interchange of variables.* 
Let Xi=x[+X2y X2=Xij x^=xl replace u by u'j and let c be the coefficient of 
a^Xs in u. If we form the function H for u' (i. e., for the transformed variables 
and coefficients), we find that it equals H+ {c^ + kc)u modulo 2, formally in the 
initial variables and coefficients. Hence, the system of equations u=OjH=0 is 
invariant under every linear transformation with integral coefficients modulo 2. 

Thus the inflexion and singular points of ti=0 are given by its intersec- 
tions with fl=0, so that H here plays a role analogous to that of the Hessian 
in the theory of algebraic curves. 

* Hence it was no restriction to take the coefficient of xt in (1) to be not zero. 
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§3. Cubic Curves Classified Geometrically. 

We shall find that two cubic curves with integral coefBcients modulo 2 are 
equivalent under the group G of all linear transformations with integral coeffi- 
cients modulo 2 if and only if they have the same number of real points, real 
inflexion points and real or imaginary singular points. In § 4, we deduce cri- 
teria by invariants. 

The seven real points modulo 2 shall be designated 

1= (100), 2 = (010), 3= (001), 4= (110), 5= (101), 6= (Oil), 7= (111). 
At these points the values of 

C=a3[^+by^+cis?+da^y + exy^+fa^z+gxis^+hy^z+iy:s^+jxyz 
are respectively 

a, 6, c, a + b + d + e, a+c+f+g, b+c+h+iy 5, (8) 

where s is the sum of the ten coefficients of C Denote by Cr a form C for 
which C=0(mod 2) contains exactly r real points. 

Case r=0. Each function (8) is unity modulo 2, whence 

C=a^+i/'+s?+da^y+ {d+l)xy'+fa^z+ {f+l)xis?+hyh+ {h+l)y2^+xyz. 

Replacing x by x+dy+fz^ we get a C with rf=/=0. Then replacing y by 
y+hZj we have also h=0 and get 

C,=a?+y'+^+xy'+xz^+yz'+xyz, H=Co. (I) 

Its singular points are (1, e^ «), where s?+z+1^0 is irreducible modulo 2. It 
can be shown that Co is the product of three imaginary linear functions. 

Case r=l. After applying a transformation of (?, we have a C the only 
real point on which is 1. In fact, 1= (100) is transformed into (a, ^, y) by 
the linear transformation having a, ^, y as the coefficients of x in x\ y', z\ 
Thus a=0, while the remaining functions (8) are unity, so that 

C=y'+2?+d{a^y+xy') +f{a^z + xz') +hy'z+ {h+l)yz\ 

The transformations leaving point 1 fixed are 

x'=x+ry+tz, y'=ay+^z, z'=yy+Sz. (9) 

By the interchange of y and 0, d and / are permuted, while h is replaced by 
7^+1. For y'=y+z, we get f=f+df h'=h+l. Unless d=/=0, we may 
therefore set (i=l, /=0 ; then, replacing x by x+hzy we have also /i=0 and get 

Ci=t/^+e*+a;V+V+y2*j E=a?y+xy^'\'a?z+ys?+xyz. (II) 
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To eliminate a?, note that 

y{C^+H) +zC^^y'+y'z+z' (mod 2). 

The nine inflexion points* are 1= (100) and (^, 1, f), where 

^^+f+l-0, f+^+^+^+l=0, 

of which the first is irreducible modulo 2, while the second has no root rational 
in ^j since ^^•+^sl. The coordinates of the eight imaginary inflexion points 
are in the Galois field of order 2^ There is no singular point. 

If d=f=Oy we may set h=0, after interchanging y and z when necessary, 

and get 

Ci=.v«+^+t/0^ H^O. (Ill) 

This binary form represents three intersecting imaginary lines. The point 1 is 
the only singular point. " 

Case r=2. Since (9) replaces (010) by (r, a, y), where a and y are not 
both zero, any pair of real points can be transformed into the pair 1, 2. If 
the latter are the only real points on it, the cubic is 

C=s^+da^y+ {d+l)xy^+f{a^z+x^) +h{y^z+ys?) +xyz. 

After interchanging x and y if necessary, we may set rf=0. Then replacing 
X by x+hzy we have also fe=0, and get 

C2=^s^+xy^+a^z+xi2^+xyz, H=af^+xs^+y^z+ys^; (IV) 

C,=s^+xy'+xyz, E=xy^+y^z+y^+xyz. (V) 

The nine inflexion points of C^, are (010), (a;, y, 1), where 

X' + X + I^O, y'^ + y^r^ + X. 

There is no singular point. Since 

C^+H^z{y^+yz+^), 

the three inflexion points of Ci are (010), (1, y, 1), where y*+y+l=0, while 
the only singular point is (100). 

Case r=3. As two of the points we may take 1 and 2. First, let the 
third real point on C be 4, the only real point coUinear with 1 and 2. Then 

C=^+d{a?y+xy') +f{a?z+xz^) +h{y'z+y^). 

*The imaginary ones are determined for the sake of completeness; but a knowledge of them is not 
essential for our present purposes. 
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If d=^ly replace x by x+hz and y by y+fz to make f=h=0 : 

C,=2^+7^y+xy', H={x'+y'+xy)z. (VI) 

There is no singnlar point. The nine inflexion points are 1, 2, 4, (A;, 1, 1), 
(1, k, 1), (A+1, k, 1), where A:'+*j + l=0. If d=f-h=0, we have 

Ci=2», H^O. (VII) 

The only singular points are (100), (a, 1, 0). If rf=0, while / and h are not 
both zero, we may set /=1 after interchanging x and y when necessary. 
Replacing x by x+hy^ we have also fe=0 and get the binary form 

C;;=s^+a^z+xz', fl^O, (VIII) 

with the single singular point 2. . 

Second, let the three real points on C be 1, 2 and a point not coUinear 
with them and hence having z=l. Since 

x'=x+czy y'=y+szy z'=z (10) 

leaves 1 and 2 fixed and replaces 3 by (c, 5, 1), we can transform the three 
real points into 1, 2, 3. Thus 

C=da^y+ {d+l)xy'+fx'z+ {f+l)xs^+hy'z+ {h+l)yz\ (11) 

Interchanging x and y if necessary, we may set d=0. • If /=A=1, the substi- 
tution (re, J/, z) replaces C by a similar C with d=f=h=0. If /=1, fe=0, we 
have 

K,=xy^+a^z+y^, n=a^+y'+s^+xyz. (IX) 

Eliminating a? and then a^y we get xy^=s^. We see that the inflexion points 
are (2*, 1, «), where e®+^+l=0, with the irreducible factors 2?+z^+lj z^+gf 
+z^+s^+l. But if /=0, we may set A=0, after interchanging y and z if nec- 
essary, and get 

K',=xy'+xz'+yz', H=xz'+xy'+y'. (X) 

They intersect in just two points, the singular point 1 and inflexion point 3. 

Case r=4:. The three real points not on C=0 may be taken, as in case 
r=3, to be any three coUinear points, as 4, 5, 6; or any three non-coUinear 
points, as 5, 6, 7. 

In the first case, the only real points on C are 1, 2, 3, 7, and C is C'+xyz^ 
where C is given by (11), Since the normalizations of C were effected by 
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permutations of the variables, we have merely to add xyz to the canonical forms 
(IX) and (X) to get provisional canonical forms K^=Ks+xyz and K^+xyz. 
But y'=y+Xy z'=z+x replaces the latter by the former: 

K,=xy'+x'z+yz^+xyz, H=za^+y'+z!'+xy'+a^z+yz\ (XI) 

The sum of the two is 

a^+y^+s^+xyzf^{x+y+z) (x+oy+oh) (x+a^y+oz), 

where w^+ci+l^O (mod 2). If the first factor is zero, we get the three 
inflexion points (z+lj 1, 2), where s^+z+l=0. If the second factor is zero, 
K^ becomes, after x is eliminated, o{y+zy. To treat the third factor, we have 
only to replace o) by u^. In each of the latter cases we obtain the unique sin- 
gular point (111). 

In the second main case, the only real points on C are 1, 2, 3, 4. Thus 

C^dia^y+xy") +fa^z+ {f+l)xz^+hy'z+ (h+l)yz^+xyz. 

For f=h=Oy C is transformed into a like C with /=1, fe=0, by replacing y 
by a?+!/. The new C is transformed into one with f=Oyh=lhy (xy). Hence 
we may set f=h and obtain the four types 

C4 =xz^+yz^+xyZy n=C,+sf; (XII) 

C; =C,+x'y+xy^ H=a?+y'+z'+a^y+xy'+xyz; (XIII) 

C'i=x'z+yh+xyz, H^O; (XIV) 

C:^C:+a^y+xy\ H=^y+xy\ (XV) 

The only singular points of d are 1 and 2. There is no singular point 
on Ci; for ^=0, H vanishes only at (110), an inflexion point; for ^q^O, we 
obtain the eight imaginary inflexion points (rr, y, 1), where 

j/^+y'+y*+y*+y*+y+l=0, «?= /t^. , 

y +1/ '1'^ 

the congruence in y being irreducible modulo 2. The singular points on C'[ are 
3 and (1, fc, 0), *;^+Aj+1=0 (mod 2). The only singular point on C'l is 3 ; the 
only inflexion points are 1, 2, 4, 
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Case r=5. The real points not on C may be taken to be 1, 2. Then 

C=a?+t/'+d{x'y+xy') +fxh+ (f+l)x^ + hy'z+ {h+l)yz\ 

It is transformed by (10) into one with 

f=f+c+dSj h' = h+s + dc. 

If d=Oj we take c=/, 5 = fe, and have f' = h'=0. Then 

C=a^+y'+xz'+ys^. 

Replacing xhy x+y and zhy x+y+ZjWe get 

C,^x{xy+s^), H=a?. (XVI) 

The only singular point is 2. Next, let d = l; we take s=Oj c=f and have 
/'=0. If fe=0, C= (a?+y) (a;^+t/*+2;*) ; replacing x hy x+y and by z+x^ 
we get 

C;=a?0S H=0, (XVII) 

and see that any point with ^=0 is singular. If fe=l, 

C=ix+yy + xz^+yh. 
Replacing a? by rr+y, we get 

(7J=a?+ {x+y)2^+y'z, H-s^+xy'+xz^+a^z+xyz. (XVIII) 

Since xCl+zn=x'^+xis?+z*^ the nine inflexion points are (010) and (a?, y, 1), 
where rr*+a;+l=0, y^+y=a^+x. From the square of the latter we get 
x=y*+yy whence y^+y^+y^+y^+i/^+y+l^O^ which is irreducible modulo 2. 

Case r=6. Let 7 be the real point not on C. Then 

C=d{o^y+xy') +f{a^z+xz') +h{y'z+yz') +xyz. (12) 

Replacing a; by a;+y+«, we get a C with h' = h+d+f+l. Again, any two of 
the coefficients rf, /, h are interchanged by a suitably chosen interchange of the 
variables. Hence, if two of the coefficients are zero, we may set rf=/=0 ; then 
either h itself is zero or else h' is zero, and we get 

C.=:xyz=H, (XIX) 

with the singular points 1, 2, 3. 
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If every coeflScient is unity, then h'=0. Thus there remains only the case 
in which just one coefficient is zero. We may then take d=0, /=fe=l; replac- 
ing xhj x+Zy we get 

Ci=z{a^+xz+y'+xy), H=^. (XX) 

The singular points are (1, fc, 0), where k^+k + 1^0. 

Case r=7. We have (12) without the term xyz. If the cubic is not 
identically zero, we may set /=1. Eeplacing x by x-^-hy^ we have /=1, fe=0. 
Replacing z by z + dy^ we get 

Cr=a^z+xz\ H^O. (XXI) 

The only singular point is 2. 

§4. Classification hy Invariants, 

Since the transformations of our group O permute the real points 1, ,7, 

they permute the values (8). Hence any symmetric function of a, . . . ., 5 is a 
formal invariant of C modulo 2. In particular, their elementary symmetric 
function Ej, of degree k is an invariant. The value of Ei is the coefficient 
of xyz. 

Denote by C,. a form C for which the cubic curve C^O(mod 2) contains 
exactly r real points. For a C,., exactly 7 — r of the values a, . . . ., 5 are unity 
and the others are zero. Thus ^*=1 or 0, according as A=7 — r or k>7—r. 
We may therefore employ the rational integral invariants Ej, to show that a 
Cr and a C^ are not equivalent under the group G if r:pr\ 

For a real point (a;, t/, z)j the product 

dC\/^ , aC\A . dC^ 



-0+f)0+f)(i+f) 



dy 

has the value 1 or modulo 2, according as the point is or is not a singular 
point. Let f^ be the elementary symmetric function of order k of the values of 
P at the seven real points. For a cubic with s real singular points, s of the 
values of P are unity and the other values are zero, so that f,=l, ei,=^0{k>s) 
for this cubic. We may therefore use the rational integral invariants €j, to 
show that two cubics are not equivalent under G if the numbers of their real 
singular points are different. 
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To account for the total number of real singular and inflexion points, 
we may make a similar use of the symmetric functions of the values of 
(1+C) (l+JJ) at the seven real points. 

Corresponding formal invariants of C may be found by employing, in 
place of the real points, the points whose coordinates are in the Galois field of 
a given order 2". 

The twenty-two classes of cubic curves under G, including the cubic which 
is identically zero, can therefore be characterized by rational integral inva- 
riants of the preceding types. In view of a general theorem (Madison Collo- 
quium Lectures, 1914, p. 14), these invariants form a fundamental system of 
modular invariants of C modulo 2. 

^5 5. Classes of Cubic Curves under Imaginary Transformations. 

In what follows, let a»+a+l=0, 6^+6 + 1=0. Then Co has the three 
factors x+ay+a^z and is equivalent to Ce. The latter is true of C4', with 
the factors £?, x+by^ x+b^y. From C7 written in capitals, we obtain Cs' by 
setting X=x+bZj Z=x+b% whence X+Z=z; while we obtain C[ by setting 
X=ay + d^Zj Z=a^y + a^Zj whence X+Z = a^y+az, 

We pass to the curves C for which C and H are linearly independent. 
The two real types having only two singular points are C^ and CJ . The latter 
written in capitals becomes C^ if Z=a?+t/, Y=kx+k^yy Z=z. Of the five 
real types with one singular point, C5 has no inflexion point (being a conic and 
a tangent), K'^ has a single inflexion, while Cg, K^ and CI" have three inflexions. 
Now C2 in capitals becomes Ci" ii X=x+Zy T=bx+y, Z=Xy and K^ in capitals 
becomes C'/' if 

X=ax+a^y+Zy Y=a^x+{a+a^)y+Zy Z={a+a^)x+ay+z. 

There remain six real types with nine inflexions ; of these, Cu C^j K^ and Cg' 
have no xyz term and are equivalent to (T=X^ + P+Z^ (for example, Cg becomes 
a if x=Y-\-Z, y=X+r, z=X+Y+Z) ; while C^ and C; have such a term and 
are equivalent to a+tXYZ, where <:^0. Note that the coefficient of xyz in the 
general cubic C is a relative invariant of C modulo 2. 

The resulting ten types under imaginary transformations are seen to be 
in complete accord with the ten of Gordan, after his coefficient 6 is deleted. 
Our last two types are his Ci, Cg. His C3 is X^+Y^+XYZ and becomes our 
15 
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C2 for X=y, T=y+z, Z=x+z. His C4 is Z*+XYZ and becomes our 6'4 for 
X=x+z^ Y=y+Zj Z=z. His Ce is XY^+Z^ and becomes our ^J for X=i»+y, 
r=y+e, Z=t/. His Cg is equivalent to (2+^)'+a;*=C8 . His Cg, C7, Co, Cxo 
are our Ce , Cg , CJ , CJ , respectively. 

Although we might derive this list of ten types independently of the longer 
list of real types, it would be diflScult to deduce therefrom the classes of real 
cubics under real transformation. 

University of Chicago, July, 1914. 
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On the Projective Differential Classification of N'Dimensional 
Spreads Generated by oo ^ Flats. 

Bt Arthub Eanum. 



•Introductiqn. 



This paper is a continuation of the investigation begnn in my former paper 
in the Annali di Matematica Pura ed Applicatay Vol. XIX (1912), pp. 205-249, 
"On the Projective Differential Geometry of ^-Dimensional Spreads Generated 
by 00 ^ Flats/' The chief goal aimed at here is the classification of m-spi'eads 
generated by a single infinity of {m — 1) -flats (linear spreads) in n-dimen- 
sional space from the projective differential standpoint. 

The methods developed and apparatus set up in the earlier paper, and more 
particularly those in Part I, are here applied to the problem of classifying these 
m-spreads by means of their most fundamental projective differential properties. 
So far as four and five dimensions are concerned, this classification is carried 
out with considerable detail in §§ 39-73. For the higher spaces the broader 
outlines alone are given (^'^ 33-38). The first half of the paper (§§1-32) 
contains a variety of somewhat disconnected developments of a general nature, 
but all have a more or less direct bearing on the main subject that follows and 
are necessary as preparing the way for it. For the sake pf brevity the earlier 
paper will be referred to as "P. D. G.'' 

Very recently a paper by E. Bompiani has appeared in the Rendiconti di 
Palermo, Vol.XXXVII (1914) , pp.305-331, entitled "Alcune proprieta proiettivo- 
differenziali dei sistemi di rette negli iperspazi,'' which has rather close contact 
with the part of my paper dealing with ruled surfaces in JP4. He has there 
introduced two very useful numbers called the indices of developahility^ the 
second of which corresponds exactly to my classes (a), (b) and (c). He has 
not, however, carried out the classification so completely as I have.* 

* In the Tranawitiona of the American Mathematieal Society, Vol. XVI (1915), pp. 89-110, I have 
made a further coDtribution to the theory of ruled surfaces and planar three-spreads in four-space, based 
on §§ 42-59 of this paper, and have made an application of the results to the sphere-geometry of cyclic 
surfaces in three-space. 
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I. Enclosed Spreads. 

1. Enclosed spreads were defined in "P. D. G.'^ § 17 ; about the only- 
cases considered in that paper were those in which one spread encloses another 
belonging to the same tree. We now consider the general case. 

Let S = S^ enclose S = S~^. Then the tangent spread S^ = S^^^ encloses 
S^ = S;^^y , and the focal spread Si^o = 8^^^ encloses S^o = /S'm-T • Hence, the 
conditions 

m > r, wt ^ r, m>my 
m + r>m + rj 

and therefore 

m — m>r — r > — (m — w), (2) 



r, m>m, 1 
m — r>m — r, J 



must be satisfied. It follows that while the range of a spread may he greater 
or less than that of an enclosed spread^ the difference between their ranges 
can not he greater than the difference between their dimensionalities. It is 
easy to show by concrete examples that r — r can have any integral value 
from m — m to — (m — m). 



If r — r = m — m and S^ encloses 
8^ , their focal spreads coincide. 



If r—r = — {m — m) and 8^, en- 
closes 8^y their tangent spreads coin- 
cide. 

2. If 8 is given and the conditions (1) are satisfied, there does not 
necessarily exist any spread S enclosed in it. For instance, if a spread 81 
expressed in normal form (*'P. D. G./' §44) is [Ai^ A2; -4J,^J], it encloses 
an infinite number of spreads 81 and 81 , but no 81 and no 81 . 
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But it is easy to see that 
if the focal spread of a given 81, is 
of range 5, and if r — r = m — w and 
r>r>s. there exists an S^ enclosed 
in 81, . In particular, putting r = 5, 
we find that aw iS^ whose focal spread 
is of range s has just one enclosed 
spread of dimensionality m — r + s 
and range s^ and that is its special 
enclosed spread.* 

More generally, an /S^ whose first i 
focal spreads are of ranges r^, . . . . , r<, 
respectively, has only one enclosed 
spread of dimensionality m — r — ri — 

— ri^i + iri and range r^ , namely 

its i-th special enclosed spread. 



if the tangent spread of a given iS^ is 
of range <, and if r — r = m — m and 
r>r>tj there exists an 8~ enclosing 
8^ . In particular, putting r = <, we 
find that an 8^ whose tangent spread 
is of range t has just one enclosing 
spread of dimensionality m- + r — t 
and range f, and that is its special 
enclosing spread.* 

More generally, an 8^^ whose first i 
tangent spreads are of ranges fi, . . . . , 
r<, respectively, has only one enclosing 
spread of dimensionality m + r + ^1 + 
. . . . + r^-i — iri aiid range r^ namely 
its i-th special enclosing spread. 



Common Enclosed 8preads. 



3. • We define the common enclosed 
spread of two given spreads as the 
spread of highest dimensionality en- 
closed in them. It is the locus of the 
flats of intersection of their corre- 
sponding generators. Its directrices 
are those which are common to the 
two given spreads. 



We define the common enclosing 
spread of two given spreads as the 
spread of lowest dimensionality en- 
closing them. It is the locus of the 
connecting flats of their correspond- 
ing generators. Its directrices are 
those curves which are linearly depen- 
dent on the directrices of the two given 



spreads. 

Notice that the common enclosed spread is not the locus of all the common 
points of the two given spreads, but only of those which are common to the 
pairs of corresponding generators. It depends not merely on the given spreads 
themselves, but also on the form of their equations; that is, on the corre- 
spondence that has been established between their generators by the choice of 
the parameter o in both cases. If the equations of one of the given spreads 
are altered by a transformation to a new parameter, 

w = /(g)), 

a new correspondence is set up, and a new common enclosed (enclosing) spread 

♦See "P. D. G.," §31. Here "Bpecial enclosed (enclosing) spread" means what is there called 
** first special enclosed (enclosing) spread." 
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is obtained. In the later applications (§§ 8-12, 42-73) to the case where the 
given spreads belong to the same tree, this element of arbitrariness is not present. 

The sum of the dimensionalities of the common enclosed spread and the 
common enclosing spread is obviously equal to the sum of the dimensionalities 
of the given spreads.* 

In view of "P. D. G./' § 29, we see that 



if U is the common enclosed spread 
of S and T, and if F, S and f are 
corresponding spreads of their re- 
spective trees, then V is enclosed in 
S and in T, and therefore also in 
their common enclosed spread. 



if V is the common enclosing spread 
of S and T, and if F, S and f are 
corresponding spreads of their re- 
spective trees, then V encloses o and 
r, and therefore also their common 
enclosing spread. 



4. But we can say more than this. Let 



U=[A„... 


•,^]; 




then we can put 






S=[A^,... 


• , ^.; Bi, ... 


.,B»], 


T=Ur,... 
and 


• > "o» ^H • • • 


.,6'J, 


F=Ux.... 


.,A,; B„... 


• .-56; 



. . . . , Cc\ , 

choosing the fundamental directrices in such a way that they are independent 
in all four cases. The fundamental directrices of the tangent spread 

U = [-4i, . . . ., Aa\ Aif . . . ., Aaj 

are not, in general, independent; let a' be the number of independent linear 
relations connecting them ; then, < a' < a. S^^ T^ and V^ will be affected by 
these same relations and also, in general, by others. Let a' + h' be the number 
of independent relations connecting the fundamental directrices of fi^, and a' + c' 
the number connecting those of T^ ; then, 

< 6' < 2 6, a' + 6' < a + 6, 

<c'<2c, a' + & <a + c. 
The fundamental directrices of V^ will be connected by the a' + b' + c' inde- 
pendent relations already mentioned, and also, in general, by d' others that are 
independent of one another and of the former relations. Evidently, 

^a' + b' + c' + d' <a + b + c. 
These latter d' relations are of the form 

4>(....,^:,A-,....)+;c(---->^o5o--.0+^(....,C:,C„....) = 0, (3) 
where neither the %-function nor the 4^-f unction is identically zero. 

* Thi8 holdA even when one or more of the spreadB is an 8m^^=Ftn-i, provided the word "dimen- 
sionality " be here taken to stand for the number m. See " P. D. G.," § 9. 
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The ranges of the four spreads ?7, S, T, V are equal to 

a — a'j a — a' + h — b', a — a' + c — c', a — a' + & — 6' + c — c' — rf', 

respectively; and the sum of the ranges of 8 and T is exactly d' units greater 
than the sum of the ranges of XJ and V. Hence, the sum of the ranges of two 
spreads can not be less than the sum of the ranges of their common enclosed 
spread and their common enclosing spread. 

5. V^ is obviously the common enclosing spread of 8^ and T^; and 
ascending higher, we see that F* is the common enclosing spread of 8^ and T^, 
etc. This theorem and its correlative may be stated as follows : 



If J7 is the conunon enclosed spread 
of 8 and T, and if 11^, 8^ and T^ are 
their respective t-th focal spreads, 
then TJi coincides with the common 
enclosed spread of 8^ and T^ . 



If V is the common enclosing spread 
of 8 and T, and if V\ 8' and T* are 
their respective t-th tangent spreads, 
then F* coincides with the common 
enclosing spread of 8* and T\ 



6. On the other hand, the common enclosed spread of 8'^ and T^ encloses 
C7S but does not, in general, coincide with it. By reason of the relations (3) 
it also encloses precisely d' directrices that are independent of each other and 
of those of V^ ; and its dimensionality is d' units greater than that of V^. 

By the principle of "P. D. G.,'' § 16, every identical relation affecting 8^ 
gives rise to a directrix of the focal spread 8^ and vice versa. Hence, the 
dimensionalities of Ui;8iy Tj, Vi are equal to a', a' + b'y a' + c\ a' + b' + c' + d', 
respectively ; and the dimensionality of the common enclosing spread of 8^ and 
Ti is a' + b' + c', which is d' units less than that of Fj . 

Comparing the last two paragraphs, we see 



that the tangent spread V^ of the 
conmion enclosed spread of 8 and T 
is enclosed in the common enclosed 
spread V of their tangent spreads. 



that the focal spread V^ of the com- 
mon enclosing spread of 8 and T en- 
closes the common enclosing spread 
F of their focal spreads. 



and that the difference between the dimensionalities of U and U^ is equal to the 
difference between the dimensionalities of V and V^ . Hence, if J7^ coincides 
with Uy Fj coincides with F, and conversely. A simple example in which 17^ does 
not coincide with V occurs in the discussion of ruled surfaces in F^, (§^45-48), 
and is obtained by taking the spreads 81 and 8\ for 8 and T, respectively. 

The Extended Tree. 

7. If two spreads belong to the same tree, their common enclosed (en- 
closing) spread may or may not belong to the tree. If not, it determines a 
secondary tree which may, however, have some spreads in common with the 
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primary tree. The totality of the spreads of a tree together with those of all 
its secondary trees we shall call an extended tree. 

Secondary Trees Determined by Common Enclosing Spreads. 

8. Following the notation of **P. D. G.," §<J 39-46, let us consider a spread 
S expressed in its normal form. By merely inspecting the array (24), of § 44, 
we can easily learn the structure of a large number of the spreads of the ex- 
tended tree determined by S. Thus the two spreads S^p and 6\^,* for which 

a>/? and 2.>(i, (4) 

belong to the respective ascending series determined by two of the focal spreads 
of Sf and are both enclosed in S. The fundamental directrices of each of these 
two spreads are those situated in a rectangle in the lower left-hand corner of 
the array (24). Their common enclosed spread is therefore another spread 
of the same kind, and belongs to the primary tree. Their common enclosing 
spread, however, will give us something new, provided neither spread encloses 
the other. To ensure this we first put 

X>a, 0<r,_x<r,^a, (5) 

so that the two spreads may belong to distinct ascending series; Sx^ can not 
then enclose S^p . Moreover, if 

a — P>X — (i, (6) 

Sap can not enclose S^^^ -t 

Hence, if the conditions (4), (5) and (6) are satisfied, the common enclosing 
spread T of Sap and S^fi will belong to the extended tree determined by S with- 
out belonging to the primary tree. T is evidently of range r,_a . By varying 
a, /3, Z, fi in all possible ways, we obtain a fourfold system W of such spreads. 

9. Consider the secondary tree determined by T. By the right-hand 
theorem of § 5, T^ is the common enclosing spread of {Sap)' = Sa^p^^ and 
(Sxf,)^ = Sx,^-\.j' Hence, for j = ly . . . ., Jl — ;u, T^ belongs to the system TF, 
and is of range r,_a. For higher values of j, a complete discussion of T' 
would involve a consideration of the identical linear relations connecting its 
fundamental directrices, and we shall not go into it. 

It is also clear that for t = 1, . . . ., /3, T^ is the common enclosing spread 
of {Sap)i=Sa^p_i and {Sxf,)i = Sx,fi^iy and is of range r^^a and belongs to W. 
Hence, the first % — (i successive tangent spreads of T and its first ^ successive 
focal spreads, together with T itself, form a regular series of ^ + ^ — i^ + 1 
spreads of range r^_a' 

♦ See " p. D. G.," § 20. f Cf . " P. D. G.," § 30. 



Digitized by 



Google 



of N'Dimensional Spreads Generated by oo^ Flats. 123 



Oontinning the descending series, we find that for i = ^ + 1^ , 

P + X—a — 1, Ti IB the common enclosing spread of {Safi)i ^ Sa-p^i^o a^d 
(^xm)< = ^x,m-o ^^d belongs to Tf, if its range r,_a+/8-< > ^«-x* Otherwise 
it coincides with S^^pL-i and belongs to the primary tree. Fnrther on, for 

i = /3 + ^ — a, , f£, Ti surely coincides with Sx,^-iy and is of range r,_x- 

In the final stage of the descent, for which i = ^ + 1, , ^ — ^ -|. ^^ y^ = Sx^p^+t 

and is of range ri_<_x+;i. That is, the descending series determined by T here 
coalesces with that determined by Sy although the corresponding terms do not 
coincide. The last spread of the series is 3r,-x+Ai = ^M which is, naturally, 
of range r© = 0. 

We see, therefore, that the descending series determined by T, consisting 
of t — 2^ + 11 + 1 distinct spreads, comprises four radically different parts. 
The first part is a regular series of ^ + 1 terms; the second part has ^ — a — 1 
terms and is irregular; the third part is again regular, with a — fi—X + ii + 1 
terms ; and the fourth part is again irregular, with t — ^ terms. 

10. Going back to a spread T^ belonging to the second part of this series, 
where P<i<P + X — a, we see that its ;-th tangent spread T^y, for all values 
of y, is the common enclosing spread of {Safi)ij = Sa-fi^{j and (Sxft)if = Sx^^__i^f. 
For values of j not greater than X — fi + iy it is of range r^^a+fi-i a^^d belongs, 
in general, to W. 

It is now clear that all those spreads of W for which X and a^-^^-X+fi (==x) 
are constant, and form, therefore, a twofold system, belong to the same secondary 
treCj and that this secondary tree is determined by the common enclosing spread 
of iS'^^o and S^^j where 

0<;c<;i and 0<r,_x<r,_,. (7) 

By varying % and x in all possible ways, subject to the condition (7), we obtain 
a twofold system of secondary trees determined by S. 

Secondary Trees Determined by Common Enclosed Spreads. 

11. By merely applying the principle of duality, we can discuss in a similar 
manner an entirely different part of the extended tree determined by a spread S. 
The results are briefly as follows : Let the spreads S"^^ and S^'^ satisfy the con- 
ditions (4), (6) and 

;i>a, 0<r,+x<r,+a.* (5') 

Their common enclosed spread T is of range r,+a and does not belong to the 
primary tree determined by S. T^ is the common enclosed spread of 6'*'^+^ 

♦As in "P.D.G.," §08, n + \ 'denotes the range of fifX. 

16 
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and 8^'^'^^y and, for j = 1, ,^ — ju, is of range r^+a ^^^ belongs to the 

system W of spreads T. T* (i = 1, > /3) is the common enclosed spread 

of S'*'^'"* and 8^'*""^ and is of range r^^^ ^^^ belongs to W. Hence, the first 
X — (I successive focal spreads and the first /3 successive tangent spreads of T, 
together with T itself, form a regular series of range rt^a' 

Continuing the ascending series, we see that for i=/3 + l,. . . .,/3+X— a— 1, 
T' is the common enclosed spread of /S*"^"*"*'® and S^'*""* and is of range r^+a-js+o 
for t = /3 + X — a, . . . . ,/:i, T* coincides with S^'^"* and is of range r,+x ; ^^^ f^r 

i = (i + ly yU — ^ + iif T* = /S^"'^+* and is of range r|+^+x-/f The last spread 

of the series, T*"'^^^ = /S", is of range r<+^ = 0. Hence, the ascending series 
determined by T consists of four parts, containing /3+1, X— a— 1, a— /3— /l+^+l 
and w— X spreads, respectively; the first and third of these parts are regular ^ 
and the second and fourth irregular. 

If i = /3 + l, ,^ + ^_a — 1, and j = 1, . . . ., ;i — /i + i, T 'Ms the 

eonmion enclosed spread of 5'""^+*'' and 5'^'^"*+^, and is of range r^+a-fi-^i aiid 
belongs to W. Those spreads of the fourfold system W for which Jl and 
a — j3 + Jl — (I (=x) are constant belong to the same secondary tree, which 
is determined by the common enclosed spread of S"'^ and S^\ where 

0<x<a and 0<r,+x<^«+.. (7') 

By varying X and x, we obtain a twofold system of secondary trees determined 
hjS. 

12. Incidentally, it is clear that 
if T is the common enclosing spread 
of Sap and /Sx^i, satisfying (4), Tit 
is the common enclosing spread of 
(Safi)ii and {Sxft)iij for all values of 
t and j. 



if T is the common enclosed spread 
of S^f" and iS^^ satisfying (4), T'^ 
is the common enclosed spread of 
(S^f^)'^ and (S'^*)'^ for all values of 
i and j. 



II. The Obdbr of an Algebraic Spread. 

13. If an m-spread S^ generated by oo^ (m — 1) -flats in space of n — 1 
dimensions is algebraic, and if its range is > 0, its order is the number of 
points it has in common, in general, with a fixed (« — m — l)-flat F^_«_i. 
This (n — m — l)-flat must and can always be so chosen as to meet no generator 
in more than one point. Hence, the order of 6'^ is simply the number of its 
generators which meet F^»«_i . 

This definition is somewhat broader than the usual one, because it includes 
the case m=n — 1, in which S^j being generated by (n — 2) -flats, is not a spread 
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in the ordinary sense of the word. In this case its order is the nnmber of 
generators that pass through a fixed point F^ . 

In the simple case in which 8i is a plane curve and 82 its tangent spread 
(the locus of its tangents), their respective orders, as so defined, agree with 
what are ordinarily called the order and class of the curve. If /S'l is a curve 
immersed in a three-flat, 82 its tangent surface and 8^ its second tangent spread 
(the locus of its osculating planes), their respective orders are what Salmon 
calls the order, rank and class of the entire system.* It is evident that, in the 
theory of the algebraic spread, not only its order but the orders of its tangent 
and focal spreads, and indeed of all the spreads of its tree, must be taken into 
account. 

The Order of a Rational Spread. 

14. Let us now confine ourselves to the case in which 8^ = [Ai^. . . .y A^] 
is a rational spread. Then the equations of every directrix Ai can be written 
in the form 

Xi = Ail (^) 9 • • • • > ^« = Ai^ (g)) , 

where An (g>), . . . ., Ai^{o}) are rational integral functions of the parameter u 

having no common factor in o. Let the fundamental directrices A^ j A^ 

be independent ; then the m-rowed determinants of the matrix 

M.iMH (^ = 1, ,w; i = l, ,w) . (8) 

can not all vanish identically. Let F^^^^i = [Ci, -...jCn-m] be the fixed 
{n — m — l)-flat referred to in § 13, and let the constant coordinates of C,. be 
Ciij . . . .y Ci^. A necessary and sufficient condition that F,»_„-i meet a gener- 
ator of 8^ is 

All (w) A„ (g)) 



= 0. 



^n-m, 1 • • • • ^n-fli. n 

Using Laplace's expansion in terms of the first m rows, we obtam an 
equation whose degree in o gives the number of generators of 8^ that meet 
-P»-.ti«i. We must, however, exclude those indeterminate generators which 
result from the vanishing of a possible common factor of all the m-rowed 
determinants of (8) ; for those particular values of g) the corresponding points 
of the directrices At are not independent. Hence, the order of 8^ is equal to 
the highest degree in g) of the expanded m-rowed determinants of the matrix 
(8), after the removal of their common factors. 

* ''Analytic Geometry of Three DimeiiBions/' Vol. I (1912), Art. 325, p. 336. 
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III. Pbojbction and Section. 
Restricted and Conical Spreads. 

15. If an m-spread in (n — 1) -dimensional space is enclosed in a g-flat 
but not in a (g — l)-flat, it is said to be immersed in the g-flat. If g < n — 1, 
it is a restricted spread. 

If a spread 8 encloses a p-flat F^ but no (p4-l)-flat, we shall call it a 
conical spread (or cone) whose vertex is F^,. If p = 0, 1 or 2j 8 is a. point- 
cone, line<cone or plane-cone, respectively. A non-conical spread may be 
included by putting p = — 1. 

If iS is immersed in Fg , all the spreads of its tree lie in F^ . Its tangent 
spreads and all the spreads 8*^ {j <i) are themselves immersed in F^j while 
its focal spreads and the other spreads of its tree may be restricted to smaller 
flats lying in Fq . 

Dually, if iS' is a cone whose vertex is F^ , all the spreads of its tree are 
conical and enclose F^. Its focal spreads and all the spreads Si^ {j<i) have 
the same vertex Fj, , while its tangent spreads and the other spreads of its tree 
may have larger vertices enclosing F^ . 

The Effect of Projection and Section on the Structure of a Spread. 

16. Let us consider the effect of projection and section on the structure 
of a spread. Two spreads, or the primary trees determined by them, will have 
the same structure^ let us say, if these trees consist of the same number of 
spreads, with the same arrangement and distribution of ascending and descend- 
ing series, and with equal ranges for corresponding spreads. The dimension- 
alities of corresponding spreads must, therefore, either be equal or differ by a 
constant. 

Let 8 be an m-spread immersed in F^; ii 8 is conical, let its vertex be Fp . 



If we project S from a fixed point 
P, the projecting spread V may be 
regarded as the common enclosing 
spread of 8 and P = S^. 

We first consider two extreme cases. 

If /9 is a restricted spread and the 
point P lies outside of its enclosing 
flat F,, F is a conical (m+1) -spread 
of the same structure as 8. Its vertex 
is the connecting flat of P and Fp ; it 
(F) is inmaersed in the connecting flat 
of PandF«. 



The spread of intersection U of 8 
and a fixed hyperplane* Q may be 
regarded as the common enclosed 
spread of 8 and Q = 8i^^. 

If iS' is a conical spread and the 
hyperplane Q does not enclose its 
vertex Fp, 17 is a restricted (m— 1)- 
spread of the same structure as 8. 
It is immersed in the flat of intersec- 
tion of Q and F,; its vertex (when it 
is conical) is the flat of intersection 
of Q andFp. 



* A hyperplane is an (n — 2) -flat. 
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This case includes the operations of projection and section in the ordinary 
or narrow sense of the words. 



If /S is conical and P lies in or coin- 
cides with Fp , V coincides with 8. 



If 8 is restricted and Q passes 
through or coincides with F^, U coin- 
cides with 8. 

This trivial case is included merely for the sake of completeness. These 
are obviously the only two cases in which the structure of a spread is unaltered 
by projection from a point or section by a hyperplane. 

17. In every other case 



P is enclosed in F„ but not in F„ 



Q encloses F^ but not F^. Q does not 
then enclose 8, but must enclose one 
of its focal spreads 8^^^. This can 
happen in two ways. Either S^^i is 
the lowest focal spread of the tree, 
of range zero, and coincides with F^ ; 
or 8i^^ is restricted to a flat F^{q' <q) 
enclosed in F^, and Q encloses F,* 
(without enclosing F^). 



P is then not enclosed in S, but must 
be enclosed in one of its tangent 
spreads 5"+^ This can happen in 
two ways. Either 6'*"*"^ is the highest 
tangent spread of the tree, of range 
zero, and coincides with F,; or 8^"^^ 
is conical, with a vertex F^ {p'>p) 
enclosing Fp, and P lies in F^, (but 
outside of Fp) . 

18. Let the point P be enclosed in /S**+^, in either one of these two ways, 

but not in 8\ and therefore not in /S*"^, , /S. The range r.+i of 8^'^^ must 

then be less than the range r.. of 8K By the right-hand theorem of § 5, F^ is 
the common enclosing spread of 8^ and P, for all values of j. Hence, for j > i, 
V^ = 8^; and for j<i, V^ is of dimensionality one unit higher than 8K The 
range of F*' is r^ — 1, which is less than that of V*''\ Consequently, the spread 
yipyd...,^ although enclosing the common enclosing spread of ^•*^'y«- • and P,* 
does not, in general, coincide with it ; and this part of the tree determined by 
F has a different structure from the corresponding part of the tree deter- 
mined by 8. 

But it is not difficult to see that every spread F*^'(0<a<i) coincides 
with the common enclosing spread of 8^^ and P, has the same range as /S*^, 
and has a dimensionality one unit higher. The same relation also holds between 
their tangent spreads F*^ and S*^'^, provided S'*^'^ does not enclose P. There 
exists, however, a value j of y, such that P is enclosed in 8^^'^'^\ but not in 
8^f^^. Hence, S^^'^"-' can not be enclosed in 8*; and "P. D. G.,'' § 32, shows that 

♦See SS3-6. 
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The same line of argument before applied to 5'*+^ and 8^ can now be 
applied here. Thus, if y >;, K*^'^ = S'"^'^ ; if y = i, F'*^'^ is of range one unit 
less, and dimensionality one unit greater, than S'"^'^ ; and if y < j, F*^'^ is of 
the same range as 8^^'^ and dimensionality one unit greater. Starting with 
the latter spreads, in which y < j, and taking their focal spreads F*^'^^ we can 
continue in this way, until we have exhausted the spreads of the entire tree. 

We see, then, that the primary tree determined by the projecting spread F 
consists, in general, of three essentially different parts'. (1) a part which 
coincides with the corresponding part of the tree determined by 8'j (2) a part 
which has the same structure as the corresponding part of the tree determined 
by 6\ but in which the dimensionalities are one unit higher; and (3) a part 
which has a radically different structure from the corresponding part of the 
tree determined by 8. Part (1) consists of the partial trees determined by 
F'+S the various spreads F*^'^"*"^ (a < t), etc. Part (2) consists of those spreads 
yafiy.,.. £q^ which a<i, y <;, etc. Part (3) consists of those portions of the 
trees determined by F*, the various spreads F*'^^(a<i), etc., which are not 
included in part (1). 

19. It may happen, however, that one or more subdivisions of part (3) 
coincide with portions of the tree determined by 8^ though not with the corre- 
sponding portions. For instance, if r,.,.i=ri — 1, F* has the same range as its 
tangent spread F*"+^ = 5'*+^ and so coincides with the focal spread of the latter. 
Similarly, if the range of iS-^'^+^ is one unit less than that of 6'«^^ F*^^ = fi^aAKm. 
If this holds for all the subdivisions of part (3), the entire tree determined 
by F has the same structure as that portion of the tree determined by 8 which 
remains after the excision of /S', the various spreads 6**^', etc., and certain 
spreads determined by them. 

Part (2) will evidently be absent, if, and only if, i= ; in this case all the 
subdivisions of parts (1) and (3) except the first will also be absent. 

20. Of the correlative discussion we shall merely state the principal re- 
sults. Let the hyperplane Q enclose 8i^i , but not 8^ , or /S^ ; also let Q 

enclose 8afij+i (a < i) , but not 8apj ; then a — (i + j>i. 

The tree determined by the spread of intersection U of 8 and Q consists 
of three parts. Part (1) coincides with the corresponding part of the tree 
determined by 8^ and is made up of the partial trees determined by I7,+i, the 
spreads I7a^,/+i(a <i), etc. Part (2), consisting of those spreads Uapy.... for 
which a < t, y < y, etc., has the same structure as the corresponding part of the 
tree determined by 8j but the dimensionalities of its spreads are one unit lower. 
Part (3), consisting of certain portions of the trees determined by 17^ the 
spreads i7a^)(a<i), etc., has a different structure from the corresponding part 
of the tree determined by 8. 
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21. The following pairs of correlative theorems are easily deduced from 
what we have said. 



// a spread 8 is projected from a 
point P by a spread F, and if in the 
tree determined by S every spread 
not enclosing P, whose tangent spread 
does enclose P, has a range exactly one 
unit greater than its tangent spread^ 
then and only then does the tree deter- 
mined by V have the same structure 
as a party or the wholCy of the tree 
determined by S. 

22. If P is enclosed in the immers- 
ing flat Fg of 8y but not in any of the 
other spreads of the tree determined 
by 8y then part (1) of the tree deter- 
mined by V will reduce to the single 
flat Fq , and conversely. 

// P is enclosed in Fg but not in 
any of the other spreads of the tree 
determined by 8j and if every spread 
of this tree whose tangent spread is 
Fg is of range 1, then and only then 
does the entire tree determined by V 
have the same structure as a part of 
the tree determined by 8, the dimen- 
sionalities of all its spreads being one 
unit higher J with the single exception 
of the immersing fiaty which is Fg . 

23. If P is enclosed in 8^ but not 
in 8y the tree determined by V con- 
sists of two parts, of which the first, 
determined by F^ coincides with the 
corresponding part determined by 8^j 
and the second, determined by F, has 
a different structure from the corre- 
sponding part determined by 8. 



If U is the spread of intersection 
of a given spread 8 and a hyperplane 
Qy and if in the tree determined by 8 
every spread not enclosed in Q, whose 
focal spread is enclosed in Q, has a 
range exactly one unit greater than 
its focal spreadj then and only then 
does the tree determined by U have 
the same structure as a party or the 
wholCy of the tree determined by 8. 

If Q encloses the vertex F^ of 8 
(when 8 is conical), but does not en- 
close any of the other spreads of the 
tree determined by S, then part (1) 
of the tree determined by U will reduce 
to the single flat P^ , and conversely. 

If Q encloses F^ but does not en- 
close any of the other spreads of the 
tree determined by 8y and if every 
spread of this tree whose focal spread 
is Pp is of range 1, then and only then 
does the entire tree determined by U 
have the same structure as a part of 
the tree determined by 8y the dimen- 
sionalities of all its spreads being one 
unit lowery with the single exception 
of the vertexy which is F^ . 

If Q encloses 8^ but not S, the tree 
determined by TJ consists of two parts, 
of which the first, determined by TJi , 
coincides with the corresponding part 
determined by Sj, and the second, 
determined by 17, has a different 
structure from the corresponding 
part determined by 8. 
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A necessary and sufficient condition 
that the entire tree determined hy V 
coincide with a part of the tree deter- 
mined hy Sj is that P be enclosed in 
8^ but not in 8^ and that the range of 
8^ he one unit less than that of 8. 



A necessary and sufficient condition 
that the entire tree determined hy U 
coincide with a part of the tree deter- 
mined by 8y is that Q enclose 8^^ but 
not 8y and that the range of 8^ be one 
unit less than that of 8. 



IV. Enumeration of Arbitrary Functions. 

24. We shall now take up certain questions concerning the degree of 
generality of m-spreads generated by oo ^ flats in F„_i ; this is determined by 
counting the number of independent and essential functions of the parameter a> 
which enter into their equations. 

For instance, the general curve or one-spread in F^^^ , whose equations are 



X^ = Af{Q), j = i, 



n, 



depends apparently on n functions; but by means of the transformations (a) 
and (c), of **P.D. G./' § 2, two of these functions can be reduced to the values 
1 and G), respectively; the other n — 2 functions are independent and essential. 
Using the notation of Kasner,* we may say that the number of curves in F^^i 
is 00 <»-«>^ 

Similarly, the general m-spread 

m 

Zy = 2 a^ Aif (6)), j = ly , w, 

involves the mn functions Ai^ (o) ; but m* of these functions can be reduced 
to constants by the transformation (b), of "P.D. G./' § 2, and one other func- 
tion can be chosen as a new parameter g> by means of (a), of the same section; 
so we see that the general m-spread 8^ in F^^i depends essentially on 
m{n — m) — 1 arbitrary functions. By arbitrary functions we inean functions 
which are continuous and possess a certain finite number of successive deriv- 
atives, but otherwise are arbitrary. 

Geometrically, we obtain the same result by making use of the well-knownf 
fact that the choice of every generating (m--l)-flat of 8^ depends on m{n^m) 
arbitrary constants ; hence, a continuous system of oo ^ such generators depends 
on m{n — m) arbitrary functions of co, one of which, again, can be chosen to 
replace o. 

* Bulletin of the American Mathematical Society, Vol. XIX (October, 1912), p. 14. 
t Gf. Schoute, "Mehrdimensionale Geometrie," enter Teil (1002), p. 253. 
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The range of the general m-spread in F^^i is obviously the smaller of the 
two integers m and n—m. If n is even, the number m{n — m) — l will be a 

maximum, when m = ^ ; and if n is odd, it will be a maximum, when m = 



2 ' ^ ' ^ ' 2 

or 1" . Hence, the most general spread in F^»i, if n is even, is iS;^, which 

depends on — j — arbitrary functions; and if n is odd, it is either fi^^jlij^l or 

^ft+i)^ 9 each of which depends on — j — arbitrary functions. 

25. If a spread S is of higher range than both its tangent spread 8^ and 
its focal spread 8^ , it remains to a certain extent arbitrary, even when 8^ and 8^ 
are known ; that is, when all the spreads of its primary tree except itself are 
known. For, putting 8 = 8l^y 8^'^ = 8^^rj ^i.o = ^'«-r / we see that 8 can be 
chosen to be any spread enclosed in S^^'^ = /S^+^«^,* and enclosing fi^i,i = S^-r+r.j> 
provided that the common enclosing spread of 8 and 8^'^ be precisely 8^'^ and 
not a lower spread enclosed in it, and provided that the common enclosed spread 
of 8 and 8^^^ l>e precisely /Sj , and not a higher spread enclosing it. These 
provisos, however, are in general satisfied. In other words, the generators of 
8 can in general be chosen to be any (m — 1) -flats lying in the corresponding 
(m+r— fi— l)-flats of 8^'^ and passing through the corresponding (m— r+r_i— 1)- 
flats of 6'i^i . 

Hence t the choice of each generator of 8 depends on (r — fi) {r — r^j) 
arbitrary constants. That is, if there exists % a spread of range r, having a 
given tangent spread of range r^ and a given focal spread of range f.^, there 
exist exactly oo <'"^*> c-^'-oa such spreads. 

26. In a similar manner we can easily prove the following dual theorems, 
which may be regarded as an extension of **P. D. G.," § 51. 



// a spread 81, j in F^^y has a given 
tangent spread of range Tj, the deter- 
mination of 81, depends on (r — rj)m 
arbitrary functions. 



If a spread 81, ^ in F^^, has a 
given focal spread of range r^^ , the 
determination of 81, depends on 
(r — r_i)(n — m) arbitrary functions. 



27. Let us now determine the degree of generality of 8^, per se ; that is, 
when neither its tangent spread nor its focal spread is known. In the first 
place, the general case is the one in which the ascending and descending series 
determined by 81, are both regular so far as the given values of m, r and n 

• For the notation, see <'P. D. 6./' % 17. f Cf . Schoate, loe. oii. % Bee **V. D. O.,** H ^h ^* 

17 
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will allow. That is, the spreads of the aBcending (descending) series are all 
of range r except the last one, which is of range zero, and the next to the last 
one, which may be of range < r. For, any additional irregularity is due to the 
existence of additional linear relations which diminish the generality of the 
spread. Moreover, the different spreads of a regular series all have the same 
degree of generality. 

Let m = r fc + fj , where k is an integer and 0<ri < r. The (A;— l)-8t focal 
spread of 81, will be an /S;+^,, in the general case, and the k-th focal spread an 8^1- 
81, will be uniquely determined by first choosing S^Ij which, by the theorem of 
§24, depends on r^{n — r^) — 1 arbitrary functions, and then choosing 67+ri> 
which, by the right-hand theorem of § 26, depends on (r — rj{n — r — rj 
additional arbitrary functions. Hence, the total number of arbitrary functions, 
all independent, on which 81, depends, is r{n — r) — l. 

That is, the general m-spread of range r in F^^i is determined by 
r {n — f ) — 1 arbitrary functions. Since this number is independent of r^ 
and of w, it follows that the spreads 6';, /S';^!, . . . ., 81^^ ^W hRve the same 
degree of generality. 

28. We proceed to the consideration of spreads whose ascending or 
descending series is irregular. We first take the case where the descending 
series is irregular, and the ascending series regular (so far as possible). 

Theorem. In F^_i the most general spread 8^, (r = r©), whose successive 
focal spreads are of ranges r_i, r_2, • . • •> ^-(«-i)» 0, whose t-th focal spread is 
a flat 8l,_^y and whose tangent spreads are entirely arbitrary j is determined 
by (i arbitrary functions^ where 

-(t-2) -(«-2) 

u = r{n—m^t—r)— 2 r<_i(r— r<) — 1 = r(«— m) + 2 r<r<.i— !• (9) 

As to the proof, it is sufficient to remark that 81, = 8 can be determined by 
first choosing S, o> then 8^^i^oy etc., and finally 8 itself. Since 8t^o is a flat S'?.,, 
its choice depends on m_|(n— w.,) arbitrary constants, and not on any arbitrary 

functions. When /S^+io ^^^ ^^^'^ chosen, S'^o? of dimensionality m — 2 fa, 

is restricted only by the fact that it must enclose /S.+i j and be enclosed laF^^i] 
hence, if <— l>i>0, its choice depends on 

(r», — r^(i+i)) (n — m-f 2 r«) 

a— 

arbitrary functions. When so chosen, it will, in general, have a regular series 
of tangent spreads 5.y(y = 1, . . . ., t), and will therefore satisfy the condition 
of **P. D, G.,'' § 52. 
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29. Dually, it is clear that the most general spread /S'i(r = ro), iiohose 
successive tangent spreads are of ranges fi , rg , . . . . , r.«i , 0, whose u-th tangent 
spread is a flat 8%^ , and whose focal spreads are entirely arbitrary j is deter- 
mined hy ii' arbitrary functions^ where 

li' = r {m^ — r) — 2 r^+i (r — r^) — 1 = rm + 2 r<r<+,i — 1. (9') 

30. We next proceed to prove that if there exists a spread of range r, 
whose first tangent and focal spreads are of ranges r^ and r^u respectively 
and whose second tangent and focal spreads are given spreads of ranges r^ and 
r_2 , respectively^ then there exist just co *^» such spreads, where 

= r*+r(r,+r-i)-2r(rj+r.j)~(rir_2+r2r_i)+3r2r_,. (10) 

Pboof. The required spread S = Si, can be determined by first choosing 
S^'^y then /Sio> aiid finally S itself. S^'^ is the most general spread S^^^ 
enclosed in S^'^ = 5'^+^+^.^, and enclosing /Sg^j = S'w-r-r.i+sr^ > ^^^ so depends on 
(rj — fj) (2 r + r_i — 3 r_2) arbitrary functions. Then S'l o is the most general 
spread S^^^ enclosing /Sg^i — /S^-r-r.^+r., ai^d enclosed in /S^ * = /{?^+^_2ri j ai^d 
so depends on (r_i — r^s) (2r — 2ri) additional functions. Finally, Sj by the 
theorem of § 25, depends on {r — r^) {r — r^i) additional functions. The sum 
of these numbers gives (10), and proves the theorem. 

31. We are now prepared to take up the case where the ascending and 
descending series are both irregular. 

Theorem. In F^^^ the most general spread Sl,(r = fo)> whose successive 

tangent spreads are of ranges r^^ r^^ , r^^i, 0, the last one being an S^j 

and whose successive focal spreads are of ranges r_i , r_2 , . . . . , r_(|.i) , 0, the 
last one being an Si,_^ , is determined by X arbitrary functions, where 

f«-2 -0-2) 

X = r(m^ — w_^ — r) — 2r,+,(r — rO — 2 r<^i(r — O— 1 

ti-2 -(«-2) 

= r* + 2 r,r,+, -H 2 r,r,.,-l. (11) 

32. The method of proof will be sufficiently clear, if carried out for the 
special case in which t = u = 3y w^, = 0, m^ = n; so that 

n = 2r + (r, + r,) + (r_, + r.2), (12) 

where 

^^^i^^2 «^^d r>r_i>r_2. (13) 
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We first find the number of arbitrary f anctions that determine 8^ = 5j^ and 
8^ =r iff;?.^, . The number of additional functions that determine 8^^ 8^ and 8 
will then be given by (10), § 30. When 8^, is chosen in the most general manner 
possible for the given values of the ranges, its fourth tangent spread 8^^^^ which 
is enclosed in 8^y will be of dimensionality 5 r^j > provided 

n>r2 + 5r«2- (14) 

In this case 8^ depends on r^^{n — r.j) — 1 functions, and 8^ on r^{n — r^ — Sr^^) 
additional functions ; so that together they depend on 

^2(W'-^2) + ^-2(w— *'-2)— Srjr.,— I = (2r+ri + r^i)(r2+r-j)— 3r2r_2-l (15) 

arbitrary functions. 

If (14) is not satisfied, this method fails; but we can proceed to choose 8^ 
first and then 8^ . For, 8^'*' encloses 8% and can be chosen to be of dimension- 
ality n — 5r2, provided 

n>r_2 + 5r2. (14') 

In this case 8^ depends on r^{n — r^) — 1 functions, and 8^ on r^^{n — r_2— 5 r^) 
additional functions ; so that the number of functions on which both depend is 
given by the formula (15), as before. But one of the two conditions (14), (14') 
must in every case be satisfied. For if not, we should have, by addition, 

n<3(r2 + r.2), 

which would contradict (12) and (13). 

Finally, by (15) and (10), we find that the total number of arbitrary func- 
tions on which the original spread 8 depends is 

r(n— r)— r2(r— fi)— r_2(r— r.i)— I = r2+(rri+rir2) + (rr^i+r_ir_2)— 1, 

which proves formula (11) for the special case under consideration. 

It is clear from (11) that the maximum value of X for given values of n 
and r is r (fi — r ) — 1, and that this value is obtained by putting m^ = », m^^ = 

and r._2 = = ri = r = r.j = . . . . = r_(^_2) • This verifies the theorem of 

§ 27 from another point of view. 

V. Classification. 

33. In classifying spreads generated by oo^ fiats from the projective 
differential standpoint, we shall employ three different kinds of classification : 
first, a broad classification, depending only on the structure of the two principal 
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series, one ascending and the other descending, determined by the given spread ; 
second, a narrower and more detailed classification, taking account of the branch 
series as well, and depending on the structure of the entire primary tree deter- 
mined by the spread; and third, a still more detailed classification, taking 
account of the -common enclosed and enclosing spreads of the various spreads 
of the tree, and depending, therefore, on the structure of the extended tree 
determined by the spread. 

If two spreads 8^ and T^., of different dimensionalities {m <m'), have 
the same structure or belong to the same class according to any one of these 
three principles of classification, it is evident that by means of one or more 
projections or sections of the ordinary kind (see § 16), we can obtain from 
either one of the spreads a new spread of the same dimensionality and class 
as the other. Thus, if m' = m -f ju, then by fi successive projections we obtain 
from 8^ a spread 8^, of the same class as T^, , and by (i successive sections 
we obtain from T^/ a spread T^ of the same class as 8^ . 

34. For instance, in four-dimensional space F^ all plane curves 8\ (not 
including straight lines), all cones Tl inmaersed in three-fiats, and all line-cones 
Ul immersed in F^ , belong to the same class Kj^ . Their respective trees are 



St 


J.0 


Ul] 


81 


n 


u\ 


s\ 


Tl 


Ul 


St 


Tt 


ut\ 



where the order from the bottom up is in each case : the first focal spread, the 
given spread, the first tangent spread and the second tangent spread. T^ is 
the point- vertex of TJj ^J is the system of tangent planes to TJ, TJ is the 
three-fiat in which Tl is immersed, etc. Every 8\ projects into a TJ* and every 
Tl into a Ul. Moreover, the spreads 81 ^ Tl and U\ belong to a class K2 
different from Ki ; for although the tree determined by 81 is the same as that 
determined by S\ , the corresponding spreads are not of the same range. 

Since the principle of duality holds between the pairs of spreads 8\ and 
U\ , 81 and 171 > ^l ^^^ ^l 9 w® can speak of K^ and K2 as dual, or correlative, 
classes of spreads. 

The ranges 0, 1, 1, of the spreads of these trees serve to characterize 
the classes Ki and K29 hence, we write Ki= (OTlO) and K2 = {0lT0)f indicating 
the range of the original spread by a bar. The symbol (0110), without the 
bar, will then denote the two classes taken together. 
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Developable Spreads. 

35. Returning to the general discussion, we shall now consider systemat- 
ically the different classes of spreads existing in JP^^i, in the order of their 
simplicity. 

First of all, there is the trivial class (0), consisting of the spreads of 
range zero, or the fixed points, lines, planes, etc. 

Then come the various classes (Oil 110) of spreads of range 1, or 

developable spreads. Since their trees have no branch series, the three methods 
of classification here yield precisely the same results. The simplest class of 
developables is (010), which includes the ranges of points, the pencils of lines, 
the pencils of planes, etc. Notice that the straight line considered as generated 
by its points belongs here, while considered as a whole it is of range 0. Next 
in order are the two classes (0110) considered (forn = 5) in the preceding 
section. After them come the three classes (OHIO), of which the simplest 
(non-conical) representatives are: for (OTllO), a curve immersed in a three- 
flat; for (OlTlO), its tangent surface; and for (OllIO), its system of osculating 
planes. The classes (OTllO) and (OHIO) are dual, while (OlIlO) is self -dual. 

Obviously, the total number of classes of developables in F„_i is 1+2-f 

+ (w — l) = iw(w — 1), of which n — 1 are classes of proper spreads in F^-u 
in the sense that they have no representatives in a space of lower dimensionality 
than n — 1. A proper spread, therefore, is a non-conical spread immersed 

Spreads of Range 2. 

36. Spreads of range 2 are of four general types, 

(0,2.... 2,0), (0,2.... 2,1.... 1,0), (0,1.... 1,2.... 2,0), 
and (0,1 1,2 2,1 1,0). 

Those of the first type may be called regular spreads, since the entire tree, 
exclusive of the first and last spreads, consists of a single regular series. All 
developable spreads are, therefore, also regular. Those of the second type 
possess a descending branch series, of range 1, not indicated in the symbol; 
similarly, those of the third type have an ascending branch series, and those of 
the fourth type have two branch series, one ascending and the other descending. 
The simplest class of regular spreads of range 2 is (020), which is repre- 
sented in Fg by a skew ruled surface SI. Li n is even, there are evidently 

-^n{n — 2) classes of regular spreads of range 2 in F^^i, of which -^ (» — 2) 
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are proper; if n is odd, there are -^-(n — 1) (n — 3) classes, bnt not one 

o 

is proper. 

37. When we come to the non-regular spreads, the number of classes 
depends on the particular method of classification. We shall for the present 
use only the first and broadest method, reserving a minuter classification of a 
few of the simpler spreads for sections 42-73. 

In the case of the second type of spreads of range 2, the total number of 

classes in jP^_i, if n is even, is easily computed to be^«(n — 2) (» — 4); 

and the number of proper classes is -^ (n — 2) (w — 4). If n is odd, the total 

number of classes isx^Cw — 1) (n — 2) (n — 3); and the number of proper 

classes is -^ (n — 1) (ti — 3). The same figures hold for the third type. 

In the case of the fourth and last type, the total number of classes in F^_i, 
if n is even, is ^n (« — 2) (n — 4)*; and oj (^ — 2) (n — 3) (n — 4) of them 

are proper classes. The total number, if n is odd, is -^ (w— 1)*(«— 3) (n— 5) ; 

and ^ (n — 1) (w — 3) (n — 5) of them are proper. 

Spreads of Range Higher than 2. 

38. As the range increases, the number and complexity of the different 
types increases rapidly. For instance, if the range of /S is 3, the principal 
ascending series determined by S may include spreads of ranges 1 or 2, or both 
or neither, and the same is true of the principal descending series. Hence, 
there are 4 • 4 = 16 types, of which the simplest is the regular type 

(0,3 3,0), 

and the most complicated is 

(0,1 1,2 2,3 3,2 2,1 1,0). 

Spreads of the latter type have two principal branch series of range 1, ascending 
and descending respectively, and two principal branch series of range 2, ascend- 
ing and descending; moreover, each of the latter may determine a secondary 
branch series of range 1 and possibly a connecting series. 

The simplest class, however, in which a connecting series exists, is obviously 
(02320) ; and it is represented in F^ by a spread 



Digitized by VjjOOQIC 



138 Banum: On the Projective Differential Classification 

05 = [-4i, A29 Aif A2J 43], 
whose fundamental directrices satisfy a differential equation of the form* 

Proper Spreads in F^ and in F^. 

39. From this point on we shall confine our attention to four and five 
dimensions, and to the classes of proper, non-developable spreads. 

In F^ there are just two such classes, (0210) and (0l50), and they are 
correlatives. In view of the theorem of § 27, each of these classes contains 
00 ^^' spreads. The first is the class of skewf ruled surfaces SI immersed in JP^, 
and the second is the class of non-conical skew planar t spreads SI. The fact 
that the first tangent spread of SI is an S\ , and that the second tangent spread 
is Sl = F^y may be expressed by saying that two consecutive generating lines 
of ^2 are connected by a three-flat and that the connecting flat of three con- 
secutive generators is F^ itself. Dually, we may say that two consecutive 
generating planes of SI meet in a point, and three consecutive generators 
do not meet. 

40. In jPg there are six classes of proper, non-developable spreads : 

(0220), (0220), (02110), (01120), (01210) and (030), 

of which the first two and the last are regular. 

The class (0220) consists of 00 ^'» spreads, namely the skew ruled surfaces 
81 whose tangent spreads are of range 2 ; these tangent spreads SI constitute 
the dual class (0220) ; their focal spreads are then the original ruled surfaces 
SI . In other words, two consecutive generating lines of SI are connected by 
a generating three-flat of SI ; and two consecutive generating three-flats of SI 
intersect in a generating line of SI. Three consecutive generators of 5^1 are 
connected by F^ , and three consecutive generators of SI do not meet. 

On the other hand, the class (02110) consists of the skew ruled surfaces 
SI immersed in F5, whose tangent four-spreads are developable; two consecu- 
tive generators of ^'l are connected, as in the preceding case, by a three-flat, 
but three consecutive generators are now connected by a four-flat. The dual 
class (01120) consists of the non-conical skew four-spreads SI whose focal 
spreads are developable surfaces. Two consecutive generators of SI meet in 

♦ See "P. D.G./' §§ 66 and 69. 

t A non-developable spread may be called a sketo spread. 

i A three-spread S^, being generated by oo' planes, may be called a planar spread. 
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a line and three consecutive generators meet in a point. Each of these classes, 
in view of §§ 28, 29, contains oo ®^^ spreads. 

The self-dual class (030) includes the planar three-spreads of range 3, Slj 
the number of which is oo ®'^ . They have no tangent or focal spreads, properly 
speaking; that is, two consecutive generating planes of SI do not meet, and 
their connecting flat is Fg . 

Finally, the self -dual class (01210) includes the proper planar three-spreads 

of range 2, S^f, the number of which is oo ''^^ (cf. §§ 27 and 31). Their tangent 

five-spreads and focal curves are necessarily developable. Two consecutive 

• generating planes of SI meet in a point and are connected by a four-flat ; three 

consecutive generators do not meet and are connected by F^ . 

41. The difference between planar three-spreads of ranges 3, 2 and 1 in Fg 
may be expressed by saying that two consecutive planes of SI do not meet, 
those of SI meet in a point, and those of SI meet in a line. This must be 
understood to mean merely that the focal spreads in the three cases are of 
dimensionalities 0, 1 and 2, respectively. Two neighboring generators of SI 
and of SI will not, in general, meet at all. The relative position of two neigh- 
boring generators can be determined by introducing the metric concepts of 
distance and angle, and recalling that two planes in F^ have a distance a, 
a maximum angle j3 and a minimum angle y.* Then it can easily be shown 
that in the case of two neighboring planes of SI the three quantities a, j3, y are 
infinitesimals of the same order ; in the case of SI two of them are infinitesimals 
of the same order, while the third is of higher order; and in the case of SI one 
of them is of lower order than the other two. 

In sub-classifying these spreads in F^ and F^ with respect to the nature of 
their branch series and extended trees, only the irregular spreads need be taken 
into account. Thus we have two classes to consider in F^ and three classes in F^. 

Skew Ruled Surfaces Immersed in F^. 

42. Let iS = Sf be a skew ruled surface immersed in F^. Its homogeneous 
parametric equations are 

Xf = aiAi^{G>) +02 A^i (o) , 

where j runs from 1 to 5, and the parameters are o and aixa^. Using the 
notation and methods of "P. D. G.," §§ 29, 39-45, 55-62 and 69,t we write 

* Cf. Schoute, loc, cit,, pp. 63-72. 

t According to the more usual custom, however, we denote the second derivative of At with respect 
to w by At" instead of A^' (as in "P.D.G.") and reserve the latter expression for the square of Ai. 

18 
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S'-' = S\ = [A,,A„A[,A',], 
and 

S^.'> = Sl = F,= [A^, A„ A[, A'„AU A'^. 

The elements of the array 

^i" A'i' 

A-i A2 

Ai A2 

A'I A2 

are connected by a linear homogeneous relation 

25^0,^;" + 25r,,^;' + 25^2*^; + 25^3,^, = 0, (16) 

and the elements of the three bottom rows by a relation 

^KA: + ^h,A', + I.hiA, = 0, (16') 



where 



02 



=#=0. 



All the quantities involved in these equations are functions of co. 

By means of a transformation to new directrices, of the form (b), § 2, 
''P. D. G.," together with a transformation of the coeflScients, of the form (37) 
and (38), § 57, "P. D. G.,'' the differential equations (16) and (16') can easily 
be reduced to the canonical form 

< + (A^i^) " + 2 {huA,y + 2 A:,,^, = (17) 

and 

A'; + {hA^y + hA^^o. (17') 

In all that follows, therefore, we shall assume (17) and (17') to be the funda- 
mental differential equations of the spread. It is clear that 

8'-' = 81= [A^ , A2 , ^n and 8''^ = 82= [A^ ,A[ + h ^2] • 

43. 8^*^ is a planar three- spread, whose generating planes contain the 
generating lines of 8 ; and it is the only such three-spread that is developable, 
as can easily be seen, either by direct calculation, or by duality from the theorem 
of § 53. Hence, every skew ruled surface 8 immersed in four-space determines 
one and only one developable three-spread whose generating planes contain the 
generating lines of 8j namely its special enclosing spread 8^'^. 

44. The focal spread 8^'^ of 8^'^ may be, as we shall see, either a develop- 
able surface or a fixed line m; but its generators (or generator) will meet the 
corresponding generators of 6' in the points of a curve (or range on m) 
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which is therefore the common enclosed spread or curve of intersection of 8 
and S''\ 

Let Ai{(d) denote the point on T whose coordinates are -4ii((o),. . . ., Ai^{g}). 
The tangent plane* to S at the point ^i(a)) is evidently determined by the three 
points Ai{(d)j Aiici) and ^i(co). But this plane is precisely the corresponding 
generator of /S'^'^ Hence, the planes of S^'^ touch Sy and the locus of their 
points of contact is T. It follows that on a skew ruled surface 8 in F^ there 
exists {apart from the generators themselves) a unique curve {or straight line) 
T, t such that the tangent planes to S at the points of T form a developable 
three-spread; T is the curve of intersection of 8 and 8^'\ 

The fact that T turns out to be one of the fundamental directrices [A^] 
of 8 is a consequence of choosing the fundamental differential equations in 
their canonical form (17), (17')- 

We are now prepared to classify ruled surfaces in F^ , by means of the 
values of the coefficients li and Izin (17'), as follows: 

Class (a), Zi:#=0, 
Class (b), Zi = 0, k^O, 
Class (c), ^1 = ^2 = 0. 

Class (a). 

45. This is the general case, and depends on five arbitrary functions. 
8^'^ is of range l(=iS'J), and its focal spread 8^*^ is easily found, by the method 
of ^'P.D.G.,'' '^^ 16, 19-21, to be 



8^'^ = 8, = ^A[ + hA2-^^A,'^. 



8^'^ is in general a curve (of range 1), but will be a fixed point (of range 0), 
if and only if IJl^ satisfies the Riccati equation 

d /L\ . /L^' 



mxv-o- 



That is, 8^'^ is in general non-conical, but may be a point-cone. 

* Note the distinction between the tangent plane at a point of 8 and the tangent three-flat along a 
generator of 8; the latter, as defined in "P.D.G.," § 4, is a generator of /Sfi^o. 

t In Ff, as in F|, a ruled surface 8 obviously has a line of striction; but in F, there is no purely 
projective curve on 8 analogous to T in F« . 
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The successive tangent spreads of T are 

TM = Tj = [^„^;, ihA.y + ia.. ihA,)" + {hA,y]. 

T\ , TJ and Tl are enclosed in SI , SI and S\ , respectively ; but Tl cannot coin- 
cide with SI. T^'^ is in general a family of oo^ three-flats (of range 1), but 
will he a fixed three-fiat (of range 0), if and only if {l^Az)'" + (^^2)" *^ «^- 
pressibUj by virtue of (17), as a linear homogeneous function of the funda- 
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mental directrices of T^'^. Hence, T] is in general a four-space curve, but 
may be a three-space curve. 

Let r and r' be the ranges of S^'^ and T*'®, respectively. Their values 
determine four subclasses into which class (a) is divided, namely: 

subclass (an), r = 1, r' = 1 ; subclass (aig), r = 1, r' = ; 
subclass (aji), r = 0, r' = 1 ; subclass (a22), r = 0, r' = 0. 

We have completed the enumeration of the spreads of the extended tree 
determined by a surfaces' of class (a). For the subclass (au) this tree is 
indicated in Fig. 1, where every spread is connected with its tangent and focal 
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spreads by full lines, vertical or oblique, and with its other enclosed and en- 
closing spreads by dotted lines. 

46. Fig. 2 ^ves a schematic representation of the surface 8\ itself, 
when it belongs to the subclass (a^) or (ai2). The lines ^i, {29 h ^^^ three 
neighboring generators of 8\\ the three-flats (^, {2) and {l^^ l^) intersect in 
the plane n^^ihjvrh)^ the limiting position of which is therefore a generator 
of 8\. Let 7ti = (Zi, Wi) and 71:,=: (Z,, m,) be two other generators of Si; 
Ttx and 9I2 intersect in the line m^ , 9I2 ^^^ ^ ^ the line m^ ; m^jm^j m^ may be 
regarded as three neighboring generators of the developable 8\j and Pi, P2, P3 
as three neighboring points on its edge of regression 8\ . When 8\ belongs to 




-FiG,2- 



the subclass (aji) or (a22), the points Pi, Pj, P^ coincide, and 8\ is a cone 
whose vertex 8\ is Pi- d, Q2 and Q,, being the points of intersection of l^ 
and mi , l^ and m^ , Z, and mj , respectively, are generators of the curve T\ ; 
the tangent planes to 8\ at the points ^1 , Q2 9 Q% ^^^ ^1 > ^ > ^ • ^1^^ l^i^^s 
Qi Q2 aiid Q2 Os > lying in the planes iti and n^ , respectively, may therefore be 
regarded as generators of T\ , the tangent developable of T\ ; and the plane 
Q\QiQz^ lying in the three-flat (^i, {2)9 niay be regarded as an osculating plane 
of T\ ; that is, a generator of T\ . 

If we start with five consecutive generators of 8\^ they determine four 
consecutive three-flats of 8\^ three consecutive planes of 8\^ two consecutive 
lines of 8\ and one point of 8\ . 

It is to be observed that of the two fundamental curves T\ and 8\ , asso- 
ciated with the surface 8^ the first lies on the surface, while the second does not. 

47. In order to obtain the most general skew ruled surface 8\ of class (a) , 
we can first choose at random a developable 81 immersed in F4, which, if non- 
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conical, depends on three arbitrary functions, and if conical, on two arbitrary 
functions. We can then choose any curve T\ lying on 8\^ except its edge of 
regression S-^-y T\ will be either immersed in F^ or restricted to an Fg. If it is 
immersed in F^ , it depends on one additipnal arbitrary function, but if in F^ , 
it is simply the curve of intersection of 81 and F^ , and therefore involves no 
additional arbitrary functions, but merely four arbitrary constants, since F3 
can be any three-flat not passing through the vertex (if any) of S], Finally, 
we can choose SI itself to be any ruled surface whose generators lie in the planes 
of S\ (the tangent spread of 8\) and pass through the points of TJ, with two 
exceptions^ namely ^ 81 itself and the tangent surface T\ of T\\ this choice 
depends on one additional arbitrary function. Consequently, the number v of 
arbitrary functions on which 8\ depends, for each of the four subclasses of (a), 
is as follows: (au),r = 5; (ai2),i' = 4; (a2i),v=4; {b^)jV = ^. 

Among all the ruled surfaces enclosed in 8\ and enclosing TJ, just two 
are developable^ namely ^ 81 and Tl , while all the restj 00 ^* in number^ are skew. 

Another method of constructing 81 is to choose T\ first, then 81 as a 
developable enclosing TJ, and finally 81. If 81 is a cone whose vertei is 
8i = Foy it is obtained by simply projecting T\ from Fq . 

48. As an illustration let us write the equations of a simple rational 
surface of subclass (a22). Let 81 be a cone whose vertex 81 is C= (1,0,0,0,0), 
and whose directrix T\ = [Ai] is a curve immersed in the three-flat % = 0. 
Let the equations of T\ be 

Xii X2 :x^ : x^ : x^ = : 1 : (j : o)^ : o' ; 

more briefly, we shall write : 

Tl = Ul] = (0, 1,(0,6)S6)«). 

Evidently, 81 = [C, A^], 81 = [C, ^1, A[] and Tl = [A^, A[], where 

A[ = (0,0,1, 2a), 3g)2). 
The second fundamental directrix A2 of 81 = [^1, A2] can be chosen to be any 
curve of 81 ^ not situated on 81 or on Tl. That is, [-^2] = [aiC+a2^i+«8^i]> 
where a^ ag , a^ are functions of o or constants, such that ai^O and a^ ^ 0. 
The simplest choice is ai = ag = 1,^2 = 0> so t^iat [^2] is the conic 

[C + A[] = (1,0,1, 26), 3a)2). 
Then 

8\= [4i, A^] = (;i, 1, 6) + ;i, (j'-f 2X6), 6)*H-3Xa)«), 

where u and /I are the parameters. By reference to the theorem of § 14, we 
see that 8\ is of order 4, 81 and T\ are of order 3, 81 and Tl are of order 4, 
and 8\ and T\ are of order 3. 
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Class (b). 

49. This case depends on four arbitrary functions. Evidently, 

8''^ = 81= [A,, A[] and 8'-' = 8\= [A,] , 

which therefore coincides with T\; that is, T\ = 8\, Tl = 8l, Tl = 8l and 
T\ = 8l. The tree determined by 8 (see Fig. 1) is now somewhat simpler 
than for class (a). 

Fig. 2 will give us a schematic representation of a ruled surface 8 of 
class (b) , if we let ZJ , Zg , Zi , instead of l^ hj hj be three neighboring generators 
of the surface ; Qi, Q2J Qs will then coincide with Pi , Pg > ^3 > respectively. The 
description given in § 46 for class (a) will apply without change, except that 
Pi , P2 and Pg can not now coincide with one another ; that is, 81 can not be 
a cone. 

Hence, in order to construct the most general 81 of class (b), we first 
choose any curve 8\{ = T\) immersed in F4, which depends on three arbitrary 
functions. We then choose 81 to be any ruled surface whose generators pass 
through the points of 8\ and lie in its corresponding osculating planes (gener- 
ators of 81) J tvith the single exception of the tangent surface 81 of 8\. This 
choice involves one additional arbitrary function, making four in all. 

To illustrate class (b), let 8\ be the rational quartic 

[Ai] = (1, Ci>, 6)*, 6)^ CJ*). 

Then 8l=[Ai, A[j A[']j where 

[^n = (0,0,1,3(0,60^). 

Choosing A2 = Aij we have 81= [Au A^]^ which is a quintic surface. The 
orders of S\j 8lj 81 and 8\ are 4, 6, 6 and 4, respectively. 

Class (c). 

50. This case involves only three arbitrary functions. As in class (b), 
8^'^ coincides with T^'^, but is now a fixed line m (of range 0). That is, 

8'-^ = 8^2= [A, A[] = Tl = T''\ 

S\ may be described briefly as a ruled surface immersed in P4, whose generators 
all meet a fixed line m without passing through a fixed point. In the extended 
tree (Fig. 1) T\ no longer, as in class (b), belongs to the descending series 
determined by 8\ ; it is simply a point-range lying on m. 8\ is a line-cone or 
conical three-spread whose vertex is the line m. 

In order to construct 8\ of class (c), we first choose any 8\ whose gener- 
ating planes pass through a fixed line m ; this involves one arbitrary function. 
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We then establish a one-to-one continuous correspondence between the planes 
of 81 and the points of m ; this involves one more arbitrary function. Finally, 
in each plane of SI we choose a line I passing through the corresponding point 
on m (and not coinciding with m), in such a way that the lines I form a con- 
tinuous system; this involves still another arbitrary function, making three 
in all. 

As an example of class (c), let 

T{ = [A,] = (1, CO, 0, 0, 0) and [A,] = (0, 0, 1, gi, 6>«). 
Then 

SI = Ml, Ai] = (1, G), X, X(o, X«^), 

which is a cubic surface; its generators connect the points of the conic [A^] 
with the corresponding points of the projective range [^i]. Eliminating X 
and (0, we find that SI is the partial intersection of the quadric three-spreads 
a^iOJfi =^ ^2^4 and X1X4 = jTaiTg , which also intersect in the plane a?i = a?2 = 0- 

51. The three fundamental classes of skew ruled surfaces S in F^ may be 
distinguished by the fact that for class (a) every tangent to the curve T\ at a 
point Q is distinct j in general ^ from the characteristic (focal line) of the tangent 
plane to S at Q, whereas for class (b) these two lines always coincide and are 
variable^ and for class (c) they coincide and are fixed. 

We have shown that the tangent spread S^*^ of an SI may be non-conical 
or may be a point-cone or line-cone, but can not be a plane-cone] that is, 
a pencil of three-flats. Moreover, T\ may be a four-space curve, a three-space 
curve, or a range (straight line), but can not be a plane curve. 

The projection of an S\ from a point P of F4 (see §§ 15-23) is in general 
a conical S\ of type (020), illustrating the theorem of §22. But if S\ is of 
class (aji) or {^^) and P coincides with S'^*^ = SI, or if 81 is of class (c) and 
P lies on the line 8^*^ = 82, then 81 projects into S^'^^Sl, illustrating the 
theorem of § 23.* 

Non-Conical Skew Planar Three-Spreads in l\. 

52. The projective differential geometry of planar three-spreads could be 
obtained from that of ruled surfaces by the principle of duality. But it will 
be necessary for our purpose to build it on an independent foundation. 

Let 8 = S\he dL non-conical skew planar three-spread in F^ . Since its 
focal spread ^10 is of range 1, we see that a normal system of fundamental 
directrices (**P. D. G.," §§ 39-46) of 8\ is furnished by the two bottom rows 
of the array 

* For additional properties of £f,% see Ranum, Ttimb. Amer. Math. 800., Vol. XVI, p. 89, §§ 1-9. 
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iff 



(18) 



Ai A2 

Ai A2 

A 
That is, 

from which we derive 

S^.o = st = F,= [A^, A[,A'„ A'l, a;], 

S^,^ = S\ = Ul,A\], 
and 

The most general transformation to new directrices, which preserves the 
normal character of the directrices, will be a special case of (b), § 2, "P.D. G/'; 
namely : _ _ 

A = a^i, ii; = i8^; + y^i + SA, (19) 

where a^^O and jS^/^O. By means of this transformation it is easy to see that 
the fundamental differential equations of the spread can be reduced to the 
canonical form 

^r + (^1^2)' + kA', + hAi = 0, (20) 

< + 2 (Ajh^:-)' + 2ft2i^: + KA^ = 0. (20') 

We assume that this has been done. 

53. Of all the ruled surfaces enclosed in 8\j the only developable is 8\\ 
for A^ is the only directrix of 81 whose derivative is also a directrix of 8%. 
Hence, every non-conical skew three-spread 8 in F^ determines a unique develop- 
able surface whose generating lines lie in the generating planes of 8j namely^ 
its special enclosed spread 8^^^ . 

54. The tangent three-flat to 8\ at a point 

P = a A (co) +hA[ («) + cA't (o)) 
of the generator o is the flat connecting the plane g) and the point 

6^n^)+^^i'M. 

Being independent of the coeflScient a, it is the same at all the points of the line 
joining P and the focal point A-i {o) in the generator q. 

Defining a focal line of 8% as any straight line lying in a generating plane 
and passing through the corresponding focal point, we see that the tangent 
three-flats to 81 at all the points of a focal line coincide ; hence, we may speak 



* The reason for writing A/ with a prime is given in "P.D.G.," §41. 

19 
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of the tangent three-flats to SI along its focal lines ;* there are oo * focal lines 
and 00 ^ tangent three-flats. Obviously, the focal lines of an 81 and the tangent 
planes to an SI are correlative in F^ . 

Now consider those particular focal lines (c = 0) which are generators of 
Sly or tangents to the focal curve SI; the corresponding tangent three-flats 
to SI are generators of the spread 

T = T^ = [Ai y Aij Aiy A2] f 

which is the common enclosing spread of S and Si^2 ; that is, they are the flats 
connecting the generating planes of S and the corresponding osculating planes 
of S\ . Hence, among the 00 ^ tangent three-flats to a non-conical Sl = S there 
is a unique system T\ of 00^ three-flats j such that the focal lines along which 
they are tangent to SI form a developable surface; T\ is the common enclosing 
spread of S and Si^ . 

By means of (20) we classify the spreads SI as follows: 

Class (a) : ii^O; 00^'* spreads. 

Class (b) : i^ = 0, Zg =# ; 00 *^' spreads. 

Class (c) : 1^ = 1^ = 0; co *'» spreads. 

Class (a). 
55. Si^2 is of range 1 (=:S'J), and 

S,^, = S,= [A,,A[yA';, {l^A;,y + hA',]y 
which is of range 1 or 0, depending on (20'). Moreover, 
TiQ =z T^=^ [^1 y Aij Ai + li Ai] 9 



and 



r., = r. = [A' + i.^;-|^i + ((|)' + (|)>.]. 



T, is of range 1 or 0, depending on (20). Ti, TJ and Tl enclose Sly SI and 
S\y respectively; but Tl cannot coincide with SI. Letting r and r' be the 
ranges of /Si , and Tj respectively, we have the four subclasses : 

(an), r = l, r' = l; (a^^), r=l, r'=:0; 

(a«), r = 0, r' = l; (a^^), r = 0, r' = 0. 

Fig. 3 gives a schematic representation of Sf, when it belongs to the 

subclass (aji) or (agi). The planes Tfj, 712, 7^ are neighboring generators of SI; 

Pi , P2 , Pg , P4 are points of S\; hy k, k are generators of SI; m^ym^y 'fn^^ m^ 

* The tangent four-flata to 8^* along its generators coincide with F^ itself. 
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are generators of TJ; the planes Pi = {k, Wi), p^ = (ig, Wg), Ps = (^8> wis) are 
generators of Tl ; and Qi , ^2 > Qa are points of TJ . 

56. In constructing the general 81 of class (a), we first choose any planar 
Tl immersed in F4, either non-conical or a point-cone, and then any developable 
surface SI enclosed in TJ, except its focal surface Tl. SI will be either 
immersed in F4, or restricted to an F^ . Finally, we choose SI itself to be any 
three-spread whose generating planes contain the generators of SI and lie in 
the tangent three-flats of TJ? ^^^'^ '^^ exceptions^ namely Tl itself and the 
tangent spread SI of SI. These two are the only developable three-spreads 
enclosing SI and enclosed in T\ . 




and 



As an illustration of subclass (an), let 

T\=[A] =(l,a),(o^o^6)*), 

S\= Ui] = [A+GiA'] = (1, 26), 36)S4(j«, 5g)*), 

Os = [Aij Aij A^jy 

where [A[] = (0, 1, 3g), 6a)^ lOJ") and [A'^] = [^'"] = (0, 0, 0, 1, 4a)). SI is 
easily seen to be of order 5. 

Class (b). 
57. S^^2 is again of range 1, and 

^3.8 = 04 = [Ai J Aij Aiy A2] , 
which therefore coincides with T] . Fig. 3 can be made to represent this case 
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by letting the generating planes tCi, 712^ tts of 81 pass through the lines m^^mzfin^ 
instead of hyhjh'y they lie in the tangent three-flats of T\ , as before. 

In constructing the general S\ of class (b), we choose a proper developable 
TJ, and for generators of 8% take any continuous system of planes containing 
the focal lines of T\ and lying in the corresponding tangent three-flats^ with 
the exception of T\ itself. 

Class (c). 

58. iSi2 is now of range (a fixed plane n)j and coincides with Tio; 
that is, 

^1.2 = 08 = lAi , -4i , -4i J = Ts = Ti^o • 

8\ is a plane curve lying in n, and T\ is ia pencil of three-flats whose vertex is n. 
8\ may be described as a non-conical three-spread immersed in F4, whose 
generating planes intersect a fixed plane n in straight lines (instead of points) . 
These straight lines are the tangents to the focal curve 8\ . 

59. Classes (a), (b) and (c) may be characterized briefly as follows: 
Class (a) : 8^^2 = S\ does not coincide with Tj = ^8- Class (b) : 8\ coincides 
with T\ . Class (c) : 8,^^ = SI coincides with T^^o = Tl . 

We have shown that the focal curve 81 of an S'l may be a plane curve, 
a three-space curve, or a four-space curve, but can not be a straight line (point- 
range) ; and that T] may be non-conical, or may be a point-cone or plane-cone 
(pencil of three-flats), but can not be a line-cone. 

A three-flat Q of JP4 (see §§ 15-23) will intersect an iSf in a ruled surface 17, 
which is in general an 81 (§ 22). But if 81 is of class (agi) or (sl^^) and Q 
coincides with 8i^s=^8iy or if 81 is of class (c) and Q contains the plane 
8^^2 = 81 , then U coincides with 8^^^ = .SJ (^ 23) .• 

Irregular Ruled 8urfaces Immersed in F^. 

60. Coming now to five-dimensional space, we have three irregular classes 
of spreads to consider, namely (OSllO), (01120) and (01210), of which the first 
comprises the skew ruled surfaces whose tangent four-spreads are developable. 

Let 8 = 8\= [Ax , At] be any such spread. Then 

8''' = 8\ = [Ax,A,,A[,A-\. 

The fundamental differential equations can be chosen in the canonical form 

A';+{hA,y + hA, = Q, 
Ai'^ + {k^A^r^ + {htA^r +^{h,A,y + ^K,Ai = ^. 

* For additional properties of 8^*, see Rannm, loo, oii., §§ 10-14. 
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S''' = 8l=[A,,A,,A[,A',,An 



Hence, 
and 

Exactly as in the case of ruled surfaces in F^ (M2) we have S^'^ = /g'J = 
[^1, ^, A[] and S''^ = 8^ = [^i, ^i + ^i A^] ; and we define TJ = [^i] as the 
curve of intersection of 8 and 8^'^ . 

The classification of these spreads in F5 is precisely the same as in F4, 
the number of arbitrary functions for each class being one greater than for the 
corresponding class in F4 . In the description of each class the only changes 
are the following: In class (a) 5} is immersed in F5, and T\ is immersed 
either in Fg or in an F4; in class (b) T\{=8\) is immersed in Fg; in class (c) 
81 is a line-cone, as before, but is now immersed in Fg instead of F4 . 

Non-conicaly Irregular Four-spreads in F^. 
61. In Fg the four-spreads generated by 00^ three-flats are dual to the 
ruled surfaces. We now consider the class (01120) of four-spreads 8 whose 
focal surfaces are developable (and non-conical). They are ao*^* in number. 
Expressing 8 in terms of normal directrices, we have 

8^8\={A,,A[,A'{,An. 
Then 

8,^, = 8\=[A,,A[-\, 

8,^, = 8\ = {Ai.A[,Any 
and 

Oj 2 = 04 = \_Ai J Aiy Aij Ai\. 

We define T as the common enclosing spread of 8 and *Si 2 ; t^at is, 

T := Tii= [Ai , Ai , Ai , Ai y A^]. 

The three classes of spreads may be described briefly as follows : 

Class (a) : TJ is non-conical or a point-cone, and fi'i 2 = 8] is immersed 
in Fg or in an F4 and is enclosed in TJ, but does not coincide with T^ = ^l* 
The generating three-flats of 81 pass through the generating planes of 81 and 
lie in the generating four-flats of TJ. 

Class (b) : TJ is non-conical. The generating three-flats of 81 lie in 
generating four-flats of Tl and pass through the generating planes of Tg^o = 
Tl = 8l. 

Class (c) : TJ is a pencil of four-flats, whose vertex is a three-flat F. 
82^0 = 8\ is a curve immersed in F. The generating three-flats of 8] pass 
through the osculating planes of 81 and lie in the corresponding four-flats of 
Tl . 81 may be described as a non-conical four-spread whose generating three- 
flats meet a fixed three-flat in planes. 
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Proper Planar Three-Spreads of Range 2 in Fg. 

62. We now come to the last and most interesting class of spreads in t\, 
namely the self-dual class (01210), which comprises the non-conical, irregular 
planar three-spreads immersed in F^ . This is the simplest class of m-spreads 
in F^ having two branch series, one ascending and one descending. The array 
(18), ^ 52, is again fundamental, and we have 

Then 

8,^0 = T\ = [A,], 

8,^, = Tl = [A,,A[], 

Si 2 = 2^8= [Ai f Aif Ai]f 
and 

S''' = Rl=[A,,A[,A',,A;,An. 

The fundamental differential equations are 

G^XgoiAT + XguA':+:Sgu^i + gziAi = 0, 1 

H^i;K,Ai'^ + I.h,,A[" + i;h,A':+Xh,,A', + h,,A, = Oj ^^ ^ 
where 

1^01 fl'w I -J. n 
r L I ^ ^' 
^01 ^02 1 

The most general transformation to new normal directrices is again (19), 
and the most general transformation of the equations (21) themselves is 

where >l:^0 and v^Q. When (21) is simplified by means of these trans- 
formations, the result depends essentially on whether ^02 is equal to zero or not. 
If ^02 =# 0> we obtain class (a) ; and if g^^ = 0, classes (j3), (y) and (8). 

Class (a). 

63. This is the general class, containing 00 ^^* spreads. The differential 
equations (21) are reducible to the canonical form 

A^'+ (h AiY + hAi + kA, = (22) 



and 

It follows that 



and 



A['^ + 2 {k,, ^0' + 2 h, A', + k,. A, = 0. (22') 

Si 2 = 2^8 9 

Oj 8 = 2^4 = L-^l y Aij Aij Aijj 

8'-^ = R\ = [A^,A'„An. 
S''* = Ri={A,A';^kA^-\. 
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Geometrically, class (a) is distinguished from the other classes by the fact 
that 8ii ( = Tl) , which is in every case enclosed in S^'^ = UJ , is not in this case 
enclosed in S^'^ = BJ (see Fig. 4) . Hence, in order to construct the most general 
SI of class (a), we can first choose any developable three-spread iJJ immersed 
in F5 , either non-conical, a point-cone or a line-cone ; we can then choose any 
curve T\ situated on Rl, but not on its focal surface (or vertex) R2; T\ will be 
a five-space, four-space or three-space curve. Finally, we can choose SI itself to 
be any three-spread {without exception) whose generating planes pass through 
the tangents to T\ and lie in the corresponding tangent three-fiats to Rl . 

64. Coming to the extended tree, we define R as the common enclosed 
spread, or surface of intersection of SI and Rl . Then R = Rl== [Ai , -4J] , 
IJi'O = R\ = S^'\ R^'^ = fli = S^'\ etc. i? is a non-regular ruled surface. As 
we have seen (§60), its structure depends essentially on that of the curve 
U = U\= [-4J], in which it is intersected by R^'^ = Ri. R can belong to any 
one of the three classes (six subclasses) of such surfaces. Thus it belongs to 
class (a), if in equation (22) h^O; to class (b), if Zi = and ^ n/^0; to class 
(c), if 1^ = 1^ = 0. 

Dually, we define T as the common enclosing spread of 81 and T, ; that is, 

T= T^=^ [Ai J Aij Ai f A2] , TiQ = Tj = ^1,1 j 2^x 1 = T, = Si 2 , etc. 
T is a non-conical, irregular four-spread, and its structure (see §61) depends 
on that of the five-spread 

K = F5 = [Ai J Aij Ai J Aif Af] 9 

which is the common enclosing spread of T and ^1.2 = T^. T can belong to 
any one of the three classes {six subclasses) of such spreads. If in equation 
(22') kf^^O^ T belongs to class (a) ; if A^ = and /^n/^O, to class (b) ; and 
if ^22 = ^82 = 0, to class (c). 

The class to which T\ belongs is obviously independent of that to which R\ 
belongs ; this independence can easily be shown to extend to the subclasses (au) , 
etc., as well. The spreads S\ of class (a) can therefore be divided into 
6 • 6 = 36 subclasses, depending on the subclasses to which R\ and T\ belong. 
If R\ belongs to subclass (a^) and T\ to subclass (b), we shall say that 8\ 
belongs to the subclass {a^^^,) ; and similarly for the other combinations. 

It is not difficult to verify that the entire extended tree determined by 8\ 
is made up of the spreads already mentioned, together with their successive 
tangent and focal spreads. In the case of the most general subclass of all, 
namely (a^j^a^J, the extended tree is indicated in Fig. 4, where the full and 
dotted lines have the same significance as in Fig. 1. 
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65. By means of the extended tree we can construct the most general 
spread 81 of class (a), for which Rl belongs to any prescribed subclass, as 
follows. We first choose a developable three-spread Rl immersed in F^ , either 




non-conical, a point-cone or a line-cone, according as Rl is to belong to one of 
the subclasses (an), (ajj), (b), to one of the subclasses (agi), (a^g), or to (c) ; 
this choice depends on four, three or two arbitrary functions, respectively. 
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We next choose on its focal surface (or fixed line) JRg a five-space or four- 
space curve (or point-range) Z/J, which depends on "either one additional 
arbitrary function or none, according as Rl belongs to one of the subclasses 
(au), (aji), (c) or not. 

The third and final step is to choose a curve Tl , situated on Rl , but not on 
its focal spread R2 or on the tangent spread Ul of Ul . Any further speciali- 
zation in the choice of T\ has no effect on the subclass to which Rl belongs, 
but does affect the subclass to which Tl belongs. Thus if T\ is a five-space 
curve and depends, therefore, on two more arbitrary functions, Tl will belong 
to one of the subclasses (an), (a^), or (b) ; if T\ is a four-space curve and 
involves one more arbitrary function, TJ will belong to (agi) or (a22) ; finally, 
if Ti is a three-space curve, involving no more arbitrary functions, TJ will 
belong to (c). 

The curves Dl and T}, as so chosen, determine completely the original 
spread 8\ and the entire extended tree. For R\ is generated by the lines 
joining corresponding points of U\ and T\ , and S\ is generated by the planes 
joining the points of U\ and the corresponding tangents to T\. Moreover, 
Tl is generated by the three-flats joining the points of U\ and the corresponding 
osculating planes of T\ , and V\ is generated by the four-flats joining the points 
of TJX and the corresponding osculating three-flats of T\ . 

66. Dually, it is clear that by properly choosing TJ, VI and iJJ, we can 
construct the most general SI for which Tl belongs to any prescribed subclass. 
The four-flats of FJ intersect the corresponding four-flats of Rl in the three- 
flats of Tl ; and they intersect the three-flats of R\ in the planes of 81 , the 
planes of Rl in the lines of Rl , and the lines of R^ in the points of U\ . 

67. The degree of generality of each of the 36 subclasses of (a) is now 
easy to compute ; the number of arbitrary functions varies from seven to three. 
At one extreme is (a^^^a^), which contains 00^^' spreads; while at the other 
extreme are (aa^a^), (a«^^), (a^o^) and (a^ J, each of which contains 00 •^^ spreads. 

SI is obviously determined not merely by Ul and TJ, or by FJ and JRJ, 
but also by Rl and Tl , by Tl and R\ , or self-dually by Rl and Tl . This is the 
first case we have met of an irregular spread that is completely determined 
by the other spreads of its extended tree. 

It is to be noticed, however, that if Rl is chosen arbitrarily, it is in general 
impossible to find an SI, for which Tf shall belong to one of the subclasses 
(agg) or (c), having the lowest degree of generality. This is easily seen, for 
instance, in the case where Rl belongs to (au) and Tl to (c). For then Rl 
involves six arbitrary functions, whereas 81 has only five functions at its dis- 
20 
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posal. Geometrically, also, we see that when T] belongs to (c), Rl can not be 
the most general spread of class (an) ; for T\ is then immersed in an Fs and 
is therefore the curve of intersection of Fg and Rl . But if Rl is chosen arbi- 
trarily, its generators will not meet any F^ . 

Classes (j3), (y) and (8). 

68. Returning to the differential equations (21), we now take up the case 
in which 5^02 = 0. They are no longer reducible to the form (22), (22'), but 
instead to the form 

^1' + (h AY + k A', + ^3 ^1 = 0, (23) 

Ai'^ + S (fcji ^0' + 2 h, A\ + ftn A^ = 0. (23') 



It follows that 
and 



S^'' = R\ = [A,,A[,A[\A',h 

S'''=:R,= [A,,A[,A['+hA',]. 
The further classification depends on the values of li and k in (23), as 
follows: Class (/?), Ii4^0; class (y), l^ = 0, k^O; class (S), /i = ?2 = 0. 
It is evident that these three classes correspond exactly to classes (a), (b) 
and (c) of the skew planar three-spreads in F4, as given in §§ 55-59. The 
only essential difference is that the role of the spread T\ is here played by 
8^'^ = Rl . The number of arbitrary functions for each class is one greater 
than for the corresponding class in F^^ and is therefore the same as for the 
corresponding class of ruled surface of type (02110) in Fg, or of four-spreads 
of type (01150), as given in §§ 60, 61. 

69. Classes (j3), (y) and (8) may be described briefly as follows: 
Class (j8), four subclasses: 8^'^ = Rl is non-conical or a point-cone. 

Si 2 = TJ is immersed in F5 or in an F4 . Rl encloses Tl , but does not coincide 
with Tl. The number of arbitrary functions varies from six to four. The 
subclass ipu) or (jSji) is represented in Pig. 3. 

Class (y) : iZJ is a non-conical spread immersed in Fg and coincides with 
Tl. There are five arbitrary functions involved. 

Class (8) : 8^'^ = Rl coincides with 8^^^ = Tl. Tl is a plane curve; R\ is 
a plane-cone. &'| may be described as a proper three-spread whose generating 
planes meet a fixed plane in lines. There are four arbitrary functions involved. 

The spreads R and T, as defined in § 64 for the class (a), become coin- 
cident, for the classes (/3), (y) and (8), with Tl and R\, respectively. Hence, 
the extended tree, Fig. 4, reduces to the primary tree determined by 81 . 

70. The following general theorems concerning three-spreads 81 of type 
(01210) follow almost immediately from what has been proved. 
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Among the ruled surfaces^ oo*^* in 
number J which are enclosed in 8%^ 
those whose generators are not focal 
lines* of 8% are all skew surfaces. 

Among those whose generators are 
focal lines of 8%^ oo^^ in number, 
there is one exceptional surface that 
is developable^ viz., its special en- 
closed spread T\ . 

Among the latter there is also an 
exceptional surface R having the 
property that the tangent three-flats 
to 81 along the generators of R form 
a developable four-spread R\ . 



Among the four-spreads ^ qd'^* in 
number J which enclose Sly those whose 
generating three-flats are not tangent 
to 81 are all skew four-spreads. 

Among those whose generating 
three-flats are tangent to 81 ^ ao^» in 
number, there is one exceptional four- 
spread that is developable^ viz., its 
special enclosing spread R\ . 

Among the latter there is also an 
exceptional four-spread T having the 
property that the focal lines of 8\ 
along which the generators of T are 
tangent to 81 form a developable 



surface T\. 
If 81 belongs to class (j3), (y) or (8), R coincides with T\ and T with R\. 



71. Among the ruled surfaces gen- 
erated by focal lines of 8\ , T\ and R 
are the only ones which are not of 
type (0220). If 8\ is of class (a), 
R is of type (02110) ; its tangent 
spread R\ \b developable. 

72. If 8\ is a skew ruled surface 
generated by focal lines of 8%^ the 
tangent three-flats to 8% along the 
generators of 8\ are also the tangent 
three-flats to 8\ itself ^ and therefore 
generate its tangent spread. 



Among the four-spreads whose gen- 
erators are tangent to 81 ^ R\ and T 
are the only ones which are not of 
type (0220). If 8% is of class (a), 
T is of type (01120) ; its focal surface 
T\ is developable. 

If 8\ is a skew four-spread whose 
generators are tangent to 8\, the focal 
lines of 8\ along which the generators 
of 8\ are tangent to 8% are also the 
focal lines of 81 itself j and therefore 
generate its focal surface. 



If 81 is of class (a), there exist oo^* three-spreads enclosed in Tl and 
enclosing Rl , all of which are of range 3 except 81 itself. 



73. The spreads 81 of class (a), 
for which Rl is of subclass (c), are 
precisely those proper three-spreads 
of range 2 whose generating planes 
meet a fixed line Rl , but do not meet 
a fixed plane in lines. 



The spreads 81 of class (a), for 
which Tl is: of subclass (c), are pre- 
cisely those proper three-spreads of 
range 2 whose generating planes meet 
a &xed three-flat TJ in lines, but do 
not meet a fixed plane in lines. 



* See § 54. 
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The subclass (a^^) consists of the proper three-spreads of range 2 whose 
generating planes meet a fixed line R% and also meet a fixed three-flat TJ in lines. 
Rl and TJ will necessarily be non-intersecting. 

To illustrate this case, let 

and 

t/j = [^;] = (1,0,0,0,0,0). 

Then, JRJ is the line x^ = x^ = x^ = x^ = 0^ and TJ is the three-flat Xi = a)2 = 0. 
T\ is a curve immersed in TJ • ^J is a line-cone generated by the planes con- 
necting jRg with the points of T\. T\ and jRJ are of order 3, TJ and R\ are of 
order 4, T] and R] are of order 3. The lines of Rl connect the points of the 
range U\ with the corresponding points of TJ, the planes of 81 connect the 
points of U\ with the corresponding tangents to T\ , and the three-flats of Tl 
connect the points of U\ with the corresponding osculating planes of TJ. 
The orders of Rl , SI and T\ are 4, 5 and 4, respectively. 

GoBKELL Univebsitt, January, 1914. 
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On the Order of a Restricted System of Equations. 

By P. P. Dbckbb. 



I. Introduction. 

§ 1. The conditions under which two rational integral equations of degree 
(I and V respectively will have k common roots may be found as follows : * Take 

f^(x)^aoaf+aiaf'''^+ +a^a/'"'"+ +a^=0 

and 

f^{x)=boX''+b^x''-'+ .... +b,x''-'+ .... +6,=0, 

having k common roots ai, 02, , a^. They may be written 

fi{x)=Co{x—ai) (x—di) :. . . {x—ai,)^i{x) 

U{x)^Co{x—ai) (a;— 02) (a?— at)^(a;), 

<^,(a;)^^a^-*+^ia:^"*-^+ .... +A,x^''"'+ .... +^m-* 

^^{x)^BoX'^''+B^x''-^-^+ .... +B^rr''-*-^+ .... +«,.*. 

Consequently, 

fi{x) ' ^{x)^f2{x) ' ^{x). 

By equating the coefficients of like powers of x in the two members of this 
equation, there result I — k+1 equations linear and homogeneous in the 

{ — 2{k—l) quantities Aq, Au , ^^t-*, -Bq, B^, . . . ., -B^-*, {l=zii+v)j all of 

which must be satisfied by the coefficients ao , aj ,...., a^ , 60 , 61 ,...., 6^ , as 
follows : 

aoBo —boAo =0, 

UiBo+aoBi —biAo—boAi =0, 



and 

where 

and 



«*-Bo+«/k-i-Bi+ +a^^,^tB,^i,—b^Ao—bj,_iAi— —&&-;!+* ^Ac-t=0 



a^i?o+flJ/i-i-Bi+ • • • . +a^-y+ti?y_jfc 



a^B^^j, — &,^M-*=0- 

The conditions resulting from eliminating the quantities Aq, A^ . . . .y A^^^ , 

» Euler, " Berlin Memoirs/' 1764, p. 90; " Histoire de I'Acad. de Paris," 1704, p. 298. 
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Boj Bij . . . .J Bp^t from each set of I — 2{k—l) equations in turn may evidently 
be written in the form 

Gotti. . . .a^O .... 

Gq. . , , a^O 



:0, 



.... 6o . . . . 6y 

or more briefly written (using a notation to be presently explained) 

whfere m=Z— 2(/c — 1) andw=Z — k+1. 

§ 2. The number of conditions is „C„, but it seems that not all are inde- 
pendent; in fact, the earlier part of the present work (III-IV) will concern 
itself with the number of linearly independent determinants in the set. 

Subsequently each element ti^, of the matrix Hw^nli^"*^ will be viewed as a 
function of degree a^+a^ of a set of variables.* The degrees of the elements 
are thus considered to be equidiflferent with respect both to rows and to columns. 
The order of such a matrix will be determined (V). Finally, the geometric 
significance of the result will be pointed out (VI). 

§ 3. A treatment of the number of solutions of the restricted system of 
equations obtained by equating to zero all the determinants of the w-th order 
of the matrix ||w,„nll may be found in Salmon's "Modern Higher Algebra"! 
(fourth edition, pp. 283-313). 

After treating the special cases (m=l, w=l), (w=2, «=2), (m = l, n=2), 
{m=2, n=3)f and (m=l, w=3), Salmon announces without proof for the 
general case the number of solutions of the system of equations herein consid- 
ered as 

.a„^^_i(2af+2aia2)+2;aia2 a„_^_2(2a?+2;a?a2+2aia2a8) 



2ai a2 ' 
+2aia2. 

+ ...•, 



or 






where Ci, is the sum of all the elementary products of weight k involving the n 
a% and Hj, is the complete symmetric function of weight k involving the m a's. 

* Compare Segre, <'Gli ordini deUe variety che annuUano del diyersi gradi eBtratti da una data 
matrice/' Rendio. R, Accad, Dei Lincei, series 5, Vol. IX, sessioii of October 21, 1000. 

fThis treatment may also be found in Salmon's "Analytic Geometry of Space" (German transla- 
tion), third edition. Vol. II, pp. 586-^7. 
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Stuyvaert* arrives at the same problem from geometric considerations, 
but likewise contents himself with the results for certain cases. 

§ 4. The object of this investigation is to offer a theory for the general 
treatment of the restricted system of equations Nfl»„||^'*^=0. 

The method of treatment is in the first place based on the theory of the 
linear independence of n — m+1 of the determinants of IN»nll^"*^' The method 
of showing the number of such linearly independent determinants indicates 
also a method for their selection. 

Next it is shown how to express the remaining determinants linearly in 
terms of the linearly independent ones (IV). In that we begin with the appar- 
ent order of the system of linearly independent determinants, it is possible, by 
means of these linear expressions, to discover another system by whose order 
the apparent order of the given system must be reduced to obtain its actual 
order. This second system is obtained by combining with a set of equations, 
less in number than the number of variables and arising from the scheme of 
linear expressions, a number of equations equal to the deficiency and such that 
the new system determines values of the variables satisfying the linearly inde- 
pendent determinants without satisfying the complete system. The existence 
of such additional equations is shown generally, and a method for their deriva- 
tion is developed (V). 

The calculation of the order of the second system is reduced to the calcu- 
latioi^ of the order of a third system of lower order, by whose order the 
apparent order of the second system must be reduced. This process is con- 
tinued until there is reached a simple system whose actual order can be obtained 
without further reduction (§26). 

The method gives the result surmised by Salmon, as already stated. 

II. Notation- and Notational Relations. 



Un 



%n 



% 



ml' 



'U„ 



(P) 



or 



m« 



((p) 



denotes the aggregate of all determinants of the p-th order that can be formed 
from the matrix by suppressing m — p rows and n — p columns. That all these 
determinants vanish will be denoted by 

(p) 

=0 or ||u^J|<''>=0; 



Uu 



Win 



u. 



ml < 



•Wm« 



» M. Stuyvaert, " Cinq etudes de g^om^trie analytique," Memoires de la BocUU royale des Soiencea 
de Li6ge, 3rd series, Vol. VII, 1907; see also M. Giambelli, <<Le varietit rappresentate per meszo di una 
matrioe generica di forme," etc., Rendic. R, Accad, Dei Linoei, series 5, Vol. XIV, sessions of December 3 
and 17, 1005. 
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162 Decker: On the Order of a Restricted System of Equations. 
and the order of such a system of equations by 

signifies a matrix formed from the matrix 

by suppressing the columns ^ , feg >••••> ^r and inserting the columns A^i , ^2 * 
• • • • J ^« • 

Certain matrices formed from a given matrix by the suppression or addi- 
tion of columns, or both, will here be defined. 



I (m— 1) 

.,*-2, fci, ...., A»_, '*m«ll > 



.W« 



A;>2, 



where ^, /^2> • • • •> '^jk are different integers of the series w+1, w-f 2, , w. 

^^fc^G^w + G^ifcB; that is, the system G^ is composed of all the determinants of the 
two systems Gj^^ and G^b^ Likewise G'i,^G^ji + Gj,c* It is to be noticed that 
(?i=GJs(?i^ , since (tijjsGic=0; that is, there is no system Gib or Gie. 
A second set of matrices will be defined as follows : 



Hl^l 


IVm■Hlll^•^ 


ff.^^ll8«».»+lll<"^ 


ff2l.^llIV»+lll'"^ 


H«c-llM««.»+lll^-'^ 




^18 MX»+1 


H..- 


WsS • • • • Ws m+1 




«m8-. ••«»»+! 




M88«S5 ■Msm+l 


^«.- 


«««« •• •.««»+! 




W»sW««.. ■•««•+ 




(»-») 



(»-») 



^»+i-i=«— . or «^i.„+i, according as w is odd or even, H«+ib=««.„+j, 
^»+ic= II «• »-i «« »ll ^'^ or M^i, „+i , according as w is odd or even. ^4=^^ +^»b • 

Ob represents the order of the system R. 
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§ 6. Certain symmetric functions also will be defined. 

H^i ^Hi{ai,^i , %+£ ,...., «to) , rfi ^odi , ado =1, 
ifii ^H,(afc+i , aA+2 ,...., a„ ) , 5, ^58, , g^o ^1, 

<«< 

§ 7. In order to facilitate later calculation, certain relations will be shown 
to exist among the symmetric functions just defined. First it will be shown that 

%-lVK^,Yi=^- (1) 

by calculating T, the coefficient of a J' • af" • • a*«, where 2ifci=fc, K^^ and 

1 

g < A:. From the function 5;b_y yy > i £ 2> at' * °^t* * • • • • ' ^*,* ^^^ ^® formed by select- 
ing terms containing any ; of the quantities a^^ ,...., a<^ from Yj ^^d multiply- 
ing by the proper factor from i^^^. Hence its coefficient is fi^. If j>g, 
o^* • oj,' • . . . . • a^i can not be formed at all, as every term of yy contains j a's. 

and .•/2V/y/=2* 2\-l)',C>f' o^- . . . . • a$«=0. (2) 

§ 8. Next it will be shown that 

'i{-lVK^,J,=Q (3) 

y=o 

by calculating 5, the sum of the terms of degree I — k in the a's and k in the 

a's. The sum of the terms of the proposed degree in Kj^^J^ is 

C,_fc • 5ft_y Yi + C,_t_i • rfi • 5t_y+i • Yi^i + . • • + C',_t_fc • dft h^i^i, Yh-h + • • • + (^i-k-i df 5* , 
Performing the summation for each of these terms and noting that 5t_y=l 
when j=kj and that 5fc_y=0 when ;>ifc, 

+ (-i)*c^.»_»4 i* (-i)'^w yy+ • • . • + (-i)'-*<i J2 (-i)^«»Hy, 

* See Burnside and Panton, ** Theory of Equations/' fourth edition. Vol. I, p. 170. 

21 
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and from relation (1) the second 2 vanishes. Therefore 

§ 9. It will also be shown that 

+ (-i)^-^,2r,^,.,-^j,+ .... + (-i)'F^i-i. (5) 

From equation (3) 

K,=K,^,J,-K^,J,+ . . . . + (-1 )^-^ AVyJy+ . . . . + (-l)'-V,. 
By separating the terms of Ki into two classes, according as they do or do not 

contain ai , 

Ki=aiiKi^i+iKi. (6) 

For the J's the result is Ji=iJi+aiJi_i, and by applying the formula to itself, 

Ji=iJi+aiiJi^i+aliJi^2+ +«?!«/,-*. (7) 

From 5 and 6, 

+ (-i)^^fi:w-i«//+.... + (-i)'-^iJ,-i, (8) 

and from 7, 

Ki=iKi__i • Ji — iKi_2 ' iJz+iKi^ • p/s — • • • • 

+ {-1)'-\K,_, .,J,+ .... + (-l)'-Vt-i. (9) 

By applying (6) and (7) to the (;' — l)-th and ;-th terms of the right memher 
Of (9), 

— (2^/-Kl + fl2 • i^Z-y) (2^/-l + «2 • 2«^i-2+ +O2"* ' 2«^2), 

and therefore the factor multiplying iK^^^ in (9) is gJy, and (9) becomes 

Ki^=lKi^l • Ji 2-Br/_2 ' I*^2 + 2-K'i_8 • gJs • • • • 

Repeating this reduction a sufficient number of times, 
Ki^iKi_i • Ji — 2-K'i-_2 • i*^2+s-fi^j-8 • 2*^8 — • • • • 

+ (-i)'-'jff,_,.y=^iJ,+ .... + (-i)'-S-=iJ,. (10) 

III. Some Theorems on the Linear Independence of Certain of the 

Determinants ||w„»nll^"*^- 
§10. Theorem 1: In l|w^„+ii|^"*^ there are two linearly independent 
determinants. 

Write t;„i;i2 Vj^+i 

1^11 i/12 Wi^+i 



A= 



^^wil Wm2- • • •'^mwi+l 
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and let F^ be the cofactor of v^ in A. Then 

«M ^U+ «22 F12+ + M2 »+l T^l •+1 = (Cj) , 

-• y 

W^ll »^11 + V«~12^12+ . • . . +ti«-lin+l^lm+l = (e«_i), 

(Cj) makes it possible to express one V linearly in terms of the m others by 
means of determinants of the first order, showing that there are not more than 
m linearly independent F's. (ej) and {e^) make it possible to express two 
F's linearly in terms of the m— 1 others by means of determinants of the sec- 
ond order, showing that there are not more than m — 1 linearly independent 
F's. Finally, the system (61), (62), . . . ., {^m-i) makes it possible to express 
m — 1 F's linearly in terms of the two others by means of determinants of the 
(m — l)-th order, showing that there are not more than two linearly inde- 
pendent F's. 

It might seem that the system (ei), (eg), . . . ., (e^) would enable one to 
express m F's linearly in terms of the other one by means of determinants of 
the w-th order ; but such is not the case, for when the solution is attempted an 
identity results, as will be shown by an attempt to solve for Fj ^^ in terms 
of Fi^^i. 





«11. 


• •'"ifc-i ^im+i ^i*+i • 


..«!«» 


1/ — 


t^mi- 


••'^mfc-l^mm+l^mfc+l- 


..^mm 


*^1»— - 


tl,, . . 




. .Wi- 




*^ii • • 




• • **im 




t^mi. 




.«mm 



-fc+1. 



«11 • 


•«1*-1 «!*« • 


••«lm« 


W..1-- 


•««»-l««*+l- 


• •«««« 


u,,. . 




. . .«,_ 


*^11* • 




• • • "'im 


««!•• 




•••««« 



F,,.i=(-1)'« 



or 

^Im+l Fijb= ( 1)"* ^ik Fi,»+i, 

where Aj^ is the determinant formed by deleting the /c-th column of ||w«,tt+il| ; 
that is. 

This gives Ai^=( — l)^+*Fi^, and therefore 

(-l)-'^^F,^^,.F,,= (-l)-*+^(-l)^^^F,,.F,,^„ 
or 

Fi^+i-Fi,= Fi,^,.Fi,, 
an identity. 

Since the F's are numerically the determinants ||w,„„+il|^'*\ the theorem 
follows. 

The theorem shows that any two of the determinants may be used as the 
two linearly independent ones. Unless otherwise stated, the two chosen will be 
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the two having the first m — 1 columns common; that is, 

llsHTii^m^^-ill'"^ and ||^ti«,+il|<-*>. 

§ 11. It will be shown by mathematical induction that the number of 
linearly independent determinants of the system ||w«nil^"*^ is n— m+1; that is, 
that all the determinants of the system can be linearly expressed in terms of 
n — m+1 of them. 

Before passing from the case just given to the general case, a few special 
cases will be given to elucidate the process. 

§ 12. Next it will be shown that 

Theorem 2 : ||t^„^»+2il^"*^ can be linearly expressed in terms of 






and 

The determinants 

and 



|(m) 



lm,m+l^mm+2l 

llirF?w,,+,||<*) 
llirM«««+2ll<-> 



1, 
2, 

3, J 



^m,m+2 • 



(a) 

(b) 

can be so expressed; for, by theorem 1, (a) can be so expressed in terms of 1 
and 2 and (b) in terms of 1 and 3. 

Since the remaining matrices of m+1 columns contain both columns m + 1 
and m+2, they contain m — 1 of the first m columns each. The one that con- 
tains the first m — 1 columns ilm^mm+2ll^"*^ is linearly expressible, according to 
theorem 1, in terms of 2 and 3. 

For the case of one of the others, 



U^^««+2ll^% 



^=1, 2, , m— 1, 



it is linearly expressible, according to theorem 1, in terms of ilviirr2W«m+2ll^"*^ 
and lls7^Ti^mm+2ll^"*^ tte first of which is included in (a), the second in (b) ; 
and (a) and (b) have already been shown to be linearly dependent on /„^,„+2. 
Thus all the determinants l|w,»„+2ll^"'^ are linearly dependent on the system 

*m.m+2- 

§ 13. Next it will be shown that 

Theorem 3: N^^+sll^"*^ can be linearly expressed in terms of 

IIto+1, m+2. i»+8 ^m m+sll "* 1> 
lliii,m+2,m+8 WjUTO+sll "* 2, 



and 



lm,iii+l,m+8^mm+sl 
I m7»»+I7m+2 ^w m+8 1 



|(ii») 
|(«») 



3, 

4, 



/, 



M, m+» • 
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The determinants 

and 

llsrP2^^««+8ir"^ (b) 

can be so expressed, for, by theorem 2, (a) can be so expressed in terms of 1, 
2 and 3, and (b) in terms of 1, 2 and 4. 

Since the remaining matrices of m+2 columns contain both columns m+2 
and m+3, they contain also m of the first m+1 columns each. The one that 
contains the first m, 

is linearly expressible, according to theorem 2, in terms of 1, 3 and 4. 

For the case of one of the others, ||RW«»„»+3il ^'*^ fe=l, 2, , m, it is linearly 

expressible, according to theorem 2, in terms of 



lU^ 



|(«) 



llA, m+1, m+S '^mm+8il 9 
and \\ h,m+l.m+2 Umm+z\\^'^\ 

the first two of which are included in (a), the third in (b) ; and (a) and (b) 
have already been shown to be linearly dependent on the system /«.«+8- Thus 
all the determinants 

are linearly dependent on the system I^^ ^^g . 

§ 14. It will now be shown that 

Theorem 4 : The determinants ||w««+rll^"*^ are linearly expressible in terms 
of the r+1 determinants 

llfn+X7...,m+r'Wmm+rll 1> 

ilm, m+2, .....m+r^mm+rll ^> 





,1 


ii il ("*) 




llm,m+l,m+8... 


.,,m+r ^mm+rW 


11 .. i>rm) 


Ilm,.. 


..,m+A-l,m+*+l,.. 


..,m+r**mm+rir 



3, 



I 



ll m,....,m+r-l t^mm+rll^"^ ^ + 1,, 

provided the expressibility is possible when r is replaced by r — 1. 
The determinants 

lliir+7Wmm+ril<"^^ (a) 

and 

ll5M7=I^^mm+rir'"^ (b) 

can be so expressed, for, by the assumption, (a) can be so expressed in terms 
of 1, 2, . . . ., r, and (b) in terms of 1, 2, ... ., r— 1 and r+1. 

Since the remaining matrices of m+r — 1 columns contain both the columns 
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m+r — 1 and m+r, each of them contains also m+r—3 of the first m + r — 2 
columns ; that is, they are 

lls^^««+^ll^"^ fe=l,2,....,m+r-2. 
The matrix llsTH^^mw+rll^"*^ is linearly expressible, according to the assumption, 
in terms of 2, 3, . . . ., r + 1. 

For the case of one of the others, 

\h^n.n.^r\\'''\ /l = l, 2, . . . . , m + f-S, 

it is linearly expressible, according to the assumption, in terms of 

liA, m+1, m+S, ...., m+r^^mm+rll > 
lU, m+1, in+2, in+4 , m+r^mm+rll J 



U,m+l,....,m+Jfc-l, m+*+l , m+r ^m m+rll 



and ll A,m+l m-^r-^ ^ml,>+rll^"^ 

all but the last of which are included in (a), the last being included in (b). 
As (a) and (b) have already been shown to be linearly dependent on the sys- 
tem Im.m+rf^^ follows that all the determinants llw^^^+rll^'"^ are linearly dependent 
on the system /„ ^^^ . 

§ 15. Theorems 1, 2 and 3 respectively state that the assumption of theo- 
rem 4 is true for the cases r=2, 3 and 4. Therefore by mathematical induc- 
tion there follows the more general theorem 

Theorem 5: The number of linearly independent determinants among 
||i/.,,jr«)isn-m+l.* 

§ 16. It has been pointed out (§1) that the condition under which two 
rational integral equations of degrees (i and v respectively will have k common 
roots may be written in the form 

where n=ii+v—k + l and m=(i+v—2{k — 1). It is to be noticed from theo- 
rem 5 that the number of linearly independent determinants involved is 
n—m + l=[fi+v—k + l] — [!i + v—2{k—l)\+l=k. 

IV. A Problem on Expressibility. 

§ 17. The expressibility of all the determinants iiw«,„ll^"*^ in terms of 
n—7n+l of them having been shown, the problem of actually expressing them 
will be considered. 



* Compare Sommerville, Proceedings of the Edinburgh Mathematical Society, Vol. XXIV, November 
10, 1905. See also Muir, " On Some hitherto Unproved Theorems in Determinants," Proceedings of the 
Royal Society of Edinburgh for 1890-1891. 
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Pboblem 1: To express any determinant 1/^1,^2, , /i«| of ||w„»nll^"*^ i^ 

terms of the determinants |1, 2, . . . ., m — 1, /c|, A;=m, m + 1, . . . ., t?. 

The first case considered will be that in which | fej , ^2 >••••? '^m I contains 
none of the first m — 1 columns of ilw^,!!, 



./^.,....,fcj-^^*^^'^ 



*Sk. 



«ll.».^»».- 



•«-». 



Multiply the first row by W^ , the second by Wt , etc., and add to the first row 
the sum of those following, where W^ is the cof actor of w^ in 



«ii 

«21 






^»: 



I fej , ^ , , ^„ I = 



or 



I ^1 , ^2 , 



W,Wi....W^ 



1^ 
w 






1,2,. 


...,m— 1, ^|.. 


..|1,2,. 


. .., w— 1, K\ 




«»». 


• • 


««.». 



By expanding the determinant in the right member in terms of the elements of 
its first row, 

\K, h, . . . ., K\^ ^ [\h, . . . ., K\ ' \1, 2, . . . ., m-1, h\ 

|'^i,'^8, ,fe«| • |1,2, ,m— 1,^2! + ] 



W^ 



''^' .|l,2,....,m-l,/ij, (11) 

where | /^i , /i2 » • • • •, '^m-i I is a determinant formed from | /^i , ^2 > • • • • , '^m-i > '^i I 
by suppressing the first row and the last column. 

§ 18. To express \hiy h29 . . . .^ h^\y in the case under consideration, evi- 
dently n—m + 1 linearly independent determinants, that is, a complete system, 
are required. To express | ^ , ^^2 ,-•••> ^m I ^ terms of linearly independent 
determinants, in the case where it contains k of the first m — 1 columns, the 
argument as given for the other case is valid, but evidently only n — m+1 — k 
of the linearly independent determinants are required, as k of the determinants 
in the right member of formula (11) have each two common columns and vanish 
identically. 



I 
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§ 19. By a slight change in the details of the proof a formula similar to 
(11) may be obtained in which Wi is replaced by TT^ , fc = l, 2, . . . . , m. However 
there follows the 

Corollary : The expressibility is not possible if 



Iw««-il 



I («*-!) = 



'11 



.U 



lm-1 



U^ 



' ^m m— 1 



(m-1) 



=0. 



V. The Reduction of the Order of ||w„J|("»>=0. 

§ 20. A part of the notation will be repeated at this point for convenient 
reference. 

^2*^2 4+1 ^<2 m 'W^ I 



GuA^ K. k-l U^nW'^^^ 



G*i.-lli;2r::T-.-2«..ll^~-*^^>= 



^mt^mfc+l- 



.Wm«....W.«, 



(») 






(w-fc+2) 



G 



kC' 



ll,2 ,*-2, Aj, Ajfc_a^Vmll == 



t^lfc-1 ^'im^'lA, 

ti2*-l W2« W2&1 






C») 



Q^tP=ll t2......lb-2. &, *^W.^JI^~~'^ = 



^m Jfc-l • • • • ^m m ^^m A, • • • • ^i» A*-, 

Wifc_i Ui^ Ui^ U^^^ 

U2k-1 "Ikm W2A, U2H^ 



*!»*»-» 



(m-1) 



G,^G,^ + G,s and G',^G,^ + G,c. 

It will be noticed that (7i=6ri=6ri.4 , since 6riB=(7ic=0 ; that is, no system Gib or 
Gic is formed. 

No system G^,^ can be formed when n— ( A;— 1 ) < m ; that is, when k > n — m+ 1. 
Likewise no system Gj,b can be formed when m — {k — 2)<1; that is, when 
A; > m + 1. (7jtc is a single determinant. 

§21. Since 6ri= II w^„||^"*\ m<n, contains n—m + 1 linearly independent 
determinants (theorem 5), the elements of its determinants will be considered 
to be non-homogeneous functions of degree as previously stated (§ 2), of a set 
of n — m + 1 variables; so that the system iJw^^H^"*^ will be exactly sufficient to 
determine value systems of the variables. 
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The determinants of Gi can be linearly expressed in terms of 

if Gso^\\iu^j\^'^''^^0. (Problem 1.) Therefore 
Theobem 6: Oq^<Oq^ (note Gg^Gg), where 

§ 22. But 6?! is not linearly expressible in terms of Gi if (?82>=0 (prob- 
lem 1, coroUory ) . Hence, if a system of equations can be formed from which 
values of the variables can be determined that will make G^j, and G^, vanish 
simultaneously, one will have ^2=0 without having 6ri=0. In that case, the 
order of such a system should be deducted from Oq^ in determining Oq^ . It 
will be shown that G^, is such a system, 

Gg^^llj^jW^^II^**) contains n—m — 1 linearly independent determinants 
(theorem 5), and, therefore, to make it vanish requires the fixing of n—m — 1 
variables in terms of the remaining ones, and leaves but two to provide for the 
vanishing of G^^ and G^^G^a + G^^- But if G^^ a^id G^o vanish together, G^c 
vanishes also, since it can be expanded in terms of G^d , and therefore G^ van- 
ishes, unless G4x>=|ii2j^ i/„„i|^**~^^=0, since Gg^ is linearly expressible in terms of 
G'zj unless ^^^=0 (problem 1) ; so that the problem is to cause G^u aiid G^b to 
vanish by the fixing of two variables. This might seem to be impossible, since 
G^u contains two and G^b one linearly independent determinant. But the three 
may not be independent of each other, since the columns of G^d are to be found 
in G^b] in fact, if the two variables are so fixed as to make G^d^G^b^^^^ G^b 
will vanish, since the minors of the elements of its first column vanish. Thus 
G^ is a system whose vanishing uniquely determines the values of the n — m+1 
variables, so as to make (^2=0 without making (ti=0. Therefore 

Theorem 7: Oa^>Oa^ — Gq^. 

§ 23. But Gg is not linearly expressible in terms of Gg if GiD=0 (prob- 
lem 1, corollory). Hence, if a system of equations can be formed, from which 
values of the variables can be determined that will make G^ and Gg vanish 
simultaneously, one will have Gs=0 without having G2=0. In this case, not 
more than the excess of Oq^ over the order of such a system should be deducted 
from Oq^ in determining Oa^ . It will be shown that G^ is such a system. 

^4ii=lli25^mnll^"*^ coutalus n—m—2 linearly independent determmants (the- 
orem 5), and, therefore, to make it vanish requires the fixing of n — m — 2 vari- 
ables in terms of the remaining ones and leaves but three to provide for the 
vanishing of Go, , Gg^ , and Gsb - But if G^^ and G^j, vanish simultaneously, 
G^4c— Ili2fci*,^t»mll^"*^ vanishes also, as it can be expanded in terms of G4£> by 
22 
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Laplace's development, and therefore Gz^ vanishes also, unless 

since G^^ is linearly expressible in terms of Gis6r44 + 6r4c, unless G6p=0 (prob- 
lem 1) ; so that the problem is, to cause Giu and G^b to vanish simultaneously 
by the fixing of three variables. This again might seem impossible, since G^b 
contains two determinants linearly independent of each other and G^u a lit® 
number. However, the four need not be linearly independent of each other, as 
the two matrices have some common columns. The problem can be solved by 
fixing the remaining three variables so as to make all the determinants of a 
matrix of a set of common columns (in terms of which all the determinants can 
be expanded by Laplace's development) vanish, provided they have a sufficient 
number of conamon columns to form a matrix containing not more than three 
linearly independent determinants. They are seen to have m — 2 common col- 
umns, which is just sufficient and therefore uniquely determines the remaining 
three variables; that is, the n — m+1 variables are determined from the system 
^4=0. It follows that 

Theorem 8: 0q^<0q—0q^ + 0q^. 

% 24. Suppose it has been shown where h is even that 

0Q,>0a-0a,+ ....-0o^,, 
and where k is odd that 

0a,<0a-0o,+ ....+0a^,\ 

it will be shown in the former case that 

and in the latter that 

0Q,^0o-0a,+ ....-0o,\ 

that is, it will be shown in both cases that the substitution of Oq^^—Oq^ for 
Oq^ reverses the sense of the inequality. 

Gu-tA is Eiot linearly expressible in terms of Gi_i if Gfcp=0 (problem 1, 
corollary). Hence, if a system of equations can be formed, from which values 
of the variables can be determined that will make G^o and Gj^^x vanish simultane- 
ously, one will have Gj^i=Q without having (7j_2=0. In that case, not more 
than the excess of Oq^^ over the order of such a system should be deducted 
from Oq^ in determining Oq^. It will be shown that G^ is such a system. 

Gfc^, where A;<n— wi+2, contains n — m—k+2 linearly independent deter- 
minants (theorem 5), and, therefore, to make it vanish requires the fixing of 
n — m — k + 2 variables in terms of the remaining ones, and leaves but k — 1 to 
provide for the vanishing of G^^d and Gj^i . But if Gj^^ and Gj^p vanish simul- 
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taneously, G^c vanishes also, as it can be expanded in terms of Gj,d by Leplace's 
development, and therefore G^k_i^ also vanishes unless Gi,+u)=Oj since Gj^^u, is 
linearly expressible in terms of Gi unless Gjg^iD=0 (problem 1) ; so that the 
problem is to cause Gj,d and Gj^^ib to vanish simultaneously by the fixing of 
k — 1 variables. This might seem impossible, since Gj^ib contains k—2 deter- 
minants linearly independent of each other, and G^p two of them. However, 
these k determinants need not all be linearly independent of each other, as the 
two matrices may have some common columns. The problem can be solved by 
fixing the remaining A;— 1 variables so as to make vanish all the determinants 
of a matrix of a set of common columns (in terms of which all the determinants 
can be expanded by Laplace's development), provided they have a sufficient 
number of common columns to form a matrix containing not more than A;— 1 
linearly independent determinants. They are seen to have m—k+2 common 
columns, which, if m — A;+2>0, is just sufficient and therefore uniquely deter- 
mines the A;— 1 remaining variables; that is, the n—m+1 variables are .deter- 
mined from the system Gt=0. Therefore 

Theorem 9: The substitution of Oq^^—Ooj, for Oq^ reverses the sense of 
the inequality limiting Oq^ when k<m+2. 

§ 25. But when A;=m+2, the reduction ceases, for 

and 

G^«+iii-llf72rr:7urTt*m«ir^^ 
have no common columns, and therefore the two linearly independent deter- 
minants of the former and the m — 1 of the latter are all linearly independent of 
each other, and the m remaining variables can not be so chosen as to make both 
sets vanish. Therefore the n — m+1 variables can not be so determined as to 
render G«+i=0 without rendering G^=0. Thus no reduction should be made 
from Oo^^^ in calculating 0(^ , and therefore 

Thb*orbm 10: 0o=0o-0o,+ .... + i-l)''^'0o^,,. 

§ 26. When k=n — m+2, G^^. can not be formed. In this case, however, 
the n — m+1 variables can be so chosen as to make Gj^b vanish, which will in 
turn cause the vanishing of Gj^i without causing the vanishing of Gj^^2 • To 
express this result by the formula of theorem 10, it is to be observed that when 
A;=n— m+2, G^^Gj^bj and that when k>n — m+2, G|.=0. It follows for all 
cases that 

Theorem 11 :* 0q^ = 0q^—0q^+ + (—1)*"^^ Oq^^^ , which is a reduction 

formula for the order of l|w«nli^"*^=0- 

* Compare Brill, <<Ueber algebraische GorreBpondenzen" II, Olehaoh-Veumann Mathetnatiache 
Annalen, Vol. XXXVI (1800) . (BrilPg paper which diseusBea special groups of points on a curve has been 
called to the writer's attention since the completion of this paper.) 
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§ 27. In the search for the actual order of ||w«nll^™^ the order of llWrnm+ill^"*^ 
will next be investigated. It may for the present be regarded as containing 
two variables only, for when used in the formula of theorem 11 it will be seen 
to be combined with a matrix containing n — m — 1 linearly independent deter- 
minants by the use of which the remaining n — m — 1 variables may be expressed 
in terms of two of them. 

§ 28. A part of the notation will here be repeated : 



«ii 



•Wlm+l 






(m) 



Wll Wis Wi ^+1 



(«) 



Wi2 



•'^Im+l 



(m) 



H. 



4A- 



Ua ... 


•Mlm+l 


(.»• 


Utt ... 


•M8„+l 


> 


«m«-.- 


•««m+l 




Ut, Uis 


«««+! 


Ua «46 


iU» 


+1 



Wm2 '^mm-^-l 

Wi3 . . . . Wi ^^1 






C«-l) 



'^mz'^fn5 '2^mw+l 




(m-2) 



(m-8) 



ffm+i^=Wmm or w„,_i ^+i , accordiug as m is odd or even, 

ffm+ic=liw,n«-i^mmll^'^ or t*«_i „+i , accordlug as m is odd or even, 

§ 29. Hi is expressible in terms of Hg (theorem 1) unless Hsc=0. There- 
fore 

Oh.SOh,. (Problem 1.) 

But if a system of values can be determined for the two variables such that 
Hsc=Of Hi can not be expressed in terms of Hg- This is possible, as H^c con- 
tains but two linearly independent determinants. So if a system of equations 
can be formed from which values of the variables can be determined so as to 
make H^c and H2 vanish simultaneously, one will have ^2=0 without having 
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£^1=0. Hic is such a system, for H^ can be expanded in terms of H,c- 
Therefore 

0b,=0b-0s„. 
Hic is a matrix like Hi with m reduced by 1. Hence, 

Obu,^=Ob^ — Obm 

and 0b„ = 0b—0b,„, 



OBmO— Ob^ — Ob^ic • 

But Ob^,c= Ob^,, . Therefore 

Thbobbm 12 : 0b=0b-0b,+0b- . . . . + (-1)"+' Og^,. 

It is to be observed that j?^^! and Hj^b ai'e single determinants and that 
theorem 12, therefore, gives the order of ||Mmm+ill^'"^ in terms of the orders of 
determinants. 

VI. The Calculation of the Order of ||«»,||<")=0. 

§ 30. By the use of the symmetric functions already defined (^6) this 
order will be calculated first when m is even and second when m is odd, u^ , being 
considered of degree a.+o,. 

When m is even, 

+ (i^'i+Os+syi) (i<7i + a4+iyi) — (i^i+iyi+a«) (i^i+iyi+o*) 

+ 

+ («^i+Oi»-i+a=iyi) (n^i+o«+arayi) — («^i+aEyi+a2t_i) (si^i+ayx+aw) 
+ 

+ ( m ^x+o«-i+s:5yi) ( s ^i+o» +irrsyi) — ( s 5'i+ « yi+ttiH) ( s 5'i+ s yi+«») 
A^ 2 [(ajt_i+Oji)ji5'i+a2i-i'Osi]= 2 {u=igt—aSlz) 



and B=yi(22iiri+Oi+a2) — jyi • 2i^i— s^i(ai+aj) 

+jyi(2j^i+a,+a4)— 4^1 • 21^1—4^^1(08+04) 

+ 

+is:r4yi(2srji?i+a„_,+ a„_j) —i^tYi • 2„_,^i— s=j^i(a,_j+ ou_s) 
+is=2yi(2s^i+o^j+a„)— ^1 • 2j^i— ,i^,(a«_i+a„) 
=yi(5'i+i5'i— s^i) —4^1 • iffl 

• + 
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and C^r\—i'yl—[iai+at)^i+aiat] 

+ syf — «y!— [ (as + a4 ) in + Os aj 

+ 

+ii=4!y\—m--^— [(a»-8+a«-i)s=i>'i+a».-» * a^-s] 

=7*1— 2 [(as4_i+a,t)nyi+a„_a-au] 

k^m/I 

=y!— y2+jy«— jy«+iy»- — —ii=iyt+mn 
=y?-y« 

= 02. 

Therefore 

When w is odd, 
0/r,= (25^1+^1+ yi) (2^i+«2+ yi) — (i^i+f/i+ai) (j^'i+syi+as) 

+ 

+ 

+ (irT5'l + ««-2 + m:«yi) (m^gi+O^n^l+^yi) — {m^9l+m:^l+Oim-2) ini^^iffl+m^tyi+CLm^l) 

=A+B+C 

Therefore 

Theobem 13: Oh^=K^. 

By an interchange of rows and columns it is evident that 

Theobem 14: 0||„^^^ j,(«)=e72. 

§32. The order of ||Wmm+2ll^"'^ will next be investigated. It will be 
obtained by mathematical induction after Ouv^gm and Og«„y(» have been calculated. 

By theorems 12, 13 and 14, and formula 5, 

0||i*24|P = 0||,u24||<«> • 0||U22||(«)— 0||^,4||(«) * 0\\,^^^\y^) 

Theorem 15 : =iJSr2«^i— 2^1 * i«/2=^8 > 

the reduction ceasing when A;=w+2=4; and similarly 

Theobem 16: 0\\u^j^\<^=Jz\ 
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Thbobbm 17 : =iff2«/i— h^i • vJ2+ifJz=Kz ; 
and similarly 

Thbobbm 18: 0||i*53||<»)=e78. 

It is to be noticed that in the case of I!ii8i/85l|^*\ A;=n— m+2=4, and there- 
fore its order is to be regarded as 1. Also it is to be noticed that the reduc- 
tion ceases when A;=m+2=5 (§ 25). 

Let hhe 8L positive integer for which, and for all smaller ones, it has been 
verified that 0||«a»_2||<^*>=«^8 ; then 

Thbobbm 19: ^iKiJi—^Ki* iJi+jsJz=K^; 

and similarly 

Thbobbm 20: 0||u»+2»||<»>=«/8- 

From theorems 16, 18, 20, it follows that 

Thbobbm 21: 0\\u„^,^\ii^y=Ks; 
and similarly 

Thbobbm 22: 0||tt„i+2m||*"^=«^8« 

Suppose j a positive integer for which, and for all smaller ones, it has 
been verified that 

0||u«,^yll<-)=i5:^+i and 0||u«^^„||(-)=e7^,i, 

and note that 0[ K,i,....^i t<i,>ml^^ =»-i«^m- Then 

=iKf • J I — tKj-.i • iJi+iKf_2 • ^2— 

Thbobbm 23: =Kf^i (formula 10) ; 
and by the interchange of rows and columns, 
Thbobbm 24: Oou«,^nml<->=«^/+2. 
It follows from theorems 13, 21 and 23, that 

Thbobbm 25 : 0||tt^^||(«)=ir«_,»+i , where w > w ; and Oiu^nV*^ =«7„_„+i , where 
m>n. 

§ 33. Theorem 12 evidently provides a reduction formula for m and n, 
and the argument of the preceding section may seem unnecessarily extended 
unless it be observed that the theorem furnishes no reduction for the quantity 
n — m. 

It may be seen that the greatest difference between the number of columns 
and the number of rows occurring in a matrix of the right member is n — m. 
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First it will be observed that this difference is less in G^^ than in G^^i^ , but 
greater in Gj,b than in G^^ib . This difference is therefore greatest either in 
GiA or in G*b, where k' has its greatest value. In G^^ it is n— m+1. The 
greatest value of k is n—m+2 (§26), and 

and is of the form l!t^«»/„/||, where m'=m and n' =m— (n—m) =2m—nj giving 
m' — n'=n—m. 

§ 34. In case all the constituents of llWrnnll^**^ are of degree Z, the a's may 
be taken each equal to ?, and the a's each equal to zero, and in this case 

n! 






+1 



(n— w + l)!(m— I)!* 

VII. -4 Geometric Interpretation of K^^^^i. 

§ 35. In a space of n—m+1 dimensions, two varieties of dimensions, k 
and n — wi+1— A;, intersect, in general, in a finite number of points. If the 
n—m+1 variables of Gi be considered as the non-homogeneous coordinates of 
a point in a space of n — m+1 dimensions, (7i will represent points. These 
points are among the points of intersection of the two varieties G2A and G2B of 
dimensions 1 and n—m respectively. But the points Gi do not include all the 
points of intersection of the two varieties. From these points of intersection 
must be deducted all the points of intersection of the two varieties G^s and G^g 
of dimensions 2 and n — m — 1, respectively, except those that satisfy a certain 
other condition, etc. Finally it is found that Gi represents K^-n^+i points. 

It is to be observed that if a matrix of Z-ary forms represents p points in 
a space of I dimensions, the same matrix of (f+Aj)-ary forms will represent a 
variety of order p, having A; dimensions in a space of Z+A; dimensions. Thus 
if Gi had been considered as a matrix of non-homogeneous forms containing 
n— m+l+A; variables instead of n—m+1 of them, it would represent a variety 
of k dimensions in a space of n—m+l+k dimensions, and in that case K^^^^i 
would represent the order of the variety. 
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One'Parameter Families of Curves. 

By Luther Pfahler Eisenhart. 



1. It has become an established belief that many of the differential 
geometric properties of curves and surfaces are more readily studied when 
the latter are referred to a set of moving axes. In the case of twisted curves 
the principal directions at a point {%. e., the tangent, principal normal and bi- 
normal) afford a good set of axes, and for surfaces it is customary to take the 
tangent plane at a point for one of the coordinate planes of the axes for this 
point. In many problems it is convenient to look upon a surface as the locus 
of a one-parameter family of curves C. In cases of this sort it is often advis- 
able to use for moving axes the principal directions of the curves C. The 
present paper develops the equations of a surface from this point of view and 
establishes the fundamental equations of condition to be satisfied by a set of 
functions determining a surface. 

In illustration of the method we consider surfaces: (i) with plane lines of 
curvature in one system; (ii) with a family of circular generators; (iii) with 
a family of asymptotic lines of the same constant torsion; (iv) with a family 
of geodesies of constant torsion.* The general equations lend themselves 
readily to the consideration of continuous deformations of twisted curves. 

If a surface 8 is generated by a family of curves C, there exist surfaces 8' 
generated by a second family of curves C" such that the tangent, principal 
normal and binormal at a point of a curve C are parallel respectively to the 
binormal, principal normal and tangent at the corresponding point of a curve C 
The determination of these surfaces reduces to the integration of a system of 
ordinary linear differential equations of the first order. The cas/B where 8 
and 5" correspond with parallelism of tangent planes is investigated. 

General Equations of a 8urface. 

2. Consider any surface 8 referred to a family of non-minimal skew 
curves v = const, and any other family of curves w = const. We denote by a;, t/, z 
the cartesian coordinates of a point M on 8^ and by a, /8, y ; Z, m, n ; X, ^, v 
the direction-cosines of the tangent, principal normal and binormal at M to the 

* Theae methods have been applied by Dr. R. D. beetle in an article entitled, " Congruences Asso- 
ciated with a One-Parameter Family of Curves," which will appear in this Journal. 

23 
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curve V = const, through M. It is clear that there exist determinate functions 

p, g, r, t such that 

dx dx 



du 



= pa, 



dv 



= ga + rZ + fk^ 



(1) 



and similar equations in y and z. It is our purpose to determine the conditions 
which four such functions must satisfy in order that equations of the form (1) 
define a surface. 

In the first place, we observe that the Frenet-Serret formulas* for a curve 
V = const, may be written 



da _ _pl^ dl_ __ _ /a^ ^\ j9X _ I 



(2) 



where p and r denote the radii of first curvature and torsion respectively. 

The condition of integrability of equations (1) is reducible by means of 
(2) to 



da 



where 



^ = 



oT- = Aia + A2I + As >l, 
dv 

1 dq d log p r 



(3) 



p du 



dv 



p du p r 



A,= 



1 dt 
p du 



r 

T 



(4) 



Since equations analogous to (3) are satisfied by /? and y, and since also 

2a^ = l, Xal = 0, 2a;i = 0, (5) 

the function Ai must be equal to zero. 

In like manner the condition of integrability of equation (3) and the first 
of equations (2) is reducible, by means of (2) and the requirements (5) and 

2i' = l, Xn = 0, (6) 



to 



d" — — A2 Ot + I 5 A.2 ) A, 

V \p du T / 



and to the additional condition 

dA2 d 



du 



V \ p / r 



(7) 



(8) 



♦ E., p. 17. A reference of this kind is to the author's "Differential Geometry," Ginn & Co., Boston, 
1909. 
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Proceeding in a similar manner with equation (7) and the second of equations 
(2), we find that X^ (i^ v must satisfy equations of the form 

and that the further condition 

9 (i9^_^,±)+ 9 (^) + ^^3 = (10) 

du\p du T/ dv\T/ p 

must be satisfied. It is readily shown that equation (9) and the third of 
equations (2) are consistent, when the preceding conditions are satisfied. 

The equations of condition sought are accordingly ^j = 0, (8) and (10), 
which in consequence of (4) are 



1 dq dlogp ^_n 



p du dv p 

du\p du p T/ dv\py r\pdu ry 

du Lp du \p du t) tKpdu p T/ J dv \r/ p \p du rJ 



(11) 



Retracing the above steps, we see that if the conditions (11) are satisfied 
by six functions p, r, p, q, r, i, the determination of the surface requires the 
solution of equations (2), (3), (7) and (9), which is equivalent to the inte- 
gration of a Riccati equation,* and the quadratures (1). 

It is evident at once from equations (1) that the direction-cosines X, T, Z 
of the normal to 8 are of the form 

X = a{rX — tl), Y = a{r(i — tm)j Z = a{rv — tn), (12) 

where 

c= (r^ + ««)-». (13) 

Making use of (2), (3), (7) and (9), we obtain from (12) by differentiation 

• Cf. Darboux, "Leyons," Vol. I, p. 56. 
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Particular Curves Parametric. 

3. As immediate consequences of equations (1) we have 

Theorem 1, The necessary and sufficient condition that the parametric 
curves form an orthogonal system is that g = 0. 

Theorem 2. The necessary and sufficient condition that the curves v = 
const, he asymptotic lines is that t = 0. 

For in this case the binormals are normal to the surface. 

The analytic condition that the parametric curves of a surface form a 
conjugate system is that* 

dx dX ^dx 9^_Q 
dudv'~^dvdu'~ 

Making use of equations (14) and (4), we have 

Theorem 3. The necessary and sufficient condition that the parametric 
curves form a conjugate system is that 

'^•-•^• = 7('§^-'l^) + f + ^<'' + '''=''- '''' 

If the parametric lines are lines of curvature, equation (15) must hold and 
also g = 0. In this case we have 

-Tsr- — ^ = Of where tan co = — . (16) 

Cur r 

As thus defined, o is the angle between the principal normal to a curve 
V = const and the tangent to the curve u = const, at the same point. Equation 
(16) expresses the well-known fact that the geodesic torsion is zero, t 

When no other condition is put upon the curves u = const., we can in all 
generality take p = 1. This means that the arcs of the curves v = const, 
between two curves u = const, are equal. With this choice the linear element 
of 8 assumes the form 

ds^ = du^ + 2qdudv+ {q^ + r^ + t^) dv\ (17) 

We observe furthermore that p continues to be + 1, if the parameters are 
changed in accordance with the equations 

Ux = u+Vj Vi = Vy (18) 

where V denotes any function of v. Under this transformation we have, for 
the corresponding functions q^ r^ t^ the expressions 

21 = 2-^', r,^r, t, = t, (19) 

where the prime indicates differentiation. 

* E., p. 127, t Cf. E., p. 138. 
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As an example, we consider the surfaces whose asymptotic lines in one 
system have the same constant torsion a. If we put 

1 



= a, f 33 0, p = 1, 



equations (11) are reducible to 
dq 



du \du o J cv \r J 



^ -- = 0, 
cu p 



By a proper choice of the parameter Wj, given by (18), and taking this for the 
new variable u^ we may replace the second of the above equations by 

Combining this with the first, we find that g* + r^ must be a function of v alone. 
As this function is the coefficient of dv^ in the linear element (17), the parameter 
V can be chosen so that this quantity is equal to unity. Accordingly we can put 

g = cos G), r = sin o, 

thus defining the function o. Now the above equations of condition reduce to 



P 



8^' 



"{^ 



dudv 



= a^siUG), 



which are the well-known equations for pseudo spherical surfaces. * It can be 
shown readily that the curves u = const, are asymptotic, and by means of 
Enneper's theorem we have that they are of constant torsion — a. 

4. By definition the curves v = const, are geodesies if the principal normals 
to the curves are normal to the surface. Hence, from equations (1) follows 

Theorem 4. The necessary and sufficient condition that the curves v = 
const, he geodesies is that r = 0. 

Suppose that this condition is satisfied. We take the orthogonal trajectories 
for the curves u = const. ; then g = 0. In consequence of the first of equations 
(11) we may in all generality take p = l> a^id thus the other equations (11) 
can be written 

ov\p/ ou\r/ T du 

_a_/j_\__a_r /i__9^\] l_3t_ 

dv\T J~ du\f\i^ d u^Jj Q du' 



(20) 



• E., p. 190. 
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These equations are readily reducible to the form to which the Kowaleski* 
existence theorem applies. Hence we have 

Theorem 5. In the problem of finding surfaces ivhose linear element is 
of the form ds^ = du^ + fdv^, each surface is determined by an arbitrary curve 
which is taken for the curve v = 0; then the intrinsic equations of each curve 
V = const, are given as power-series in u. t 

When the Curves v = const. Are Plane. 

5. The requirement that the curves v = const, be plane (that is, 1/t = 0) 
affects the general development only in that equation (9) does not arise as in 
the general case, but because of the conditions 

Hence, in order to obtain the equations for plane curves it is necessary and 
sufficient to put 1/t = in the foregoing equations. In this case equations (11) 
become 

1 dq 3logp Jl__n 



p du dv p 

du \ p ou p/ dv \ p / 

3ri-f(i|i)i+i|i=o. 

duLp du\p duyj p du 



(11') 



P 

These equations determine t only to within an additive function of v. 
Consider the cases for t and ti = t + V. Since p, p, t and r are the same for 
both, so also are the functions a, /3, y ; Ij m, n; X, (i, v. Hence, from equations 
(1) we have that the coordinates x^ y^ &; ^d J/d ^i of the two surfaces are in 
the relation 

Xi — x = fXVdVj yi — y =^ S ^iV dv^ Zi — z = fvVdv. 

We return to the consideration of the general case and write the equation 
of the plane of a curve v = const, in the form 

Za;;i = F, (21) 

where evidently F is a determinate function of v. The characteristic of this 
plane is defined by (21) and 

♦ Cf. Picard, "Traits d'Analyse," Vol. II (1893), pp. 318-323. 

t The first part of this theorem is in accord with the general theory of tlie determination of 
applicable surfaces, since the tangent planes to the desired surface along the curve r=0 are tacitly given; 
they arc the rectifying planes of the curve. Cf. Darboux, "Lemons," Vol. II, pp. 263-267. 
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S.ri|l. + i.a(i|i)(l = _P. (22) 

Lp cu p du\p cu/ J 

From (21) it follows that this characteristic meets the curve in the points 

9 do 
for which ^%-^— = 0. Referring to equations (1), we have 
Cv 

Theorem 6. The points for which i = 0, and only these^ lie on the charac- 
teristic of the plane of the curves v = const. 

In other words : 

Theorem 7. At a point of intersection of a curve v = const, and of the 
characteristic of its plane^ one of the asymptotic lines is tangent to the curve. 

6. We consider in particular the case where the curves v = const, are 
plane lines of curvature. We take the orthogonal trajectories for the curves 
w = const. Hence, in accordance with (16) and a theorem of Joachimsthal,* 
we have 

qr = 0, r = cosF*(T, * = sinF-(T, (23) 

where a is thus defined and F is a function of v alone. For the present we 

understand that cos F =#= 0, and we introduce a variable v-^ by means of the 

equation 

v^ = Sco^V dv. (24) 

Equations (11') may be given the form (dropping the subscript of v-^) 

3">KP + :?. = o, 



du\ p ouy ov \ p / 
ouLp cu\p du/J p du 



(25) 



In accordance with the second of these equations we define a function 6 
by the equations 

A^^^li P-=^l, (26) 

p dii dv ^ p du ' 

By means of these equations the last of equations (25) may be reduced to 

i^g ^ + -^- prr = o, (27) 



dudv du du dv 

of which the first integral is 

♦ E., p. 140. 
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where Fj denotes an arbitrary function of v alone. 

This equation is satisfied by -^— = ± Fj, but from (26) and the last of 

(25) it follows that, then, we must have Fj = 0. Hence, <t is a function of v 
alone, and likewise r and t. Consequently, the curves ii = const, are geodesies, 
and being lines of curvature at the same time, they are necessarily plane curves. 
Hence, this case is included in that of cosF = 0, to be considered later. 

Excluding this case, we find that the first integral of (28) is 

|^ = F,sin(e + F,), (29) 

where Fg is an arbitrary function of v. This equation is reducible to the 
Eiccati form by a suitable change of the dependent variable. 

If a be eliminated from the first equations of (25) and (26), the resulting 
equation is reducible in consequence of (27) to 

The integral of this equation may be written 

p=(^ + F,)|^, where^ = J^8t/, (30) 

du 
U and Fj being arbitrary functions of u and v respectively. From (25) and 

(26) it follows that 

p = ^+F„ _a = Fi(^ + Fs)cos(0 + F,) + -|| + Fi, (31) 

where the prime denotes differentiation. 
Equations (2), (3), (7), (9) reduce to 

^=^^' |j = F,sin(0 + F,)(i + XtanF), 

du <ju Cv 

i^=-^<i, 4^ = -Fi[sin(e+Fj)a-tanFcos(0 + F,);i], !■ (32) 
ou ou cv 

-1^ = 0, 1^ = - Fi tan F [sin (0 + V^)a^ cos (B + \\) I], 

OU uV 

the function F being an arbitrary function of v alone. Moreover, the equations 
of the surface are 

|^ = pa, ||-=<r(i + tanFX). (33) 
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From (32) it follows that each solution 6 of equation (29) determines the 
spherical representation of the lines of curvature and that the functions U and 
Vt determine a surface of the kind sought with this spherical representation. 

In particular, when [7 = 0, and only in this case, the curves v = const, are 
circles, as follows from (31). 

Again, in order that the planes of the curves v = const, shall envelop a 
cylinder whose generators are parallel to the ^^-axis, it is necessary and sufficienc 
that V = 0. Hence, it follows from the last of equations (32), when ^ is replaced 
by Vj that we may take 

y = cos (6 + F^), n = — sin {6 + V^). 
When these values are substituted in the other equations (32), it is found that 
Fj is constant, which may in all generality be taken equal to zero. In this case 
equation (29) can be integrated by a quadrature. 

7. We consider now the case cos F = 0, which has been excluded. Since 
the curves v = const, are plane geodesies, /S^ is a surface of Monge.* From 
the first two of equations (11') it follows that p and p are functions of u alone. 
This parameter may be chosen so that p = 1. Since p is a function of u alone, 
the curves v = const, are congruent to one another. 

The third of equations (11') admits the first integral 

dt 
This equation is satisfied by ■^— = it F, but this is a solution of (11') only 

in case F = 0; that is, when f is a function of v alone. It follows from (17) 
that 8 18 8L developable surface under these conditions. 
Excluding this case, the integral of (34) is 

|^=Fsin(d+FO, 
ou 

where F^ is an arbitrary function of v and 6 is the function of u defined by 

J p 

Hence, t is given by a quadrature. As surfaces of Monge have been thoroughly 
discussed by many writers, we will not give any further details. 

When the Curves v = const. Are Circles. 

8. We choose the curves u = const, so that p = 1 ; and we impose the con- 
dition p = l/F, where F is a function of v alone. Hence, the plane curves 
t; = const, are circles. In this case equations (11') become 

* "Application de rAnalyse & la G^om^trie," Paris (1840), § 17. 
24 
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|i_,r = 0, ^/|^ N_^_ |!|+F*|i = o. (35) 

cu du\du / du^ du 

Eliminating r from the first two equations, we obtain an equation whose first 
integral is 

where V^ is an arbitrary function of v. The integral of this equation is 

gF,sin(Fti + F,)+-^(Pti + Fi), (36) 

where Fg and Fj are arbitrary functions of v alone. 

From the last of equations (35) we have by integration 

< = F,sin(t.F + F5)+Fe, (37) 

F4 , Fft and Fe being arbitrary functions of v. Since u V measures the angle 
between radii of a circle v = const., it follows from Theorem 6 and equation (37) 
that, when Fe = 0, the characteristics of the planes of the circles pass through 
the respective centers. 

From the first of (35) we have 

r = -V,coB{Vu + V^)+~. (38) 

Hence, the further determination of the surface requires the finding of a, ^, y ; 
. . . . ; 7i,iijVf which is reducible to the solution of a Eiccati equation. 

Since there has been no special choice of v, we may in all generality take 
V = v. Again, in accordance with § 3, we can by a suitable choice of the curves 
u = const, reduce Fg or F5 to zero. Accordingly we have 

Theorem 8. The determination of surfaces possessing a family of circles 
reduces to the integration of a Riccati equation and quadratures; the general 
solution involves five arbitrary functions of the parameter of the circles. 

The latter part of this theorem is evident also from the point of view of 
the determination of such a family of circles by the coordinates of the center, 
the radius and the inclination of the axis of the circle. 

Finite and Infinitesimal Deformation of Curves. 

9. It is evident that if we take p = 1 in the general equations, the arcs 
of all the curves v = const, between any two curves u = const, are equal, and 
consequently we may look upon the surface as generated by the continuous 
deformation of one of the curves v = const. 

If we write the fundamental equations of § 2 in the form 
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(39) 



the last two equations give the variation of the intrinsic functions p and r. 

General deformations of a twisted curve have little significance, but the 
interesting cases are those in which all of the curves possess similar properties. 
For example, in § 3 we treated the case in which a curve of constant torsion 
is deformed into curves of the same torsion, the direction of deformation 
of any point of the curve being in its osculating plane at the point ; in other 
words, the osculating planes are tangent to the surface-locus of the curves, 
and consequently the deformed curves are asymptotic lines. 

It is our purpose now to consider the deformations of a curve of constant 
torsion into curves of constant torsion, the direction of deformation of a point 
being that of the binormal to the curve at the point. Consequently, the deforms 
are geodesies on the surface locus of the curves. Surfaces of this kind have 
been studied by Fibbi* and Bianchi.f We consider the general case for which 
the torsion varies from curve to curve. Since the curves v = const, are geo- 
desies, we may in all generality take 



g = r = 0, p = l, ^(-i-) = 0. 



The first of equations (39) is satisfied identically; the second may be replaced by 
^ being a function thus defined ; and the last equation may be written 

_ _. ae d^e 



a (i_\ __ d_ r_i_ /2_li _^ a^e v 

dv\rJ''du ^ dB \t dv du^ dvJ 

du 



du du dv 



Hence, the problem of the determination of these surfaces reduces to the inte- 
gration of this equation of the fourth order. 

Sannial has studied at length the infinitesimal deformation of twisted 
curves. His fundamental equations follow at once from (39). In fact, if 
q and t are any functions of w, and r is the function of u given by the first of 

♦ Annali della Souola Normale Superiore di Pisa (1888). 

t " Sulla theoria delle trasformazioni delle curve di Bertrand/' Memorie della Societit italiana delU 
Scienze, Ser. 3, Vol. XVIII. 

X Rendiconii del Ciroolo Matematioo di Palermo, Vol. XXI (1906), pp. 229-256. 
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(39), we have from the last two of (39) that the intrinBic equations of the 
new curve are 

p p \ cu T/' r' T Ldu\r ^ cu y pj 

where e denotes an infinitesimal constant. 

Surfaces Conjugate to S. 

10. If C is a curve whose functions satisfy the Frenet-Serret formulas 
(2), the functions defined by 

a' = Xy ^' = fly y = v; I' = — ly m' = — w, n' = — n ; 

;i' = a, ii' = ^j y' = y; p' = — ^, '^' = —9y P' = Py «' = w 

satisfy similar equations. Hence, these functions define a curve C',* whose 
tangent, principal normal and binormal are parallel respectively to the hi- 
normal, principal normal and tangent of C. We shall show that there exist 
surfaces 8' such that each of its curves v = const, bears this relation to the 
corresponding curve on 8. Such a surface 8' is conjugate to 8. 

If A^ and A^ denote functions for 8' analogous to A^ and A^ for 5, the 
equations analogous to (3), (7) and (9) may be put in the form 

ov \ du p / 

In order that these equations be consistent with (3), (7) and (9), we must have 

The last of these equations is a consequence of the first two. Furthermore, 
when these expressions for A'i and A^ are substituted in equations for 8' analo- 
gous to (8) and (10), we obtain the latter equations in inverse order. Hence, 
it follows from (4) and (11) that the determination of a surface 8' reduces to 
the solution of the linear system 

3q'r' ^ dr' g' V 3 A, .p df.r' . .... 

du r du r p ^ du r du p • \ / 

If we compare these equations with (2), we note that if a set of functions 
q'j r\ t' satisfy (40), so also do 

* Cf. Bianchi, "Lezioni/' Vol. I, p. 53. 
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Q[ = q' + V^X+V,(i + r,v, 

r; = r'_Fii-F,w-F,«, }• (41) 

t[=t'+V,a + V,fi+V,y, . 

where F,, F,, V, are arbitrary functions of v. 

From equations (12) it follows that the necessary and sufBcient condition 
that the tangent planes to 8 and 8' at corresponding points be parallel is that 

a{r?i — tl) =a'{r'a-\-t'l), a{r(t — tm) =a' {r' ^ + t'm), 
airv — tn) =a' {r'y + t'n), 

from which it follows that 

r = r' = 0. 
We may take g = ; then 

and from (40) we have 

,. = r, . = K._<, _^ + i^=,(|^_^). ,42, 

where V and V^ are arbitrary functions of v. The solution of the problem 
reduces to the determination of three functions p, r, t satisfying equations (11') 
and the last of (42). It is readily seen that such solutions exist. 

Princeton Univbbsitt, May 20, 1914. 
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On a PoTism Connected with the Theory of McawelVs 

Equations and a Method of Obtaining the Lines of 

Electric Force Due to a Moving Point Charge 

By H. Bateman. 



§ 1. I have shown elsewhere* that when Maxwell's equations are written 
in Silberstein's concise form 

rotilf = --^, divilf=0, (1) 

c dt ' 

where M denotes the complex vector H+iE and c is a constant, a solution may 
be obtained by writing for the three components of M 

^x-Ma,^;^^^^^), ^y-r(cL,P)^^^^^y M,-r(a,p)^^^^^y (^) 

where / is an arbitrary function of two quantities a, /? which satisfy the par- 
tial differential equations t 

cd{aj fi\ZyX)=id{a,^\y,t)y - (3) 

cd{a,^\x,y)=id{a,^\z, t). ^ 

A general solution of these equations has already been obtained by taking a;, y, 
a, ^ as new independent variables and transforming the equations. We shall 
now indicate a method by which the transformation may be performed very 
quickly. 

It is easily seen that equations (3) can be written in the form 

cd{a,P,x, t\y,z,x, t)=id{a, ^,y,z\x, t,y,z), ' 

ca(a, /?, y, t\z,Xyy, t)=id{a, ^, z, x\yy t,z,x), - (4) 

cd{a,^yZ, t\x,y,z, t)=id{a, ^, x,y\z, t,x,y). 

Now multiply each Jacobian in equation (4) by 3 (a?, y, z^t\aj ^, a;, y) and make 
use of the multiplication theorem for Jacobians. We then obtain a set of equa- 
tions similar to (4) but with a, j3, a?, y as independent variables instead of a?, y, 
Zj t. The new equations reduce to the form 

*'<The Mathematical Analysis of Electrical and Optical Wave Motion on the Basis of Maxwell's 
Equations," pp. 12, 122, 12o, Camhr, Univ, Press; slIbo Bulletin of the American Mathematical Society, 
Vol. XXI (1915), pp. 299-309. This paper will be cited later as "B." 

t A different notation is now adopted for the Jacobians already used. 
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3f _ idz dt^idz d{z,t)^i^ .-. 

dy'^ cdx^ dx~^ cdy^ 9(a;, i/)""c' 

These equations may be solved as before, and the result is 

z—ct=^+e{x+iy), ^+cf =1]/— ^ i^—iy), (6) 

where 6, ^, -4/ are arbitrary functions of a and /3. 

Now let complex values be assigned to a and ^ and let x, y, 2;, i, be real. We 
proceed to find under what circumstances equations (6) can be satisfied. Write 
^=^i+i^2 J 4'='4'i+«4'2 , 0=61+162 , where Oi , 62 , 4>i , 4>2 , '^u'^t are all real ; then, 
on equating the real and imaginary terms in equations (6), we find that 

2— c<=4>i+(9iic— 02 2/, ^2+<'2^+(?i2/=0, 






(7) 



Hence, it appears that equations (6) can only be satisfied by real values of 
Xy y, Zj ty if the complex numbers a, /? are chosen so that 

1^2(6!+^) =<^2. (8) 

When this condition is satisfied there are 00 ^ sets of values of a?, y, 2, t which 
satisfy equations (7). Hence y the problem of finding real values of x, y, Zy t 
corresponding to two complex numbers a, ^ is poristic. 
On solving equations (7) for Xy y, Zy we find that 
(l+v)z=ct{l—v)+q>^+v^^y 
{l + v)y=2e,ct + 6,{^^-'^^)-^,6Al+v^''), - (9) 

(^i+v)x=-2e^ct-e^{^,-^i^^)-i>^e,{i+v'')y^ 

where t;=^+^. Hence^ the different real values of Xy y, 2, t corresponding to 
a possible set of complex values of 0, ^, 4^ are associated with a point which 
travels along a straight line with velocity c. 
We may regard the equations 

X=<^(a,/?), r=^(a,/3), Z=e(a,/?) (10) 

as the equations of a surface 8 in the (Z, T, Z) space. Each point on this 
surface whose coordinates satisfy the condition (8) will correspond to a straight 
line which is described by a moving point with velocity c. Hence, with each 
surface 8 there is associated a complex of ao * real straight lines described by 
points moving with velocity c. On account of the porism which has just been 
mentioned, one of the statements on p. 127 of my book is incorrect. It is easily 
seen that equations (280) on p. 124, viz., 

i^-Er+ {y-ny+ {z-^v=c'{t-rry 

l{x-^r+m{y-yir+n{z-^y=c'p{t-r)y [ (11) 

l^+m^+n^=cY, 
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can be thrown into the form (6). For, if we write ict—s, icr=a, and interpret 
x^ y^ZyS] ^y >7, ^j a as rectangular coordinates of points in a space of four dimen- 
sions, the first of equations (11) represents a hypersphere of zero radius, and 
the second, one of its tangent hyperplanes. The two equations consequently 
represent two planes, each of which passes through a generator of the sphere 
at infinity. Moreover, it is easy to see that the equations of such a plane can 
be thrown into the form (6). It is not correct, then, to say that if ^, >?,. ^, r, 
Z, m, w, p are functions of two complex variables a, /?, there are generally two 
real space-time points a?, y, 2, t corresponding to given values of a and /3, for the 
special case to which I have referred on p. 127 is the only one which can arise. 

The method which I have suggested for a specification of a real space-time 
point Xy yy Zj t by means of two complex numbers a, /3 thus has the disadvan- 
tage that there may be either no real point a?, y, e, t or an infinite number of 
such points corresponding to a given pair of values of a and fi. 

^2. I have shown that a line of electric force in the electromagnetic field 
due to a moving point charge may be obtained by considering the positions at 
time f of a series of particles which are projected in certain directions from the 
different positions of the moving charge and travel along straight lines with 
the velocity of light. The direction cosines (?o, Wo> %) of the direction of 
projection at time r were found to satisfy three differential equations: of type^ 

(i^=:^i'' + iB'-clo){lo^''+mov"+no^''). (12) 

where /[£=c*— ij'^— >?'*— f'^ >l=c— ^oT— wio V-^w©^' and (if, >?, denote the coor- 
dinates of the point charge at time r. These equations are easily seen to be con- 
sistent with the relation /©+ wio+Wo=l> for on multiplying the three equations by 

h 9 Wo , Wo , respectively, and adding, we find that k-^ + ^o -f^ + **o -j^ =0* 

Let us now write 

ks=lo+imoj ka = lQ — tmo, A;=l+no. (13) 

Then it is easy to see that s satisfies the Riccatian equation 

2itzg===(r+V)(^-?0+r(f+i>70-25[cf''+i(r)7''-rV)] 

+5*[r(f-v)-(?'+c)(r-v)i, 

and that a satisfies a similar equation in which — t, a are written in place of 
i and 5 respectively. 

If these equations can be solved in any special case, 2o > ^o » ^o can be 
expressed as functions of r with the aid of equations (13), and then the coor- 
dinates of an arbitrary point on a line of electric force can be expressed as 
functions of the parameter r. 

February 8, 1915. 

* B., p. 908. The primes are used to denote differentiation with regard to r. 
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The Abstract Definitions of Groups of Degree 8. 

By Josephine E. Burns. 



Intboduction. 



Abstract group theory may be said to begin in the work of Cayley. In 
1854 he first defined a group by means of relations existing among its operators. 
In two papers published in the Philosophical Magazine * he defined a few ele- 
mentary groups by means of such abstract relations. In a sequel to these papers 
which appeared in 1859, he defined abstractly the five groups of order 8 and 
the system of dihedral groups. On the other hand, Cayley did not attempt to 
formulate a general abstract definition of a group until several years later 
(1878), not, in fact, until after such a formulation had been made by others. 
From the number of pioneers in abstract group theory the name of Sir William 
Hamilton should not be omitted ; for to him are due the first definitions of the 
important category of groups known as the groups of the regular polyhedrons. 
These were included in an article published in the Proceedings of the Royal 
Irish Academy^ in 1856, just two years after Cayley's first articles. However, 
in spite of these beginnings on English soil, the first actual attempts at an ab- 
stract definition of a group were found in the work of a German mathematician 
some fifteen years later. Kronecker, t in 1870, gave a really abstract definition 
of a group, although he considered only the case in which the operators were 
commutative. Dyck, in 1882, published quite an extensive article in the Mathe- 
matische Annalen^ in which he made marked advance over anything which had 
previously appeared. He explicitly defined the simple group of order 168, 
and a group of order 2mn defined by the relations 

5i = 52 = 6*3 = 54 = 51^2^8^4-^ (^1^2/ ^^^(^3^2/ =^1» 

The contributions of Weber (1882) and of Frobenius (1887) should also be 
noted in this connection. 

* "Papers," 2 (1854), p. 123. 

t Proceedings of the Royal Irish Academy, 6 (1853-1857) , p. 415. 

t Kronecker, "Werke," 1, p. 274. 

25 
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Netto* was the first to examine the possible orders of groups which may 
be generated by operations satisfying certain defining relations. He sought 
the number of possible products of Si and ^2 when they are connected by the 
equation S1S2 = s^Si. He also enunciated a theorem in regard to the order of 
the group generated by three operators satisfying quite elementary conditions. 
In recent years, much has been done by Professor G. A. Miller in regard to the 
groups generated by a small number of operators satisfying simple equations 
of relation. In particular, his article entitled "The Abstract Definitions of All 
the Substitution Groups Whose Degree Does not Exceed Seven''! forms the 
starting-point for the present paper. 

The first part of this paper is devoted to the proof of a few general 
theorems relative to the groups generated by two operators satisfying certain 
defining relations. The second part consists of the abstract definitions of the 
substitution groups of degree 8, including applications of the theorems of the 
first part. 

I. Gbnebal Theobems. 

In the theorems which follow, the equation 5"=1 implies that s is of exactly 
order w, and when relations are given connecting two operators it is supposed 
that no other relations exist except those stated and such others as may be 
derivable from them. 

1. The Group Generated by Two Operators Satisfying the Conditions 

Si^S^f \S1S2) —-^ J-j Si 525i = 52«5i. 

The groups generated by two operators Si and ^2 satisfying the relations 
5*=S2, (5iS2)*=l, Si'^S2Si=s§sf depend upon the congruences of a and ^, mod 4. 
Four cases may be distinguished according as ^ = 0, 1, 2 or 3, mod 4. In each 
case the values of a reduced by the same modulus will give subcases. 

Case 1. ^3^0, mod 4. The third equation in this case reduces to 52=5?"*'**. 
The group is then cyclic and the order depends upon a. The largest possible 
group arises when a ^3, mod 4, in which case G is of order 8. All other values 
of a give subgroups of this cyclic group. 

Case 2. /3^1, mod 4. The third equation now becomes ^f^^j^i = S2Si'si~^ 
= Sj5i52*', where k' is integral. The order of G again depends upon a. The 
second equation gives the relations 

«-««-! — «4*+l Q-2-- q4*+2 e8 — 1 
"1 »£ — " »£ > "1 "■■" ^2 9 02 "■"-■•• 

* Netto, "Substitutionentheorie" (1882), p. 37. 

t Amebican Journal of Mathematics, Vol. XXXIII (1911), p. 363. 
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Hence, the orders of Si and s^ divide 8. If this is exactly the order, two possi- 
bilities arise. If A; is odd, O is of order 16, and may be generated by the two 
substitutions ^i = adcfehgb^ «£ = dbcdefgh. In the table of abstract definitions 
of groups of degree 8, which appears as Part II of the present paper, this is 
(?i0, No. 8. If k is even, G is abelian of order 16 and type (3, 1). It may be 
generated by the two substitutions Si=ahcdefgh'ij^ s^=dhgfedcb. If 5i=52=l, 
G is abelian of order 8 and type (2, 1). From smaller possible orders of s-^ and 
5, arise the four-group, the octic group and the group of order 2. 

Case 3. ^8^2, mod 4. The third equation now becomes 5r^525i = 52S?52*', 
If a^O, mod 4, the order of s^ reduces to 2, and s^ must be identity. If a^l, 
mod 4, the relations follow : 

Si S^Si^S^Si'Si , Si ^=^2 , \S1S2) ^^ (^2 ) ^^2 •— '-L, 5i=52 , 55 = 1, 5i=^JL. 

The group is then the cyclic group of order 8. If a =2, mod 4, 5^=52=1 and 
5j=52; hence, G is the cyclic group of order 4. If 52 reduces to the identical 
operation, the conditions are satisfied and G is of order 2. If a^S, mod 4, 
the conditions are contradictory unless Si=sl=l and Si=S2. 

Case 4. ^9^3, mod 4. Equation three now becomes Si%Si=slSi • si"'. If 
a"0, mod 4, the following equations result: 

"1 *2"l — *'2 J "1 "2 ~~"2 J ^1 — "2 9 "1 — "2 — ^2 > "2 — -■-• 

Now, ^1^2 Ai^d ^2^1 have a common square. Hence, the product of one into the 
inverse of the other is transformed into its inverse by each operation. 

( S1S2S1 ) = SiS^iS^Si = S1S2S1S1 = Si . 

Hence, s^ both is invariant and is transformed into its inverse by SiS^ and 52^1 . 
The order of Si and ^2 divides 16. We then have as the only possibilities 
sl=S2= («i52)*=l, 5f^525i=5|, which define the octic group, or ^1=52= (5x52)*= 1> 
which defiine the four-group. 

If a^l, mod 4, the conditions are contradictory unless 5i=l and 51=1. 
If a ^ 2, mod 4, the following conditions arise : 

(5l5i5i)* = 5i5|5j5i5i = «25f5i5i • 5}* = 5|5j • 5i5| = 5| , siuCC Si%Si = 4sl ' s\" . 

The order of Si and ^2 then divides 16. But no groups exist for the maximum 
values of the orders of s^ and s^. If 5i=5|=l, the conditions result: 

©— "le'rt — 0*0^0 o4 — o'~2q— Irt nim — 4____ *»2o— 41? 
02 0102 — 020i02"i — 01 02 "2 "1 "—-ifioi^ • 

If A; is even, si and si are invariant in G and generate the central. [^2 , si] is 
abelian of order 16, type (3, 1). This subgroup is invariant under Si. G is of 
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order 32. Its existence is proved, since it may be generated by two operators 
s^ = ad&fehg'h'^a'd'cfe'h'gh and s^ = ahcdefgh^a'h'&d'e'f'g'h'. If fc is odd, ^f 
and 4 are commutative, each is of order 4 and they generate an invariant 
subgroup of order 8, which is abelian, of type (2, 1). ^2 transforms this H^ 
into itself, giving a subgroup of order 16, ifi«, which is in turn invariant under 
^1 . G is then of order 32. Its existence is established by the substitutions 
Si = abchefgdj Sz = dbcdefgh. In the table of definitions of groups of degree 8, 
this group is No. 9, of order 32. 

If 5i = 52 = l, then s\ and ^1 are invariant and generate the four-group. 
Extending this by ^2 gives an abelian subgroup 1^89 typ© (2, 1) , which is invariant 
under 5i. <? is therefore of order 16. It may be generated by Sx=ahef - cdgh^ 
S2=ahcd ' efgh. In the table this group is No. 5 of order 16. Degenerate cases 
are given if Si=sl=lj the octic group, or if 5?=52=1, the four-group. 

If a ^ 3, mod 4, the conditions are contradictory unless s^ is of order 2 
and Si reduces to the identical operation. 

The preceding results may be collected in the following theorem : 

If two operators s^ and S2 satisfy the three conditions s\ = S2y (5i52)* = l, 
Si^S2Si=s§stj they generate one of eleven groups, two of which are of order 32, 
one of order 16 and the others subgroups of these three. Six are non-ahelian; 
and five are abelian, three cyclic and two non-cyclic abelian. 

2. The Groups Generated by Two Operators Satisfying the Conditions 

Si^^S2f V^1^2/ ^~~ -'■J ^1 ^2^1"" ^1^2* 

When Si=sl, (5i52)*=l, Si^S2Si=Sisij four cases are possible, according as 
a ^0, 1, 2 or 3, mod 4. Within each case are considered the groups which arise 
when ^=0,1,2 or 3, mod 4. 

Case 1. a ^ 1, mod 4. If /3 ^ 0, mod 4, the third equation reduces to 
equation Si^S2Si = s\^'^^. Hence, G must be cyclic and its order can evidently 
not exceed 4. If ^ ^ 1, mod 4, the conditions are contradictory except for 
the trivial case 5i = 5| = 1. If ^ ^ 2, mod 4, equation three becomes 5f ^52^1 = 
Si si s? or 52 Si = slsl' sf. Then 

Si S2 ^-^SiS2' S2 , Si S2 -^Si , S1S2-—S1 , S2'^Si . 

The group is then evidently cyclic and the order of Si is limited to 8. G is 
therefore the cyclic group of order 8 or a subgroup. If /3^3, mod 4, the 
conditions can be satisfied if and only if 5i=5l=l. 

Case 2. a— 2, mod 4. If ^=0, mod 4, the conditions are satisfied only if 
5j=52=l. If i^isl, mod 4, the conditions readily reduce to 5i=52=(5i52)*=l 
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and the four-group results. If ^3 = 2, mod 4, the conditions again degenerate 
to the trivial case 5f =52=1. If ^ = 3, mod 4, the three defining relations cease 
to be independent. The third equation may be deduced from the second. The 
orders of ^i and ^2 can not exceed 8. The equations then become 

5f=5|=l, s\=st, {siS2y=l, and s{=st={siSiy=l. 

It is well-known that these conditions are not in themselves sufficient to define 
groups of finite order. In the trivial case s}=s|=l, the octic group is defined 
and, if Si=52=l, the four-group. 

Case 3. a2s3, mod 4. If ^ = 0, mod 4, equation three reduces to Si\si= 
^i^l* or 5i=52*^*. Hence, G is cyclic and its order can evidently not exceed 8. 
All such groups are then subgroups of the cyclic group of order 8. If /3 = 1, 
mod 4, the group is again cyclic and of order 4 or 2. The cases /3=2 and /3^3, 
mod 4, also give rise to these two cyclic groups and only these. 

Case 4. a^O, mod 4. Condition three now becomes Si^S2Si=Si'\ 5^=5**+^. 
If /3^0, mod 4, the only conditions possible are evidently ^1=52=1. If /3^1, 
mod 4, the following equations result : 

0-1 « <j — «4fc+6 — Q-^c-^ «-*—<?**+• • c* — Q* — 1 

01 0201 — 02 — ^1 ^2 > "1 — *^2 J . • 01 — 02 — -L« 

If k is odd, th"e group is abelian of order 8 and type (2,1). If Aj is even, 
5f^=5|, 5i=52 and 5f^525i=52. The result is the group of order 16 containing 
a cyclic subgroup of order 8, each operator of which is transformed into its 
fifth power. In the table this group is No. 9 of order 16. If /S = 2, mod 4, 
the equations again degenerate so that only a group of order 2 results. If 
^si3, mod 4, Si and s^ generate either the octic group or the four-group. 

These results may be collected in the theorem : 

// two operators Si and S2 satisfy the three conditions 5^ = 5!, (5i52)* = l, 
s^^S2Si = SiS^j they generate one of seven groups^ two of which are the octic 
and Gi^j containing an operator of order 8 which is transformed into its fifth 
power. All others are subgroups of G^^ and are abelian. The case in which 
a^2 and ^^3, mod ^y is excepted^ for when these conditions are fulfilled^ 
Si and S2 may generate a group of infinite order. 



3. The Groups Generated by Two Operators Satisfying the Conditions 
Si ^^ S2J (^1^2/ = J-> ^2^1 "^ ^1^2 • 
In order to find the largest possible orders for Si and 52 when they satisfy 
the above conditions, the following theorem is applied : 

// two operators have a common square^ the product of one and the inverse 
of the other is transformed into its inverse by each operator. 
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S1S2 and SiSi being of order 2, their product is transformed into its inverse 
by each operator. (Si^f^i)^ = ^i^l^i^lsi = 5i. Hence, the order of Si and ^2 
divides 16. The possible cases then are 

1) 5l« = 5i^ = l, 2) Sf = 5| = l, 3) Sj = 5j = l, 4) Sl = 4 = h 5) S^S,=:S,S^. 

In the last case the groups are abelian. 

Case 1. s\^=sl^=l. si is an invariant operator of order 4. 5}, ^i^l^i, 
Sisl generate an abelian group of order 16 and type (2,1,1) which is invariant 
under Si and Sz . 

\ ^1^2 / S1S2S1 \ S1S2 ) — -- S1S2S1S2S1S2 ^^ S1S1S2S1 S2S1 ^ S1S1S2S1S2S1 ^^ S1S1S2 S-^ = S\S2S\ , 

Si • S1S2S1 • 5i = ^2^1 , ^1 S1S2S1 = S1S2S1 , ^2 • ^2^1 • ^2 -— S2S1S2 ^^ S1S2S1S1 , 
^2 ' S1S2S1 ' S2^^S2 S1S2S1 =^ ^251 * 5i . 

However, the abelian group of order 16, type (2, 1, 1), does not admit such an 
isomorphism as S1S2 requires. The group does not exist. 

Case 2. 51=51=1, Sislsi^ slsl^ S1S2 and s\ are all of order 2 and are all 
commutative, and hence generate an abelian group of order 16, type (1,1,1,1). 
This is invariant under Si and 52 . 

Si S1S2S1S1 = ^251 , Si S1S2S1 = S1S2S1 , Si S1S2S1 = 52^1 = 51^2 ' S1S2S1 , 

^2 ^l52^1^2^^2 «^l^a^l -—^2 "^l — --^2^> ^2 SiS2S2---S2SiS2-^S2Si' S1S2 j 

S2 S1S2S2 ^^ S2 S1S2 ^-- ^2 Si S1S2 ^^^ 51^2 • ^1^2 • 

If this group of order 16 be extended by 5i , a group of order 64 results. The 
subgroup contains 5i52; hence Of^^ involves 52. The existence of such a group 
is established by the substitutions Si=aehfcgdh^ Si=agbfcedh. In the table 
this is No. 2 of order 64. 

Case 3. 5* =52=1. 5i5|, 5i52 and 5i525i are all of order 2 and all commu- 
tative. They generate an abelian group of order 8, type (1, 1, 1), which is 
invariant under Si . 

5l S1S2S1 ^^ S1S2S1 y Si S1S2S1 ^^ S1S2S1 , Si S1S2S1 ^^ ^2^1 ~~ ^1^2 * S1S2S1 • 

The order of G is therefore 32. Its existence is^ proved by the substitutions 
Si=abcd • efghj S2=ag* bfhd. This group is No. 2 of order .32 in the table. 

Case 4. 5i=52=l, (5i52)*=l. The four-group results. 

Case 5. If 5i52=525i, one of three groups results. 51=51=1 gives the 
abelian group of order 16, type (3, 1) ; 5i=52=l, the abelian group of order 8, 
type (2, 1) ; and 5i=^=l, the four-group. 
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The following theorem has thus been proved : 

// two operators satisfy the three conditions Si=stf (5i52)*=l, 5f52=525i, 
they will generate one of two non-abelian or one of four ahelian groups. The 
non-ahelian groups are of orders 64 and 32 respectively y and the ahelian groups 
are of orders 16, 8, 4 and 2. 

4. The Groups Generated by Two Operators Satisfying the Conditions 
Si=slj (5i52)*=l, when 5? and si Are Invariant. 

When Si and 52 satisfy the above conditions, the theorem quoted in the 
preceding section may be applied to find the maximum order. 51^2 and 52^1 
are of order 2; hence their product is transformed into its inverse by each 
operator. 

\S1S2S1) ^ SiS2SiS2Si^=^ S1S2 S2S1S1 6*2^2 ^^^1^2 ^1 ^2^1 ' ^1^2 ""■ ^l^^l ' ^1^2 ~~ ^1^2 ~~ ^1 • 

The order of Si and 52 then divides 24. If the common order of Si and 52 is 2, 
G is the four-group. If this order is 3 or 4, (? is the tetrahedral group or the 
abelian group of order 8 and type (2, 1) respectively. If 5i=5S=l, the group 
generated is the first group of order 48 in the following list of substitution 
groups, ^i^l, slsl are both of order 2 and generate the four-group which is 
invariant under s^ so that [5*, slsl] is the tetrahedral group. 

\ ^1^2 / "-" S1S2S1S2 = 5i52 Si S2S1S2 = ^i^J^i^J ^^ 1 5 

S1S1S2S1 = S1S2S1 = S1S2 ' S2S1 , Si • S1S2S1 = ^251 , V ^1 ' ^1^2 ) -— 1 • 

This tetrahedral group is extended by Si , giving a group of order 24 which is 
invariant under 52; for S2%S2=sislj S2^sls2S2=slsl. Hence, G is of order 48. 
It may be generated by the two operators Si=abd'ghy S2=abc*ef. 

If 5?= 52= 1> it may be easily verified that the group is the non- twelve group 
of order 24, and may be generated by Si=ahdbgc*efj s^=cehdfg. If the order 
of both operators is 8, they are of course commutative and G is the abelian 
group of order 32 and type (3, 2). When 5?=5j^=l, G is of order 96. An 
invariant abelian subgroup of order 8 and type (2, 1) is generated by s\ and sf, 
and G is the direct product of this group and the tetrahedral group. It may be 
generated by the two substitutions Si=abc'efgh'ijklj S2=abd'eigk'fjhl. The 
maximum group arises when 5i*=5|*=l. It is easily shown that this group is 
of order 192 and is the direct product of the tetrahedral group and the abelian 
group of order 16 and type (3, 1). The following theorem results: 

// two operators satisfy the conditions Si = sly (51^2)* = 1, S2^sis2Si^ = 
Si^slSiSt^^lj then they generate one of eight possible groups of orders 192, 
96, 48, 32, 24, 12, 8, 4, respectively, three of which are abelian. 
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5. The Groups Generated by Two Operators Satisfying the Conditions 

Si = S2j 5iS9=525i, V^i^j) =1. 

In order to find the upper limits for the orders of s^ and ^2 when they 
satisfy the above relations, we proceed as before. Since S1S2 is of order 2, 
Sislsi must be transformed into its inverse by SiSz and s^Si . 

\S1S2S1) ^^^SiS2SiS2SiS2SiS2Si^^^SiS2^^^Si M 

Since sf is invariant under the group generated, the order of Si must divide 48. 
Five trivial cases arise when the orders of Si and S2 are less than 8 and 4 
respectively. If s\=s\=lj the group is the four-group, and if s\=s\=lj it is 
the octic group. 5^=^2=1 define the group which is No. 5 of the list of 
substitution groups of order 16. If both operators are of order 3 or if one is 
of order 6 and the second of order 3, they generate the cyclic group of order 3 
or the cyclic group of order 6, respectively. 

If 5j=52=l, Si and 52 generate an abelian subgroup of order 16, type 
(2, 2), which is invariant under Su for Si'^S2Si= {s^\)~^. G is then of order 32 
and is the sixth of that order in the list of substitution groups. It may be 
generated by the two substitutions s^^abcd'ef- ghj Si=aebfcgdh. 

When the common order of s^ and 52 is 12, it is readily seen that 5? and s\ 
satisfy the conditions for the group of order 16 mentioned in the first paragraph 
of this section and that G is the direct product of this group of order 16 and 
a cyclic group of order 3. 

s^=sf=l likewise gives rise to a group which is a direct product. 5? and 
^2 generate the above group of order 32, and G is the direct product of this and 
the cyclic group of order 3. It is of order 96. The only condition remaining 
to be considered is sf =52*=1. That these conditions are contradictory follows, 
if we consider the transform {S'iS2)'~^S2SxSiS2=Sjs\s\s2=s\s2* slsl should be of 
order 2, while this assumption leads to a contradiction. 

{s\s\Y= (52-V^)^= (^2- WJ)*= {sT'''S2S,y=sV^il. 
If two operators Si and S2 satisfy the conditions Si=slj 5i525f*si"^= (^i^j)* 
= 1, they generate one of three abelian groups or five non-abelian groups. The 
non-abelian groups are of orders 96, 48, 32, 16 and 8, and the abelian groups 
are the cyclic groups of orders 6 and 3 and the four-group. 

6. The Groups Generated by Two Operators Satisfying the Two Conditions 

Si = S29 \S1S2) =^ (S1S2) =1. 

In order to find the upper limit for the orders of Si and S2y consider the 
product 5*52 • S2SI . 5i5i is of order 2 ; hence, the product sfsg* 525* is transformed 
into its inverse by each operation. (525i-5i52)*=(5|5i)*=52*. 52^ is invariant 
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and hence the order of ^i and ^2 niust divide 24. s\=sl=l define the sym* 
Hietric gronp of order 6; 5? =51=1 define the cyclic group of order 3. That 
5} =52=1 define the octahedral group follows if the operators Si and SiSt 
are considered. 5i = (5152)' = (5f 51)^=1. Thus they fulfil the well-known re- 
lations of the octahedron group. The group of order 18 which is represented 
as a substitution group by (abc) elU (def) is defined abstractly by the given 
relations when 5? =4=1. 

When 5i=52=l, 5i and 5* generate a quaternion subgroup which is invariant 
under 51^2 . 

\Si) ^^= V ^2 ) =^ ^l^i --* J- > S1S2S1 =^ ^2 > ( S1S2 ) S1S1S2 = S2S1S2 ^^^ S1S2S1 * 51^2 = S1S2 J 
\ ^1^2 / S2S1S2 ^^ S2S1S2S1S2 ^^ S1S2S1S2S1S2 ^^^ S1S2S1S2JS1S2 ^^ S1S2S1S2S1 = S1S2S1 ^= 5i • 

[Si , 52 , S1S2] is evidently the non-twelve group of order 24. si is in this sub- 
group, and the subgroup is invariant under 52 . Hence, G is of order 48. 

52 * 5i^52 ' 52 ^^ 525^52 ^ ^2^1 ~~ ^2^1 ' ^IJ ^2 ^1^2 "^^ S1S2S1 ' 5f 52 ^^ «5i52 • 

This group may be generated by Si=acegdfbhj S2=aehfdbgc. It is the fourth 
group of order 48 in the list which follows. 

That the two orders 5i*=5?=l and 5i*=52*=l are contradictory is seen 
as follows : 

Si S2Si^^S2 anci Si SfSi^^^S2 -—52, •*. 52— -J- • 

// two operators satisfy the conditions 5i=52, (5152)*= (5i52)S they generate 
one of four non-abelian groups or one abelian. The orders of the non-abelian 
groups are 48, 24, 8 and 6/ and of the abelian, 3. 

7. The Groups Generated by Two Operators Satisfying the Conditions 

5| = 52, (^1^2/ ~"^j ^2 5i52 = 5i, 

In order to find the maximum order of Si and 5^, the same process is used 
as in the preceding problems. Since 5i52 and 525i are of order 2, their product 
must be transformed into its inverse by each operator. 

(.^1^2 • 525i ) = S\SflS\S2SxS2S\ = S1S2S1 = Si . 

The order of Si and 52 must then divide 24, since s\^ is invariant and is trans- 
formed into its inverse. 

The conditions are satisfied if 5i=5|=l, in which case G is the four-group, 
if 5i=52=l, where G is the dihedral group of order 6, when G is cyclic of 
order 3 and when 5} =52=1, which gives the abelian group of order 8 and type 
(2, 1). The dihedral group of order 12 arises when 5f =5S=1. When 5j=52=l, 
[5* , 52] is the non-cyclic group of order 9 and is invariant under Si . Hence; 
G is of order 18. It may be generated by Si=acdfgi'bhey S2=abc'def*ghi. 
26 
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When 5i=5S=l, [sly Sislsi] is an invariant non-cyclic subgroup of order 9. 
S1S2' Sislsi' SiS2=SiSiS2= (sislsi)"^. Hence, [sf, Sislsiy SiS^] is of order 18. It is 
invariant under Si, giving 36 as the order of G. This is the second group of 
order 36 in the list of substitution groups, and may be generated by the sub- 
stitutions Si = adcbfe, S2=abc' gh. 

If 5f=52=l, [si J S1S2] gives the abelian group of order 8 and type (2, 1) 
which is invariant under 5^, s2^Sisl=S2^^= (sls^)"^. G is the eighth group of 
order 16 in the list of substitution groups. When s\^=sl^=l, [^2, si] is an 
invariant abelian subgroup of order 36 with the invariants 12 and 3. (? is of 
order 72. It is generated by 

5i = agce • bhdf • imlpoj • fcgn, 52 = abed • efgh • ijk • linn • opq. 

When Si=sl^=l, G is the group of order 24 which contains a cyclic subgroup 
of order 12, each operator of which is transformed into its fifth power by an 
operator of order 2. Si^S2fii=sr^S2^=S2^ When sl=sf=lj G is of order 48 
and is tlie direct product of the symmetric group of order 6 and the cyclic 
group of order 8. 

If 5i*=5|*=l, [Szf si] is abelian of order 72, with invariants 24 and 3. 
It is invariant under Si. Hence, G is of order 144. As generating substi- 
tutions may be taken Si=ahcbedgf - imlpoj * kqn^ S2=abcdefgh'ijk'lmn'opq. 

If two operators satisfy the conditions sl=sly (5i52)*=l, 5r^5i52=5i, they 
generate one of nine non-abelian groups of orders 144, 72, 48, 36, 24, 18, 16, 12 
and 6 respectively^ or one of four abelian groups of orders 8, 6, 4 or 3. 

8. The Groups Generated by Two Operators Satisfying the Conditions 

Si=^S2j (^1^2/ "~^-'-> SiS2^^^S2Sij (^1^2/ -— J-» 

It is possible to apply again the theorem stated, that if two operators have 
a common square, the product of the one into the inverse of the other is trans- 
formed into its inverse by each operator. 5? and si have a common square. 

\^1**2 / — "1^2 ^1*^2 — oi02"l*^2"2 — "2 

Since 5^^^ both is invariant and is transformed into its inverse, the orders of 
^1 and 52 divide 24. 

If now S2S1 be transformed by sfs*, the resulting operator must be of order 3. 

From this it is readily seen that the order of Si must divide 36. Twelve is then 
the largest possible order for Si and 52 . 

5^=52=1 gives the non-cyclic group of order 9. 5? =51=1 generates the 
tetrahedral group. When 4=55=1, G may be generated by 5i = afe, S2=^aecbfd, 
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and is of order 24. When 5?=5f =lj ^ and Si^^Si generate the four-group, since 

Si S2S1S2 ' Si S2S1S2 ^^^ S1S2S1S2S1S2S1S2 ^ ^jS^ ^2 S1S2 ^^ Si = 1 • 

Si with this generates the tetrahedral group which is invariant under S2 . 

G is of order 36 and may be generated by the two substitutions 
Si = abg ' cdi • efk • hljy S2 = abcdef • ghijkl. 
When Si=sY=ly Si and 5a generate the dicyclic group of order 24. 

Si S2S1 = S1S2S1 ^= S2S1S2 Si ^^ S2S1S2S1 ' S2 ^^ S2S1S2S1 ' S2 ^^ ^2^2 ^^= ^2 • 

When 5; = sS = l, 5?, 5^, ^f^sj^i and S2^s\s2 generate an abelian subgroup of 
order 16 and type (1, 1, 1, 1). 

(Si • S1S2S1) =SiS2SiS2S2Si=^SiS2SliS2Si = SiS2Si = lj 

\ ^ ' S1S2S1 ) = 52^152^152^1^^1 "~ 525i525i525i525i = S2SiS2SiS^iS2Si = S2S1S2S1S2S1 = 1, 
\ ^ ' S2S1S2 ) ^^^ 525i525i525i525i52 ^^ 525i525i525i525i52 ^ 5$ ' ( 5^52 ) 55 = 1 j 
( 55 ' 525i52i ) ^^ 525i525i52 ^^ S2S1S2 = 52 ^= 1 • 

This abelian subgroup is invariant under 5i and 

52 • 5i • 5i525i • 5i = 5^515152 y S2 5i525i ' 5^ = 525i525i52 ^= 5i525i525i525i52^^ 5i5j5i525i = 5i525i ] 
Si • 525i52 • 52 ^^ 52 • 5i52 ^^= 52 " 525i525i ^= S2S1S2S1 . 

The group is then generated by this subgroup and 5i , 52 , and is of order 144. 
It is generated by the two substitutions 5i=a&c • ef • ghy S2=ab'cd* efg. In the 
list of substitution groups which follows, this is the first group of order 144. 

When the common order of 5i and 52 is 12, it is possible again to consider 
the subgroup generated by the four operators 5?, 5!, 5f*525i, 57^5552. These 
now generate the group of order 32. 

5i S2S1' SiSi S^Si^^Si 525i525i = 5i, 5i 525i • 525i 525i = 5i 525i525i 525i = 52, 

02 010201O2 oi"2 — O2Oid2OiO2Oi02 — oi , 02 oi0202"2 "1^2 — "2 > 

5i 525i52 S1S2S1 S2S1 = 52 S1S2 • 

This G22 is invariant under 5i and 5^, and G is of order 288. In this G^agy ^i is 
an invariant operator of order 2. With respect to this invariant operator of 
order 2, the quotient group is the G^^ considered above. This G^^ contains an 
invariant abelian subgroup of order 16 and type (1,1,1,1). Corresponding 
to this in Ggss must be an invariant subgroup of order 32, all of whose operators 
must be of order 2 or 4. The invariant subgroup in the quotient group is trans- 
formed according to a non-cyclic group of order 9, in the group of isomorphisms 
of the quotient group. Hence, the corresponding sets in G288 must be generated 
in the same way. We find on trial that the group of order 32 which admits 
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this isomorphism is the group of order 32 which involves nineteen operators of 
order 2 and twelve of order 4, of which the latter have a common square. That 
such a group of order 288 exists, is established by the two substitutions 

Si = actnpebdsmoQ • eayixvf^zjwu • glhk • gyrS, 
s^ = acapuvbd^omn • elfk • gtriyehsqjZd • wzxy. 

The above results may be stated in the following theorem : 

// two operators Si and s^ satisfy the conditions sl=slj {siSiy={s^isiy=lj 
sls2=slsij they must generate one of seven groups of order 9, 12, 24, 36, 144 
or 288. 

II, Table of Abstract Definitions of the Substitution Groups 

OF Degree 8. 

The substitution groups used in this table are taken from the list of Pro- 
fessor G. A. Miller (American Journal of Mathematics, Vol. XXI (1899), 
p. 326). The notation there used has been practically retained. There are, 
in all, 200 distinct substitution groups of degree 8. As abstract groups, how- 
ever, these are not all distinct. The same abstract group may be represented 
in more than one way on eight letters. Some of the groups of degree 8 may 
be abstractly the same as substitution groups of lower degree. The abstract 
definitions of the substitution groups whose degree does not exceed 7 have 
already been given.* The definitions which are given in the present table 
exclude the groups which may be represented on a smaller number of letters, 
and include only the distinct abstract groups of degree 8. There are 82 such 
groups to be defined. 





Order. 


No. 


Designation. 


Abetract Definition. 


1 


8 


1 


{dbcdefgh) 


5?=1. 


2 




2 


(abcdefgh)g 


si={s,s^')'=slsl=l. 


3 


15 


1 


{abode) ifgh) 


Si»=l. 


4 


16 


1 


{ab)icd)ief){gh) 


(M,)*=l(t,y=l,2,3,4). 


5 




2 


{abcd){ef)igh) 


Si =52 = 5j = 5^ 5y 54-5y=l 

(i,i=l,2,3). 


6 




3 


(abed) (efgh) 


Si =52 = 5i525i52 = l« 


7 




4 


[ (abed) iefgh)s] dinxi 


Si ^^^S2——SiS2SiS2^---L» 


> 8 




5 


[{abed) (efgh) a] dimi 


S«=4=(5iS»)*=(s!«|)* = l. 


9 




6 


[ (abed) {e fgh) a] d'lm^ 


"~ S1S2S1S2 ^^^ J. . 



* G. A. Miller, Amebican Journal of Mathematicr, Vol. XXXITI (1911), p. 383. 
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10 

11 
12 
13 

14 18 

15 24 

16 30 
17 
18 
19 32 



20 
21 

22 

23 

24 
25 

26 

27 
28 



32 
33 

34 



Order. No. Deaignation. 

7 [iabcd){efgh)]pos 
{ae ' bf ' eg ' dh) 

8 [ {abed) (efgh) J pos (aefbgchd) 

9 {abcd-efgh)g2{aebfcgdh) 
10 {abcd)i{efgh)i{afbgch4e) 

1 (abc) (def) (gh) 

1 (abc • def) (afdc • egbh) 

1 (abode) {fgh) all 

2 (abode) lo(fgh) 

3 [ (abode) ia(fgh)&l\]dim 
1 (abcd)s(ef)(gh) 



2 
3 

4 

5 

6 

7 

8 

9 
10 



29 36 1 

30 2 

31 48 1 



2 
3 



abcd)s(efgh) 
(abod)8(efgh) s]dim 

(abcd)i(efgh)a]dvai 

(abcd)a(efgh)a]dim 

abed) (efgh) (ae-bf'cg- dh) 

(abcd)i(efgh)g]^^t 

(ae • bf • eg • dh) 



Abstract Definition. 
8i ^St^SlSfSiS^^Sf 

~~ SgSiS^Si = SfSfSfSiSi ^ 1 . 
5j ^^ 5j ^^ SfS^S^S^ — X. 
$1 ^^ 5 J ^^ S^SiS^S^ ^^ X • 
Si =Sj^ (^l^j) — ^X, 
Sj = S% = S2S1S2S1 ^= X . 

Si ^Sj^SjSiSjSi^^X, 
Si ^^ S2 ^ S^SjSfS^ ^^ X • 

sf=i^=(s,sO»=l. 

' =(S858)* = S4S;S4Si=(S4Sj)* 

= (StSt)* = l. 

st=si==(sis,)'=(4sl)*=l. 

$^=^ S^^ SlS^SiS^^^ (^2^8/ 

= (SiS,)» = l. 

S2 = S^=^ {S1S2J = (^i^g) 

= S^SfjS^^ ^ ^^2^1^2 ^ ^* 

""■ (^1^8/ ^^^gSg^gSi^J^l. 
\ "^1^2/ ■"" ^i^J^i^g = 1 • 



St 
St 



4 = 

st = 



si 

Sj = S3 = 5^ = S1S2S1S2 ^^ 



= (545s)*=(M»)*=1. 

{abcd)s{efgh)s]2^2{(^ebf*cgdh) s\ =sl= (^i^a)* 

= 5xS2^l52^1*^2^^2 ~~ ^ • . 
V'^1^2/ ^^SiS^^S^Si 52^1 = 1, 
^2 = ^3 = S2S1S2S1 ^^ S^SiS^$i 

= (S2S,)* = 1. 

^2 "~~ ^^l^a^l ~" ^8 ~" v^i^s) 

-(sts,y=44=i. 

^2 —- ( "^1^2 / "~" S1S2S1S2 ^^ 1 . 

52= (5i52) =5|5i525i 



{abcd)s{efgh)^] (aebfcgdh) 

{abcd)s{efgh)s]2,2 

{ae*bf'Cg'dh) 

(abc) all (def) all] pos gh 

abcdef)^{gh) 
abcd)jpos{ef) (gh) 



s\ 



si 



St 

si 



abed) pos (efgh) 
(abed) poB(efgh) pos] 4.4 



4 (abc • def) (aefgdbch) 



s?= 
st-- 



sl 



'S2 — ^1^2 — (^1^2/ — 1- 

= {sissy={8^s2siy=i. 

= ^2= (51^2/ —— Sj^a 

— O20|O2Oj — X. 
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Order. 


No. 


Deaignation. 




Abstract Deflnition. 


35 


56 


1 


\dbcdefgh)s(hcedghf) 


si 


= sl= (SiS2)* = 5ii^s}s|=l. 


36 


60 


1 


[dbcde)vi{.fgh)a\\ 


si 


= s|=(Sx5.)'»=(5xS|)* = l. 


37 




2 


[abode) toifgh) 


s\' 


=s|=s|SiSa^=l.- 


38 




3 


\{abcde)„{fgh) a,ll]po6 


s^ 


^ ^2 ^— S2S1S21S1 ^^ X • 


39 


64 


1 


[abcd)siefgh)s 


si 


= sl = sl = sl= {SiSi)*= (SiS,)* 
= (SlS4)*=(«sS4)*=(SiS«)* 

= {s^s,)'=l. 


40 




2 


'{abcd)s{efgh)8]dmi 

{ae -bf'cg- dh) 


si 


= SiSt =(SiSt) = SiStSiS2 
= 4 = SsSiStSl= (S,5j)* = l. 


41 




3 


[(abcd)i{efgh)s]dhn 

(ae-bf-cg'dh) 


si 


= s| = s|=(5iSa)*=(Si5,)* 
= (SjS,)» = sfs»SiS^s|sfSs = l. 


42 




4 


{abcd)s{efgh)tdmi{aecg • bf'dh 


\sl 


= {sls,)*=l. 


43 




5 1 


Xabcd)i{efgh)i^&]di\m 

{aebfcgdh) 


si: 


=st={s^s,)'=(slsi)'=l. 


44 


72 


1 


{abc)SL\l{def) All (gh) 


si- 


= Sj = S, = ( S1S2) = SiSjSiSi 

= 4SiSiSi = StSiStSl = S,S^sSl = 1 


45 




2 


{abcdef)uigh) 


s{ 


= 5j = s|=(SxS,)*=(«' 

= {SiSi)' = S,SiS,^, = SaSt^tSi=^- 


46 


96 


1 


[abcd)a.\l{ef)igh) 


A 


=sl=4={s,s\)*={s^s',)' 


47 




2 


{abcd)&\\iefgh) 


«? 


= SaSiSaSl = S,StS,sl=l 


48 




3 


{abcd)poB{efgh)s 


si' 


= 5,SiS,S; = S,«8Sa5S = l. 


49 




4 


\ (abed) all {efgh) a com ] dim 


si 


=st=is^s^')'={s,s,)* 

= {slsl)'=l. 


50 




5 


' {abcd)&ll{efgh) iGyG]dim 


sf 


=si={slsl)'={sis,)' 

= {sA)'sl=l. 


51 




6 


[{abcd)a[l{efgh)Si\\]i^ 


si 


=st={s^s,)'={sisl)' 

= isls,)*=l. 


52 




7 


{abcd)poa{efgh) pos ] 4, 4 

(ae-bf-cg'dh) 


si 


=s^={s,s,)'=islsi)' 

= {s,4)'=i- 


53 




8 


[{ab)icd)ief)igh)]voB 

{ach-bdg){ade-bcf) 


si 


=4sl=sl4=sls,slst 


54 


120 


1 


[abode) ia{fgh)&ll 


s^ 


= Sj = Sj = S{5i5{5i = Ss^s^s^ 

= S,Sj5,S* = l. 
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Order. No. Designation. 

55 128 1 {abcd)tiefgh)aiae'bf-cg-dh) 



56 144 1 iabcd)po6{efgh) 



57 



2 {abcdef)nigh) 



58 168 1 iabcdefgh)i{bcedghf)a 

59 180 1 {abcde)ipoi{fgh) 

60 192 1 {abcd)&\liefghy 



61 2 [(a&crf) all (e/^fe) all] 4.4 

(ae 'bf'cg- dh) 

62 3 [(a&)(cd)(e/)(i7fc)] 

(ace • bdf) {ceg • d/A) 

63 4 +[(a&)(c<f)(e/)(i;/i)]pos 

{ace 'bdf) {eg -fh) 

64 5 ±[(o6)(c-<i)(c/)(i;/t)] 

(ace • fe<i/) {agbh) 

65 288 1 (a&c(2) all (e/^^)po8 



66 
67 



2 [(o6crf)all(e/^fe)all]pos 



3 {abcd)po6{efgh)i>o6 

{ae ' bf ' eg ' dh) 

68 336 1 {abcdefgh)at 

69 360 1 (al>C(2e)aU(/^^) 

70 2 (a6cde)pos(/^fe)all 



71 



3 [ {abcde)fi\\ {fgh) all] pos 



72 384 1 {ab){cd){ef){gh){ace-bdf) 

{eg • dh) 



Abstract Definition. 
5? =s{st= {SiSi)*= (S?S,)« = S| = SJ 
= S1S2S1S2 = ^s^i^s^ = ( 58^2 ) 

5i =52 = 58= V^i^a) = (^1^2^1^2) 

= (^i^a) =58585852 = 1. 

=sl={s^s,)'={s*A)*={sA)' 

= 525j525i525i = 52525][525f 52 = 1 • 
:»=(S«sS)*=(5|sn 

= {slst4)'=-l- 

= st={SiSi)*={SiSt^)* 

= (s!s|)»=si=(«,si)* 

= 585a585i525i = 1 . 

= «J=(S,5?)'=(^5|)' 

= (5iS«)*=l. 
^ 52 = { 5i52) = 5i525j52 = 1 . 

= 52^= (5i52/ ^=5j525i52 

~~ (^1^2/ 52=5j525i525i525i52 = l. 

s»=4={4sl)'={s,s^)' 

= {s^S^y={sA)*={4s,)*=l. 
^=s\'={s,s,)'={s^^)*sl^, 

= {s{StSiSi)^={slSt^)* 
~" 525x525^ = 5|525i52 ^^ 1 • 
= 52 = 5$^ (5i52) =5i^5i52 

= {si4)'={sts,)*={s^,)'=l. 

= «!= (SiS,)'= (Sl«2)*(Sj^)"* 

= (5fs,)* = l. 
= 5|=(^5,)*=(SiS8)' 

"~~ \^2^1^2^/ -— (^2^2^27 —-J-* 

*=^=(fif5,)»=(s;5j)* 

= 81S2S1S2 ^^^ J-. 

»=sf5r= («?«•)*= (««sM)' 

=s|= {s»St)*= {SgSiy=l. 

'=sls{'=4= {slsl)*= {slst4)' 

= SzSiS^S2 = S^SfS^Si = 1. 
= sS=(SlSj)*=(5jSii^l)» 

= («lSr*)*= (sfSsSiSj)* = l. 



Digitized by VjOOQ IC 



210 



Burks: The Abstract Definitions of Groups of Degree 8. 



Order. Ko. Designation. 

73 576 1 (o6cd) all (c/^rfc) all 



74 



75 



2 [iahcd)&\l(efgh)&\l]poB 

(ae -hf'cg- dh) 



3 [(a&cd)all(e/^^)all]pos 

(aebf-cg-dh) 
76 720 1 (aftcrfe ) all (/^fc) all 



77 



2 (o6cde/)pos(^fe) 



Abstract Definition. 

s;=s|=s|=(siSg)*=(«i«8)* 
= (5!5,)*(s««f)-*=(Mi)' 

=is,s,r=i. 

s\=si=:{s^sl)'=(s'Ay 

= (5|Si58Si)' = l. 
5i* = 5j»=(s;5|)'=(^«S)* 

— ^ o' Q^ Q O* — - O* O* O^ O**^ — — 1 

— o 2*'l" a**! •"" "102'* l*'^ — ■*• • 

= 5s5i5,sf = S^S^Sz^ = 1. 
5x =51= (5i52) (5i52) 

= {sis,yi4s,y={4sts\s,y=i. 

sl=sl=sl=:{S^S,r={slsiy 
= (s!5j)* = SiS|s}s|= (SjS,)* 
= (5,sf)*=(Vr')«=(S,s|)«=l. 

Sj =5j= {S1S2) = (5i525i52) 
= 5i525i(5i52) 52(51^2) ^2 
= 5j = S^SiSj^Si = 53^2^8^ ~~ ^ • 

•sj=sf=l («=1,2, ....,7). 
(5A>i)»=l(i=l,2,....,6). 
(V,)'=l(t=l,2,....,5) 

(;>t+i). 

•^=l(i=l,2,....,8). 
(5A+i)'=l(i=l,2,....,7). 
(s^,)*=l(i=l,2,....,6) 
(y>i+l). 



III. Explanatory Notes. 

Order 32, No. 8. The abstract definition is 5i=5t= (5i5t)*=sf5t5i5{£f5(5f5t 
=1. s?, (siSi)* and (SjSi)* generate an abelian subgroup of order 8, type (1,1,1), 
which is invariant under Si. This Hu, thus obtained, is invariant under s^. 
Hence, G is of order 32. Its generating substitutions are Si = aehf • cgdb, 
St = ac-eg. 

Order 48, No. 2. This group comes under one of the generalizations of 

* B. H. Moore, Proo. of the London Math. 800.. Vol. XXVIII (1897), pp. 367-360. 



78 1152 1 (afccd)all(e/<7fe)all 

(ae -bf-cg- dh) 

79 1344 1 (abcdefgh)^ 



80 1440 1 {abcdef)&\\(gh) 

81 20160 1 iabcdefgh)poB 

82 40320 1 {abcdefgh)&l\ 
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the tetrahedral group, i. e., the groups generated by two operators with a 
common cube, whose product is of order 2.* 

Order 48, No. 3. 5f=5|=5| = (5152)*= (5i58)*= (5|58)'= {SsS2s\y=l. s^s^j 
s^Siy SiSs and slsisl generate an abelian group of order 16 and type (1, 1, 1, 1) 
which is invariant under the group. Si may be added, giving Gig. The group 
contains 32 operators of order 3 and 15 of order 2. Its generating substitu- 
tions may be chosen Si=dbc'efg^ S2=abd*ehgy Sz=acb'ef}i. 

Order 56, No. 1. 5j=4=(5i52)*=5i525i5|=l. s^Su ^s\y sSsJ generate an 
abelian subgroup of order 8 and type (1,1,1) which is invariant under Su 
so that G is of order 56. Si=abcdefgj s^^ahdhcge. 

Order 60, No. 1. sl=:sl= {s^s^y''= {Sisiy=fl. [s^, (siS^V] is of order 30, 
in which (^i^j)^ generates an invariant subgroup of order 5. 

S2^ • {s^s2)\= {s2Siy= {sis^y^ Si^is^s^ysi^ (52^1)*= {sts^y. 

G is generated by Si=ad'bC' efg^ 52=a& • ce • fhg. 

Order 64, No. 2. This group of order 64, which comes under the theorem 
of paragraph 2, contains as invariant subgroups both ^82, No. 9, and 6^82, No. 6. 
The third group of this same order is defined by extending the definition of 
G^82> No. 8. It likewise involves G^y No. 7. 

Order 64, No. 4. 5j=52= {SiS2f= {Sisiy= (525i)*=l. 5^ and sl satisfy the 
conditions of ^82, No. 8. si= {siy= {Sisl)^=s\slsiS2^slsiS2=SiS2SiS2s\=l. This 
H^ is invariant for S2^SiS2=S2Si. The group is generated by Si = aebf'cgdhj 
$2 = agce • bh • df. 

Order 64, No. 5. 5?=sJ= (5f52)*=(si^2)* = l- [Sij (slsl)] is a subgroup 
of order 32. It is simply isomorphic with ^82, No. 8, above, for 

This is invariant under Si for 5r^-5|5i-Si=5i525i=525f52'5i. The square of Si 
is in (j32 . Hence, G is of order 64. Its generating substitutions may be chosen 
Sj = afdechbg, S2 = afch - be • dg. 

Order 96, No. 4. sl = st = {siS2'y={s^S2y={slsiy = l. sl, sl, {s^S2^y, 
{Si^Siy are all operators of order 2 and are all commutative. The abelian 
group of order 16 and type (1, 1, 1, 1) generated by them is invariant under sf , 
making a subgroup of order 48 which is invariant under 52 . Si = acb • ef . gli, 
S2 = abed • efgh may be chosen as generating operators. 

Order 96, No. 5. 5}*=5|= {s\^2y= {S2s\y= {sAys\=l. s\ and s^s\ satisfy 
the conditions <J*=iJ^= (<i<2)*==l> t\=t\y and hence generate a group of order 

* G. A. Miller, << Generalization of the Groups of Genus Zero/' Tro/na, of the Am, Math. 8oc., Vol. 
VIII (1907), p. 8. 



Digitized by 



Google 



212 Burns: The Abstract Definitions of Groups of Degree 8, 

48 which is invariant under ^2 . Si = abc • efghj s^ = abed • fh are two sub- 
stitutions satisfying these conditions. 

Order 96, No. 6. s{=s\= {s^s^Y= {s^s\y= {s\s\y=l. The transforms of 
s\s\ , by 5i , ^2 and SiS^ , give, with ^f^l , four operators of order 2 which are all 
commutative. This abelian subgroup of order 16 is invariant under the group. 
It may be extended by 51^2 , making a subgroup of order 48 which is again 
invariant and may be extended by 5i . Si = abed • eg^ 52 = a6 • ehfg. 

Order 96, No. 7. sJ=5S= {siSiy= (5j5|)*= (5i5|)'=l, s^ and sj^f generate 
a subgroup of order 24 for 5j= (5|5?)*= (s|5f5i)*=l and (5i5j)*=5?. But the 
subgroup of order 24 is transformed into itself by no operator outside itself. 
(roe, however, contains G48, No. 3, as an invariant subgroup. Si = afcebg^dh^ 
s^ = ahdgbf • ce. 

Order 96, No. 8. s\ = sls\ = slsl = sjsgsf sj = SiS2sls^s^l = 1. 52 and Si^s^i 
generate the quaternion group which is invariant under 535251 . The subgroup 
of order 32 [5^, 5f^525i, 535251] is invariant under 5i. Si = aedbfc gh^ 52 = 
acbd ' ehfg J s^ = adhbcg • ef. 

Order 168, No. 1. sl = sl= (5i52)^= (5?5j)* = <^5?525;5|5t= (5i5j)* = 5j5|5i5j5?5S 

= 1. 5i, 52, 5i'^5?52 generate an abelian group of order 8 and type (1,1,1). 
If this is extended by 5i52 , the group generated is of order 56 and simply iso- 
morphic with the group of order 56 defined above. Extend this Hse by 5i 
and the order of the group is 168. It may be generated by 5i = a6 • cfgdehj 
52 = agbfde • ch. 

Order 180, No. 1. s\' = si' = sW^ = {s\st)^ = {sUl • 5?)' = 1. sls\ and 4 
generate the icosahedral group which is invariant in G^bo • ^2 ai^d this icosa- 
hedral subgroup give the entire group. 5i = acebd • fghj s^ = acedb • fgh. 

Order 192, No. 1. sl = sl= (5i5^^) = (5i5j"*)*= (5?5|)*=5| = 5852585?525j= (5i58)* 

= 1. This is simply Gge, No. 4, extended by an operator of order 2 which is 
commutative with 5i and transforms 52 just as 5i does. 

Order 192, No. 2. sl=st= {s^siy=: {s^s\y= {slsiy= (5i52)*=l. 52 and s^l 
generate Gq^ , No. 6. This is invariant under 5i , thus with 5i generating the 
whole group. 5i = aebhdg • e/, s^ = afch • bgde. 

Order 192, No. 3. 5j=5S= (5i5a)*= (5i525?52) = 1. 525i , 525i5i and 5r^5a5i525i 
generate a group of order 64 which is simply isomorphic with G^y No. 3. With 
52 , this subgroup generates the entire group. 5i = a& • cfgdehj S2 = ace • bfd • gh. 

Order 192, No. 4. 5} = 5$ = (5i5a)* = 5?5S5i5j = (555|)'5| = 5j525f525f5j5j52 = 1. 

5?, 52 and 525i52 generate an abelian group of order 8, type (1, 1, 1), which is 
invariant under 5i and 52 . The quotient group as regards this invariant sub- 
group is of order 24, the octahedral group. 5i = agce • bhdf, s^ = aegbfh • cd. 
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Order 192, No. 5. sl= {slsiy= (sAy^ {sls,y= {s^s^y= {s,si:'y=s\si=l. 
^ij ^Ij (5i^I)*> (slSiy generate a group of order 32 which is invariant under 
the whole group. The quotient group as regards this invariant subgroup is 
the dihedral group of order 6. Si = agfdbhec, s^ = agdfbhce. 

Order 288, No. 1. This group is the direct product of the symmetric 
group of order 24 and the alternating group of order 12. It is generated by 
5i = acbd ' ehgy S2 = abed • efg. s]^ = s^^ = {s^s^y = {sXs^^SiS^y = ^I^Jsl^f = 5i5^?5| 
= (Mi)*^!^! = (^i^r^)* = 1- ^i ai^d {s^s^y generate the symmetric group of 
order 24 which is invariant. With respect to this, the quotient group is the 
tetrahedral group. 

Order 288, No. 2. This is simply an extension of Gm , No. 1, by an oper- 
ator of order 2 which transforms each generator into its inverse. 

Order 288, No. 3. s\=s\= {sxS^y= (5152)*= (5i52)*(525?)*=l. s^ and s^iS^, 
generate a grouj) of order 144, which is simply isomorphic with the first group 
of order 144 above. When this is extended by s^j the entire group is given. 
5i = abc ' ef • ghj S2 = ae'bf-cg- dh. 

Order 336, No. 1. sj = 5$ = {sls^y = (^i^^)* = {s^sU^siy = (s^sU^y = 1- 
Si and (5J52)* satisfy the conditions for the simple group of order 168, and it is 
invariant under s^. Since si is in this subgroup, the order of the group is 336. 
Si = bfhgdeCj Sz = achfgedb. 

Order 360, No. 1. 5^=52= (5552)®= (5?5?)*=5i52555j=l. ^2 and s\ generate 
the icosahedral group, for they satisfy the conditions ti=tl= (^it2)*=l- This 
is invariant under Si and contains the sixth power of ^i . Hence, G is of order 
360. Si = abed • fgh, s^ = adbec. 

Order 360, No. 2. This group is simply Gj^o defined above extended by 
an operator of order 2 which transforms 5? =5$ into its inverse, and 5? and si 
into themselves. The next group of order 360 likewise involves Gi^q. The 
extending operator is of order 2 and transforms Si and ^2 ii^to their eleventh 
powers. 

Order 384, No. 1. This group is composed of all the substitutions on eight 
letters that leave invariant acbd 'eg- fh. It involves three Sylow subgroups 
of order 128 and sixteen of order 3. It also contains Gi^^ No. 4, and G^ny No. 5, 
invariantly. s\=s\={sxS^y^{s2Si^2!Siy={siS2^y={s\SiSiS^y=l. s^Si and ^i 
generate Gi^ , No. 5. Si = abe- cdg • /A, S2=abef • cdgh. 

Order 576, No. 1. This is simply the product of two octahedral groups. 
No. 2 of the same order is Ggss , No. 8, extended by an operator of order 2 
which is commutative with 52 ai^d transforms Si into its inverse. 



Digitized by 



Google 



214 BuBNs: The Abstract Definitions of Groups of Degree 8. 

Order 576, No. 3. s\ = s\= (s^Y = (5?si)* = {^s^s^s^)^ = 1. This group 
involves (?i44, No. 1, invariantly and is generated by G^ [s^ ^^s^] and s^. 
5i = ahc • ef • ghj S2 = aebf • eg • dh. 

Order 720, No. 1. 5^=5?= {s\^2y= {s\s\y=^ {s^s^Y=s'M=s\s\. s{si=^A^ 
sX and ^2 generate the symmetric group of order 120 which is invariant under 
5i and s^ . If (ti2o is extended by s-i , the resulting group of order 360 is like- 
wise invariant under s^. 5i = abed • fgh, s^ = aedcb • fh. 

Order 1152, No. 1. ^i* = 5J* = ^J^jjsl^g^f^g^^a = (^f^j) * (^Jsj) * = (^J^j^J^,) * = 1. 
Si and Sj^i^a satisfy the defining conditions given above for <?57», No. 1. This 
^570 is invariant under 52. 5i = abed • e/^r, S2 = ae'bf*cg* dh. 

Order 1344, No. 1. This group is the holomorph of the abelian group of 
order 8 and type (1,1,1). It is generated by Si = bfhgdeCj s^=ahcdbfgj 
s^ = abf • cdh. 

Ubbana, Illinois. 
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Projective Differential Geometry of One-parameter Families 
of Space Curves, and Conjugate Nets on a Curved Surface."" 

By Gabriel M. Green. 



Introduction.' 

In studying a geometric configuration, it is often convenient to consider 
the configuration as part of another, which is characterized by some peculiar 
geometric property. A one-parameter family of curves on a surface, for 
instance, is best studied — or so, at least, it seems to the writer — by consider- 
ing it in connection with the family conjugate thereto. This is, in fact, the 
point of view of the present paper, in which a one-parameter family of curves 
is investigated as a component family of a conjugate net. 

There seems, at first sight, to be a certain loss of generality in adopting 
this procedure, since the determination of the family of curves conjugate to a 
given family requires the integration of a partial differential equation of the 
first order, an integration which it is, in general, impossible to perform 
explicitly. It is shown, however, that the restriction is only an apparent one ; 
the possibility of removing it results from the unique analytic apparatus 
employed. The one-parameter family of curves is defined by a fundamental 
system of solutions of a completely integrable system of partial differential 
equations. To Wilczynski is due the credit of recognizing the importance of 
completely integrable systems in projective differential geometry. By the use 
of such a system conjugate nets appear in a new light. Darboux's classic 
treatment depends upon a single partial differential equation; we have asso- 
ciated therewith a second equation, forming with the first a completely inte- 
grable system, and are thus enabled to found a purely projective theory of 
conjugate nets. 

The present paper is little more than an introduction to the subject ; we 
have reserved for another occasion the treatment of various interesting topics, 
in particular the study of certain congruences associated with the configuration. 

§ 1. The Problem^ and the System of Differential Equations. 

« 

Let the homogeneous coordinates y^^\ y^'^\ y^*^ y^*> of a point in space be 
given by the equations 

* Read before the American Mathematical Society, October 25, 1913. 

27 
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y<*> = /<*>(ti,i;), (fe = l,2,3,4). (1) 

These equations define a surface, referred to the parametric curves u = const., 
i; = const. It is our purpose to study the single family of curves i; = const., 
which we shall denote by C„ . The method employed will be that of Wilczynski, 
in which a projective theory consists in the discussion of the invariants and 
covariants, under suitable transformations, of a completely integrable system 
of differential equations. 

The curves i^ = const., or in our notation the curves C^, may be asymptotic 
curves on the surface defined by equations (1). If such be the case, we may 
always make a proper transformation of the form 

U=zU{UjV)j v = V{v)y 

which alters the parametric curves C^, but leaves unchanged the curves C„; 
in this way we may always select for C^ a set of curves which are not asymp- 
totic, except in the trivial case where all curves are asymptotic, i. e., the surface 
is a plane. * We shall suppose, then, that the curves C\ are not asymptotic 
curves. It follows that the functions (1) can not be solutions of a differential 
equation of the form t 

ay.. + ^yu + Yyv + h = o. (2) 

In other words, the four functions (1) can not each satisfy identically the same 
relation of form (2) ; hence, the determinant 



^ ..«) .-«) ..Y3) ^A%\ \^l 





yi" 


t/i" 


y"' 


Vvv 


t/i« 


y'^' 


y(«) 


Vvv 


yT 


y^ 


y(«) 


Vvv 


y^' 


yi'' 


y(4) 



is not identically zero. 

Consider the two partial differential equations 

yuu = (^Vvv + 6y« + cy, + dy, | 

Vu. = a'yw + 6'y« + c'y, + d' y. j ^ ^ 

The coefficients in these equations may be so determined that the functions (1) 
will be solutions of system (4). In fact, by substituting successively in the 
first of equations (4) the quantities y^^\ y^^\ y^^\ y^*\ we obtain four equations 
which, since the determinant D is not zero, may be solved for a, 6, c, d. Simi- 
larly, we may calculate a', 6', c', d'. 

* Systems of curves in the plane have already been studied from the standpoint of projective differ- 
ential geometry by Wilczynski, " One-parameter Families and Nets of Plane Curves/' Transtioiions of the 
American Mathemaiioal Society, Vol. XII (1911) ; also by the author in a paper entitled "One-parameter 
Families of Curves in the Plane," ibid,, Vol. XV (1914). 

t Darboux, "Th^orie G^n^rale des Surfaces," Vol. I, p. 144. 
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The system (4) thus set up will be completely integrable, unless, as we 
shall see, a'* — a = 0. To make the discussion perfectly general, let us suppose 
given any system of differential equations, of form (4), in which the coefficients 
are perfectly arbitrary. In order that the system be completely integrable, 
with just four fundamental solutions, it is necessary that all derivatives of y 
be expressible linearly, in a unique way, in terms of the same four quantities. 
The derivatives y^^ , y^^ are so expressed in terms of y^jV^^ VvjV^ 1®* i^s see 
if it is the same with the higher derivatives of y. Differentiating each of 
equations (4) with respect to u and v, we obtain the four equations: 

Vuuu — (^Puvv = 6 y«u + cy^^ + a„y,, + (6„ + d)y^ + c^y^ + d^y, 
Vuuv — (^Vvvv = & 2/tt« + (c + aj y^^ + h^y^+ (c^ + d)y^ + d^y, 
y««. — «' Vuvv = fc' y«u + C y^, + a; y,, + {K + d') y^ + c'^y„ + d'^ y, 
y^w — «' yvvv = &' Vuv + (c' + <) t/,, + K Vu + « + d')y^ + d'^ y. 
We may replace y^^, y^^ in these equations by their equivalents from (4) ; the 
system may then be solved for i/„„^, t/„„^, y„^^, y^^^ linearly in terms of t/^^, y^y 
Vv y Vj provided the determinant of the coefficients on the left, 

1 —a 

1 —a 

1 —a' 

1 —a' 

is not zero. We shall suppose that a'* — «=/=0, leaving for a time the geometric 
interpretation of the excepted cases. 

To find the fourth derivatives, we differentiate equations (5) with respect 
to Uy and also with respect to v, thus obtaining eight equations. But differen- 
tiation of the first and third of (5) with respect to v gives the same equations 
as differentiation of the second and fourth with respect to u. It follows that 
there are just six equations to determine the five fourth derivatives of y. One 
of the fourth derivatives. may therefore be calculated in two ways; but the two 
expressions must be identically equal, in order that the system (4) be com- 
pletely integrable. Equating these two expressions, which we suppose expressed ■ 
(linearly) in terms of y„^y Vuy Pvy y> ^^ obtain a relation of form (2), viz., 

(^yvv + ^yu + yyv + hy 

which is to be satisfied identically. But we have assumed the curves C„ to be 
other than asymptotic, so we must have a = 0, ^3 = 0, y = 0, 5 = 0. We thus 
obtain four equations connecting the coefficients of (4) and their first and 
second derivatives. If these conditions of complete integrahility be satisfied, 
the fourth derivatives of y will be expressible uniquely in terms of y^^, y^^y^y y. 
The higher derivatives will then also be uniquely expressible ; in fact, further 
differentiation of (5) will always give just enough new equations to determine 



= a'^ — ay 
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the derivatives of next higher order. We shall not write out until later the 
integrability conditions a = |3 = y = 5 = 0. 

System (4) is therefore completely integrable, with four fundamental 
solutions, provided a'^ — a^O and the integrability conditions are satisfied. 
If equations (1), viz., 

yc*) = /(*)(t,,^;), (A; = 1,2, 3, 4), 

be a fundamental system of solutions of (4), then any fundamental system of 
solutions will be given by 

y(*) = c, yC^) + c,, t/(^) + c,3 1/<«> + c,, i/C*), (ft = 1, 2, 3, 4) , 

where the Cj^/s are constants such that their determinant | c^J :^0. In geometric 
language, the configuration represented by any fundamental system of solutions 
of (4) is a projective transformation of the configuration represented by any 
other fundamental systeyn of solutions. 

In the present paper we shall deal exclusively with a completely integrable 
system of form (4), for which of course a'* — a:^0. If, however, for a system 
of form (4), a'* — a = 0, the third derivatives can not be calculated uniquely 
from (5). Two cases may arise; either (a) the equations (5) are incompatible, 
in which case there are fewer than three fundamental solutions of system (4), 
or (b) one equation of system (5) is a consequence of the other three. In this 
case one of the third derivatives is perfectly arbitrary, so that there are an 
infinite number of fundamental solutions of (4). Evidently, neither of these 
cases can yield a projective theory in three-dimensional space, because for such 
a theory we need four fundamental solutions. For case (a), it may be shown 
that a system of four solutions represents geometrically a plane or line.* The 
curves 6\ , which we wish to study, can not lie on a line, but they may lie in a 
plane. If, now, we associate with system (4) a third differential equation, of 
form (2), the resulting system will be completely integrable if certain new 
integrability conditions be satisfied. The completely integrable system will 
have, not four, but three fundamental solutions. Such a system has indeed 
been studied by Wilczynski in his memoir, "One-parameter Families and Nets 
of Plane Curves." t There is no necessity therefore for considering the 
problem here. 

In case (b), one of the third derivatives is arbitrary. This is the involu- 
tory case, and a system of four solutions represents either a curve or a develop- 
able surface. t The first of these is of no interest to us; but the second is 

* E. J. Wilczynskiy first memoir on curved surfaces, TranaactionB of the American Mathematical 
Society, Yo\. Yin (1907). 

t Transactions of the American Mathematical Society, Vol. XII (1011). 

t E. J. Wilczynski, first memoir on curved ^urfs^ces, Transactione of the American Mathematical 
Society, \o\.Vlll (1907). 
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important. System (4) by itself is in this case not completely integrable; 
but by associating with it a differential equation of the third order^ independent 
of equation (5), all the third-order derivatives are calculable in terms of y^,, 
!/uj Vvj y* If > further, integrability conditions be satisfied for the new system 
of differential equations, that system will be completely integrable, with four 
fundamental solutions. Such a system would be suitable for studying systems 
of curves on a developable surface ; in fact, a projective theory of developable 
surfaces has recently been constructed on the basis of such a system of differ- 
ential equations.* We shall suppose in this paper that the system of curves C^ 
does not lie on a developable surface. 

We shall make a further restriction on the curves C^ , the reason for which 
will become apparent in the sequel. We suppose that the curves C^ are not 
asjmaptotic curves on the surface (1), so thatf a 4^0. To study a system of 
asymptotic curves would require a procedure different from that which we 
propose to follow ; Wilczynski has already studied surfaces referred to their 
asymptotic curves, J so that we may well leave aside such systems. The sys- 
terns of 00 ^ curves C„ which we do not study in the present paper are those 
which either lie on a developable {including the case of a plane) or are asymp- 
totic curves on the surface which they determine. In the system of differential 
equations (4) we therefore suppose that 

a'2 — a:#=0, (6) 

a^Q. (7) 

§ 2. Intermediate Form of the System of Differential Equations. 

The most general transformations of the variables which leave fixed the 
system of curves (7„ are 

y = ^y, (8) 

where X is any function of u and v, and 

u=U{u,v), i = V{v). (9) 

These transformations disturb any property not connected intrinsically with 
the system of curves C„. The system of differential equations (4) has its 
general form unchanged when subjected to the transformations (8) and (9), 
but the coeflScients of the system are altered. Since the system is character- 
istic, not only of the single geometric configuration represented by a funda- 

* W. W. Denton, "Projective Differential Geometry of Developable Surfaces/' Tranaa4itiofi8 of the 
American Mathematical Society, Vol. XIV (1913). 

t Darboux, "Th^orie G6n6rale des Surfaces," t. I, p. 144. 

i First three of the five memoirs on curved surfaces, Transactions of the American Mathematical 
Society, Vols. VIII-X (1907-09). 
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(11) 



mental system of solutions, but also of all its projective transformations, it 
follows that any property, whose expression in terms of the differential equations 
remains unchanged under the transformations (8) and (9), is characteristic of 
the curves C^ and their projective transformations ; t. 6,, it is a projective property. 
Accordingly, we call invariants those functions of the coefficients of system (4) 
and their derivatives which remain unchanged^ except for a factor ^ when trans- 
formed by (8) and (9); if the variable y and its derivatives also appear ex- 
plicitly in such an invariant function^ we call the function a covariant. If 
similar functions remain unchanged under (8), but not necessarily under (9), 
we shall call them seminvariants and semi-covariants. 

It will simplify matters to introduce an intermediate form for the system 
of differential equations. To do this, we make the transformation 

u=U {UjV)^ tJ = t;, (10) 

which is a subgroup of (9). Denoting dy/du^ dy/dv, etc., by y«,y,,, etc., 
we find 

yu = yuVu, yv = yuU^ + y,y 

yuv = yuuUuU^ + y^,U^ + y^U^,, 

yvv = VnuUl + 2y„,U, + y,, + y^U,, 
Substitute these in (4), obtaining a system of two partial differential equations. 
These may be solved for y„„ and y„^ , and the resulting system will be precisely 
of the form (4). Denoting its coefficients by a, 6, ... ., a', b% . . . ., we easily 
find for them the following expressions, in which we have written 

A = VAUl-2a'U,U, + aVl), (12) 

and performed no divisions : 

A a = aU^j 

Ab =aU,V,,-2aU,U,,-{U,-2a'V,)U,, 

+ [b{U,-2a'U,) +2ab'U,]U^ 

+ [c{U,-2a'U,)+2ac'U,]U,, 
Ac =c{U^ — 2a'U,) +2a&U,, 
Ad =d{U^ — 2a'U,) +2ad'U,, 

Aa' = Z7„(a'Z7„-a[7J, 
Ab^={U^U,-a'Ul)U,,-{Ul-aUl)U,,+ UAa'U,-(^U,)U, 

+ [b' (Ul-aUl) -b {U,U,-a'Ul)]U, 

+ lc'{Dl-aVl)-c{U,U,-a'Ul)]U,, 
A'& = c'{Ul-aUl)-c{U,U,-a'Ul), 
Ad' = d' (Ul - a VI) — d (Z7, U, — a' Ul). 



[ (13) 
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We may make a' vanish by choosing the fmiction U (w, v) as a solution of the 
differential equation 

a'U, — aU, = 0. (14) 

It is easy to show that with this choice of U the expression A can not be zero. 
In fact, it takes the form, since a 4^0, 

A=Ul{a — a'^)/a. (15) 

But U^ can not be zero for a proper transformation, and moreover a — a'*^ 0, 
by (7). We may therefore reduce the system (4) to one for which a' = 0, by 
solving equation (14). 

The geometric interpretation of this transformation is very simple. If in 
the second of equations (4) we put a'=0, we see from its form that the surface 
(1) will be referred to the family of curves C« and to the family of curves 
conjugate to C„ . * We may therefore state the result : 

By the integration of the partial differential equation 

a'U,-aU, = 0, (14) 

we may always determine the system of curves conjugate to a system of curves 
C„ which lie on a non- developable surface and are not asymptotic. The system 
of differential equations (4) will thereby be thrown into the form 

yuu = (iyvf, + ^yu + cy^ + dyy 1 

yuv = h'y. + &y, + d'y. J ^ 

We call this the intermediate form of the system of differential equations. 

It is easily seen that the most general transformation of the independent 
variables which leaves fixed the system of curves C„ and its conjugate system C^ 
is of the form 

u = i>{u), v = ^),{v), (17) 

where ^ and -i// are arbitrary. This is of course the most general transforma- 
tion of the independent variables which leaves the system (16) in the inter- 
mediate form (characterized by the condition a' = 0), without interchanging 
the parameters u and v. 

We shall accordingly study the system (16) under the transformations 
(8) and (17). Our theory then becomes equivalent to that of a surface referred 
to a conjugate net as parameter curves. Yet we may legitimately call it the 
theory of the single system of curves C„, because the conjugate system C„ is 
uniquely determined by the system C„ . Moreover, we shall find it possible to 
express the invariants and covariants of (16), under the transformations (8) 
and (17), in terms of the coefficients of the original system of differential 
equations (4), without requiring the actual integration of the partial differen- 
tial equation (14). 

* Darboux, "Th^orie G^n^rale des Surfaces," t. ly p. 122. 
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We may use equation (14) to express the coefficients of the intermediate 
form in terms of the original quantities a, h, c, etc. Differentiation of (14) 
with respect to u and with respect to v gives the two relations 



a' U„. — aU,.+ 



oj, f7„ — o, E7, = 0, 1 
a',U,-a,U, = 0. J 



(18) 



Using these and equation (14), we may remove from (13) all derivatives of U 
except U„ and f7,, . The result is : 

5 = aVI7«(o-o'*),^ 

6= [aiaa', — a'a,) — a' (a a', — a' a,) +6(o» — 2aa'*) +2o*a'6' 

+ c(aa' — 2o'») +2aa'*c']/U„a(a — a'*)—U,JUl, 
e~a[c{a — 2a'^) +2aa'c']/Ul{a — a'*), \ (19) 

d = a[d(a — 2 o'*) + 2 a o' c']/Vl (a — a") , 
b'= [aiab' — a'b) +a' (ac' — a'c) + a'a, — aa'„]/a*, 
5'= {ac' — a'c)/aU„ d' = {ad' — a' d)/aU,. 

It will be noticed that b is the only coefficient in which C7„ occurs. 

§ 3. The IntegrabUity Conditions for the System in its Intermediate Form. 

We proceed to calculate the integrability conditions for the system in its 
intermediate form. Specializing equations (5) by putting a' = 0, solving for 
y««.. tfuuv, y«... y.«. and substituting for y„,, t/,# their values from (16), we 
obtain 

y... = «<'^ y,v + /?<'> y. + r''> y. + «<^> y, 
y... = «^*> y« + ^''' y, + y^'^ y, + «''> y, 
y.„ = a^'^ y^ + /?^" y« + y (»> y. + «'»> y, 
y«. = a^*> y.. + /?<" y. + y<'> y. + 5^*) y, J 

where 

a^^i ^ a {b -\' C) +o., /3(')=6„ + a6; + d + 6« + 6'(c + a6'), 
yW = c, + ac', + ad' + bc + c'\c + a6'), 
«(») = d. + a< + 6d + <i' (c + a&'), 
*a(*) = o6', ^w = 6' (fe + <;')+ fc; + rf', yO = 6'c + c'» + c^, 

a<«> = C, /3(«) = 6'«+6;, y<») = fe'c' + c; + rf', «(*) = 6'i' + i;, I (gl) 
«w = i («6' _c-o,), |8W = i (fe'c' + fe;-6, + d'), 

y<') = i[6'c + c'(c'-6)+c;-c,-rf], 



(20) 



a 



6)+rf;-i;j. 
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In § 1, we saw that there could be just one integrability condition of the 
form 

ay,^ + Pvu + yyv + 5y = o, (2 his) 

which gives four equations, a = /3 = y = 5 = 0. We may obtain these equations 
as follows. We must have 

dv du ' dv du ' 9t; du ' 

The second of these is satisfied identically by equations (20). Each of the 
other two gives a condition of the form (2), but the two sets of equations 
a = |8 = y = 5 = found from them can not be independent, as may be verified 
by actual calculation. We need therefore use only one of equations (22), say 
the last. We obtain 

^^ = (a<»> a<*> +/«> + af>) y,, + (a<»> /?<*> + b' /3^'> + /3i^^ 

+ (a<»> y<*> + & i3^«> + Y?' + «<*>) y. + (a^'> h^'^ + d' ^^»> + 5f ) y, 
• ^T "" ^""^'^ ""^'^ "^ ^^^*^ "^ "^'^^ ^'^ "^ (a<*>/3^«> + hp^'^ + 6>^*> + /3i*> + 5<*>) i/„ 

+ (a(*)y(»)+c/3(*> + (?><*> +yi'^)yt,+ (a(*>5<^> + eii3<*> + rf'y^*> + *i*^)y. 
The two expressions on the right being identically equal, we find as the con- 
ditions of complete integrability : 

(a^»> — b) /?<*> + fc'^<»> +73?> = a<*> ^(»> + 6'y<*> + /»<*> + *^*>, 

a(») ^(4) + d' ^(8) + ^(8) ^ 0^(4) ^(8) _!_ ^ ^(4) _^ ^. y(4) _f. ^(4)^ 

Use may be made of (21) to express these in terms of a, 6, c, etc.; in fact, 
in the third of equations (23) we have already used the relation a^'^ = c'. The 
first of equations (23) is found without difficulty to reduce to the equation 

b.+2c; = ai*> + fe;, 
i. e., to 

9 /7 , o /\ ^ /2ab'—c—a„\ 

We may therefore find by a quadrature a function p, given by 

p^=h+2c', p,= 5. (24) 

§ 4. Canofiidal Form of the System. The Seminvariants and Semicovariants. 
Let us carry out the transformation (8), 

on the system in its intermediate form. We have 
28 



(23) 
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(25) 



y„ = ^J/uu+^Kyu+Kuy, 
«/., = ^yuv+Kyu+Ky,+K,y, 
y,. = ^yw+^Ky.+^v.y- 

Substituting in (16), we obtain a system of the same form in y. Denoting its 
coefiBcients by a, b, etc., we find 

2aX„ 



a=a, b=b ^, 0=0- 



d=d+b^+c^-^^^+a^, 
d'=d'+b'^+c'^-^^^. 



(26) 



The quantities p, and p, given by (24) are for the new system 



p.= 6+25' = 6 + 2c'-4^. 



Pv = 



2ab' — c — g, _ 2ab' — c — o. 



-4^ 
X' 



(27)- 



a a 

We may therefore make them vanish by choosing X to satisfy the equations 



p._4|. = 0, p-4^'=0, 



v» 6*« 



(29) 



7i = e"/*. (28) 

Putting this value of 2, into equations (26), we obtain a new set of coefficients, 
which we denote by capital letters : 

A=a, B=b—^p,, C=c+~p,, 
D=d-\-^bp„+^cp„—^p,,+^ap„—^^pl+^^apl, 
B' = b'-lp„ C'=c'-lp,, 

Z>'=rf' + -b'p.+jc'p,— jp„,— ^gP.p,. 

The system of differential equations, of which these are the coefiBcients, 
will be called the canonical form of system (4). The canonical form is unique 
for any given system of the form (4), being completely characterized by the 
conditions 

B+2C'=0, 2AB'—C—A,=0. (30) 

It is easily verified that, except for a factor, each of the coefficients (29) of 
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the canonical form remains unchanged under the transformation (8). We call 
a seminvariant any function of the coefficients of (16) and their derivatives 
which remains thus unchanged under the transformation (8). If such a func- 
tion contain also y and its derivatives, we call it a semi-covariant. The seven 
quantities (29) are, then, seminvariants, as are also their derivatives for any 
order. But of the seven, at most five are independent in virtue of equations 
(30). We may reject two from our system, say B and C; we call the remaining 
five, viz., Ay Dy B\ C", Z)', the fundamental seminvariants. The reason for the 
name is that any seminvariant is a function of the five fundamental semin- 
variants and their derivatives. In fact, a seminvariant must be unchanged by 
any transformation of the form (8), in particular by the transformation which 
puts the system of differential equations into the canonical form, and hence 
transforms the seminvariant into a function of the coefficients of the canonical 
form. 

We now calculate the semi-covariants. We need seek only those containing 
y> y« > y* J Vvv > since all the derivatives of y are expressible in terms of these 
quantities. It is readily verified that 

y, p=yu—c'y, o=y,—b'yy r=y,,—2b'y^+ {h'^—K)y=a,—b'a (31) 

satisfy the equations 

Xy = yj Xp = p, Xa = ay Xr = r, (32) 

and are therefore relative semi-covariants. 

§ 5. The Invariants. 

We found in § 2 that the most general transformation of the independent 
variables which leaves system (16) in the intermediate form, is of the form 

u = q>{u)y 5 = 4(t;), (17) 

where ^ and -i// are any functions of their arguments. Let us apply this trans- 
formation to the system (16). We have 

yu = Mu, Vv = Vv'^vJ Vuu = yuu<Pl+yu1>uuy 
Vuv = Vuv^u^vJ Vvv = Vvv'^v + Vv'^vvy 

where yu^3y/du, etc. Substituting in (16), we obtain for the coefficients of 
the new system 



where 



9« 9ti 9« 9« 

6' = ^ fc', c' = i. c\ d' = -V d% 



(33) 
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We have also 






(34) 



Using (33) and (34), we find that the fundamental seminvariants ^,Z), B',C',D' 
are transformed into 






(3S) 



For the sake of symmetry, we have retained in the expression for D the quan- 
tities B and C, which may be expressed in terms of the fundamental semin- 
variants by means of (30). It will be convenient to have the transformed 
expressions for these quantities ; they are 



B = ^iB-h), C = %{C-\Av). 



1>. 



^« 



(36) 



We call invariants and covariants those seminvariants and semi-covariants 
which remain unchanged by a transformation of the form (17). By noting that 






7 _^. 



A, = ^(A,-2A^), A, = ^{A,+2Ayi), 



1>i 



ru 



(37) 



we may verify the invariance of 

®' = D'+B'C, ® = Z>- (B'A,-AB'„) -C'„+3 (AB'^-C^). 
These are relative invariants, satisfying the equations 

By means of (38), we may express the fundamental seminvariants A, D, 
B', C, D' entirely in terms of the invariants 91, S), 93', S', ®' and their first 
derivatives. It follows that every invariant is a function of the invariants (38) 
and their derivatives, since an invariant is a function of the fundamental semin- 
variants and their derivatives. 



2l = i|9t, 93'=1-S', 



(38) 



(39) 
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If we suppose that 93' and ©' are not zero, we may form from the five rela- 
tive invariants (38) the. three absolute invariants 8l93'V6:'^ S)'/®'®', 2:/®'^ 
Moreover, it is not difficult to see that any relative iAvariant /<''*"> must be 
transformed by (17) into an expression of the form 

93' and 6' may then be used to form from /^''"*> an absolute invariant 93'"*®"/^'''*>, 
or again to form two invariants which satisfy the relations 

We call an invariant a (^-invariant, or a i^z-invariant, if its transform is multi- 
plied by a power of ^„ alone, or by a power of ^i^^ alone. Thus, from (39) we 
have the 

^invariants 6', S), 93 = SI 93'*, i/^invariants 93', © = 2)'/®'. (40) 

Consider the operators 

• (S'^' ■"93'av' 

Let 4> be a ^-invariant, * a >J^-invariant. Then U (J9) is a new ^-invariant, and 
V (4>) a new ^-invariant. 

Again, from two 4^-invariants ^^^ and ^^"^^ for which <I>^'> = 4^i4>^'^ 4>^*^ = 
^j»<I)(«)^ we may form a new ^invariant, its Wronskian with respect to u: 

Starting with the invariants (40) —the three ^-invariants ©', 35, 93, and the two 
'^'-invariants ©', ®— we may construct an infinite number of ^- and i^z-invariants 
by combining the Wronskian process with the U- and F-processes. It may be 
shown, by an argument parallel to that employed by Wilczynski in his first 
memoir on curved surfaces,* that hy means of the Wronskian process and the 
U' and V-processes all invariants may he deduced from the five fundamental 
invariants 6', S), 93, 93', @. Of the complete system^ there are {n+l){5n+6)/2 
absolute^ or two more relative^ invariants which contain derivatives of the 
fundamental invariants of orders up to and including n, and which are in- 
dependent of each other and the five fundamental invariants. 

We must, however, note a restriction on the independence of the complete 
system of invariants. In the presence of the integrability conditions (23), 
they are redundant. In fact, equations (23) must be invariant under the 
transformations (8) and (17), and therefore expressible in terms of invariants. 
The first of (23) has already been used to give the relations (30) ; it may be 
verified without difficulty that the other three integrability conditions give three 
relations connecting the five fundamental invariants (40) and their first and 
second derivatives. 

* Transactiona of the American Mathematical Society, Vol. VIII (1007), pp. 250-25.5. 
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If we have given the fundamental invariants (40) (or what is the same 
thing, the invariants (38)), satisfying the integrability conditions (23), we 
may always find the five fundamental seminvariants and therefore the seven 
coefiicients of the canonical form of the system of differential equations. A 
transformation of the form 

u = ^{u), v = '^{v) (17) 

will put the system into the intermediate form ; and more generally still, a 

transformation 

u = U{u,v)^ v=V{v) (9) 

will throw the system into the most general form (4). Thus the system of 
curves C^ is completely determined, except for a projective transformation, by 
the fundamental invariants (40), or at any rate by the invariants (38). 

Geometrically it is evident that the invariants of the conjugate net are 
invariants of the family of curves C„ . It may be expected, therefore, that the 
invariants, as we have calculated them for the internfediate form of the system 
of differential equations, are in some way or other expressible in terms of the 
coefficients of the original system (4). It turns out, in fact, that to obtain 
these expressions it is not necessary to integrate the differential equation (14), 
although such integration is necessary in obtaining the coefficients of the inter- 
mediate form. Equations (19) give the coefficients of the intermediate form 
in terms of the coefficients of system (4), and in these expressions appear the 
quantities U^ and U^^ , the values of which may be found only on integrating 
(14). But if the values for the quantities a, b, etc., be substituted in (38), and 
if use be made of equations (14) and (18) to express all derivatives of U in 
terms of U^ and U^^ , it will be found that C/„„ disappears, and that the in- 
variants have the values 

5l = ^A, 93' = B', e' = ^^C', S)' = ^--D', 2) = -^,D, (41) 

where A, B', C, D', D are expressions in a, b, etc. (the coefficients of system 
(4)) and their derivatives, which expressions take the form of the quantities 
91, 93', e', ®', S) if we put a' = 0. We get therefore for the ^ and '^/-invariants 
(40): 

^^-invariants, S' = ^^ C', ® = ^2 D, 93 = ^ B, 

\^-mvariants, 93' = B', © = C, 
where B = A/B'S C = D'/C The fundamental invariants are therefore 
expressible explicitly in terms of the coefficients of system (4) and their deriv- 
atives. Only for the the three (^-invariants is there an extraneous factor, 
some power of 17„. 
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We may prove by induction that the invariants derived from the funda- 
mental invariants by means of the J7-, F- and Wronskian processes are similarly 
expressible in terms of the coefficients of (4). For the transformation 

u = U{UyV)j v = v (10) 

we have (using (14)) 

S^ t7„5w' dv Sv adu^ 

where u and v are the variables in the intermediate form, and w, v the variables 
in (4). Consequently, the operators TJ and V become 






Assume that every ^-invariant 9Ji up to a certain order is such that on trans- 
formation by (19) it becomes 

We then have 

7W = V(M) = '-^M«.P.._<,'P„) + g(^-||;)M. 
But by (18) we have 



so that 



aU^^—a'U^^ = a'uU^—a^U^ = —^ {aau—a'aj^ 

v(m,=^P<^<^-)m+(^-||,)m], 



The new invariant is therefore expressible in the required way, and is multiplied 
again by the factor Ui . 

Assume further that up to a certain order every ^//-invariant 31 is trans- 
formed by (19) in such a way that 

there being no extraneous factor, and N being the expression in the coeflScients 
of (4). Then 

and is also expressible in the required way. 

Now, the hypotheses as to the nature of the transforms of 2R and 9t are 
satisfied by the transforms (41) of the five fundamental invariants. The in- 
duction therefore follows, as far as the U- and F-processes are concerned. 
The proof as regards the Wronskian process is essentially the same. We may 
therefore state the important theorem : 
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All the invariants of the conjugate net of curves C^ and C^ are expressible 
explicitly in terms of the coefficients of system (4), the integration of the 
differential equation (14) not being necessary even though such integration 
is required to put system (4) into the intermediate form. 

§ 6. The Covariants and their Geometric Interpretation. 
Laplace Transformations. 

The semi-covariants (31) are transformed by (17) into 

where y; = ^^y'^'r • The quantities t/, p, a are therefore covariants ; in giving 
their geometric interpretation we shall find a fourth covariant to replace the 
quantity t, which is not itself a covariant. 
Analytically, the covariants 

9 = yu — c'y, o = y^ — b'y 
are transformations introduced by Laplace* in his study of the diflFerential 
equation 

Darbouxt has given a very elegant geometric interpretation of the Laplace 
transformations, which we now outline. 

If the four coordinates 

y<*)=/<*>(zi,t;), (4 = 1,2,3,4), {Ibis) 

of a point y (or Py) be substituted successively in the expressions for p and a, 
we obtain the coordinates of two points, Pf, and P„ . Thus, for given values of 
u and V we get a point y and two associated points p and a. To the surface 8^ 
given by equations (1 615) correspond therefore two surfaces 5_i and Si given 
by the covariants p and a. For t; = const., we get a curve C„ on S^j and corre- 
sponding curves on 8^1 and 81 . 

We suppose that y^^^=f^^^Uj v) are a fundamental system of solutions of 
the system of differential equations in the intermediate form,t so that the curves 



* *' Recherchen sur Ic Galcul integral aux diflf^rences partielleB," (Euvrea de Laplace, t. IX, pp. 29 
et aeg. 

t "Th^orie G^nerale des Surfaces/' t. II, livre IV, chap. I, II. 

t Darboux does not consider a system of two differential equations, but only a single equation of 
the Laplace type: 

For the geometric interpretation of the covariants, this single equation is sufficient; but the results have 
a deeper significance if with it we associate another equation to form the system (16). In particular, 
a projective theory is not possible with a single differential equation ; but more than this, the introduction 
of a second equation not only makes the theory projective, but enables us to study the single system of 
curves (7« apart from the conjugate net. The force of this last remark will appear in the sequel. 
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w= const, and t;= const, form a conjugate net on the surface S^. The tangents 
to the curves t;= const, form a congruence r_, , one sheet of whose focal surface 
is Sq . The other sheet will be found by determining the edges of regression 
of the developables generated by the lines of the congruence which meet fixed 
curves of the family w=: const, conjugate to the family i; = const. Any point 
on the tangent at a point Py to the curve t;= const, which passes through P^ 
will have coordinates 

r<*> = yi'^> + Xy<*>, (fc = l,2,3,4). 

Suppose X to be any function of w, t;, and let P^ trace a curve w= const. Then 
the point Py traces a curve, and a point on the tangent to this curve at Py is 
given by 

= 6' t/i*> + (;i + &) yi'' + (X, + rf') y<*>. 
K X= — c'j the point T becomes the point p, and we have 

d( 



3t; 



^=r&'y«+(rf'-Oy. 



But then the point p^ lies on the line of the congruence r_i , and the point p 
traces the required edge of regression. Therefore, the covariant 

f = yu — c'y 

gives the second sheet S^i of the congruence T^j of tangents to the curves 
v= const, on the surface Sq. 

Similarly, the congruence Fi of tangents to the curves u = const, on S^ has 
as the second sheet Si of its focal surface the points given hy the covariant 

<y = y. — &'y- 

We call p and a respectively the minus first and first Laplace transforms 
of y, and correspondingly the surfaces 5_i and S^ the minus first and first 
Laplace transforms of Sq . The first Laplace transform of S^i is Sq , and its 
minus first Laplace transform is a surface S^^ > which is given by a covariant 
p_i . We easily find the expression for p_i . We have 

pv = b'yu+(d'—c'^)y 
= b'p+{d' + b'c'-c:)y, 
The parenthesis is an invariant ; we write 

K = d'+b'c'—c', = D'+B'C'—C',, (42) 



and get 
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or, using (43), 

p«. = h'Pu+(c'+^)p.+ \_K+K-b'(^&+ ^)Jp. (44) 

Consequently, the minus first Laplace transform of p is 

p_, = p,-(c' + ^)p. (45) 

It is of course a covariant of the original conjugate net on Sq, as may be 
verified by calculation. 

The first Laplace transform of p is p„— 6'p, which by (43) is simply Ky^ 
so that as stated above the first Laplace transform of 8^^ is Sq . 

Similarly, the minus first Laplace transform of 8i is Sqj and its first 
Laplace transform is a new surface S^ given by the covariant 

(ri = <T,-(6'+^)a, (46) 

where 

H = d'+b'c'—K = D'+B'C'—B'^ (47) 

is air invariant. 

Equation (44), and the analogous equation for o', 

<Tu. = (&' + ^)cr„+c'a,+ [c;+fl-c'(6' + ^-)](T, (48) 

show that the curves w= const, and t'= const, are conjugate on the surfaces S_2 
and 82 . By repeating the Laplace transformations in the two directions, we 
obtain an infinite sequence of surfaces . . . . , 8_^ , 8_2 , 8^^ , /S^ , 5^^ , S^^ , , . . . ; 
and on each the families of curves ii= const, and 1;=: const, will be conjugate. 
For the surface S^, there will be a pair of congruences r^+i, Fj^.i, formed 
respectively by the tangents to the curves t^= const., t;= const. 

The above is Darboux^s very elegant geometric interpretation of the 
Laplace transformations of the partial di£Ferential equation 

But for our projective theory we have added another partial diflFerential 
equation of the second order to form the completely integrable system (16). 
We recall that system (16) is the intermediate form of the system of differen- 
tial equations (4), and requires for its determination the integration of a partial 
differential equation of the first order, viz., equation (14). This, as we know, 
is equivalent to the determination of the family of curves conjugate to the 
family of curves C«, or t;= const. This is necessary for the application of 
Darboux's theory, since the surface is there referred to a conjugate net of 
parameter curves. However, it is evident geometrically that the Laplace 
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transforms of the surface Sq are determined by the single system of curves 
t;=const. By the association of a second differential equation with DarbouTfa 
single equation, the Laplace transforms of a surface defined by a one-parameter 
family of curves may he found without the determination of the conjugate 
family of curves. 

The proof is very simple. Let us return to the notation of § 2, at the end 
of which we denoted the coeflScients of the intermediate form by barred letters. 
In this notation the covariants p and a are 

p = y« — c'y, <y = y^ — yy. 
But we may express these quantities in terms of the variables and coefficients 
of system (4), which we denote by unbarred letters. From (11), we have 

1 - a' 

Vu = ijy^^ yv = yv—-yuj 

in the latter of which we have made use of (14). From (19) we may take the 
values for h' and c', and thus obtain 

a' a(ah'—a'h) + a'{a&—a'c) + a'a^—aa'^ ^^r.. 

o = y, — -yu-— ^2 -^ ^ -y- (50) 

The covariants p and a are therefore expressed in terms of the variables and 
coefficients of system (4) : <r entirely so, and p except for the factor U^ which 
can not be determined without the integration of equation (14). But geo- 
metrically only the ratios of the homogeneous coordinates of a point are 
significant ; hence the first and minus first Laplace transforms of Sq are indeed 
determined without the integration of any differential equation. We may say, 
in the language of Lie, that the Laplace transforms of a one-parameter family 
of space curves given by equations (1) may he found from these equations by 
^^ performahle operations'' alone; and not only are these operations ^'perform- 
able^' in the very general sense of Lie, but also in the sense that all of the 
algebraic processes required to obtain the explicit expressions may actually he 
carried out in practice. 

We may now set up our complete system of covariants. Since all deriva- 
tives of y are expressible in terms of y, y^y y^y y^y w® need seek only covariants 
which contain these four quantities. We have already found these covariants ; 
they are : 

yy p = yu—c'y, (f = yv—b'y, 

We may take these as our fundamental system of covariants. Every covariant 
is a function of these fundamental covariants and of invariants. 
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It is easily verified that Oi is, like p and <r, expressible explicitly in terms 
of the coefficients and variables of system (4). We recall that the complete 
system of invariants are also expressible in this way. It is evident geo- 
metrically that every invariant and covariant of a one-parameter family of 
curves is an invariant or covariant of the conjugate net of which this family 
is a part, and conversely. Also, analytically, every invariant and covariant of 
system (4) under the transformations of the group 

y = ?. (w, v)y, u = U {UjV)y v = V {v) 

is certainly an invariant or covariant of system (16) under the transformations 
of the smaller group 

y = X (w, v) y, u = U (m), ^ = F (v). 

From these considerations we may conclude that in the projective study of a 
one-parameter family of space curves there is no loss of generality^ from an 
analytic point of view,* in considering instead the conjugate net of which the 
given system of curves is a component family. 

Since the quantities p and a define two surfaces referred to conjugate nets 
as parameter curves, each of them must satisfy a system of diflFerential equations 
of form (16). Equations (44) and (48) are respectively the second equations 
of the systems for p and <t. We shall merely indicate how the first equation of 
each system is found. We have 

p = yu—c'y, pu = ay^+(6— c')y«+ct/^+(rf— Oy, ] .^^. 

P. = 6'y«+(rf'-<)y, p^ = {b''+K)yu+Ky,+ {d:+b'd'-c',,)yJ ^ ^ 
and an expression for p„„ linear in y^? J/ti^ y«> y- From this last and equations 
(52) we may eliminate the quantities y^, y„, y^, y, and obtain the required 
equation for p. This elimination will be impossible, however, if and only if 
the four equations (52) are linearly dependent in y^j y^ y^, y, in which case 
there will be a relation of the form 

excluded in § 1. The condition for this is the vanishing of the determinant 

10 —& 

a h—& c d—c'y, 

6' d'—c'^ 

&'*+&; K rf;+6'd'— c;. 

Since we have supposed aq^O, we need consider only the vanishing of K. We 
shall soon show that if K = 0, the minus first Laplace transform of Sq is 
degenerate. 

* Nor, obviously, from a geometric point of yiew. 
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For <T, we have 

in the last of which a^*>, /3^*\ y^*^ 3^*^ arc the coefficients in the equation 

y^ = oi'''y^+^'''yu+Y'''y.+^'''y. (54) 

and are given by (21). Between (53) and a similar expression for a^^, the 
quantities y^ > y- > y« > 2/ ^^Y ^ general be eliminated, and the result will be 
the required equation for a. However, as in the above, the elimination is im- 
possible if the determinant of the coefficients of y^y y^f yvj y ^ (53) vanishes. 
This determinant is 

1 —b' 

c' ' d'—K 

1 —h' —K 

Obviously j3^*> is an invariant; in fact, its value in (24) is easily reduced to 

/3c*> = ^(fl + 25;+2C;). (55) 

Hence, if either /3^*>=(fl + 25i + 2C;)/4 or H=d' + b'c'—K vanishes^ the first 
Laplace transform of the surface Sq is developable or degenerate. We shall 
see that if jff =0, the first Laplace transform is not developable, but degenerate. 
There is a certain dissymmetry in the statement of the last two theorems 
for p and a, which may easily be removed. From (54), we see that if /3^*> = 0, 
we have 

y^=oi^''y^+r'''yv+^'''yi 

in other words, the vanishing of the invariant ^^^^ = {H+2B'^+2C'„)/A is the 
condition that the curves u= const, be plane curves (not of course lying in the 
same plane). 

It is easy to see geometrically that if the curves «= const, be plane, the 
first Laplace transform is developable or degenerate. In fact, this transform 
is the developable (which may be degenerate) enveloped by the family of planes 
which cut out the curves w= const, on the surface Sq. 

It should be noted that in Darboux^s theory the case /3^*>=0 is not excep- 
tional, since the single equation (48) can always be set up if JST is not zero. 
For the minus first Laplace transform, p, it is always possible to find both the 
equation in p.^ and the equation in p^ , provided only that K does not vanish. 
But the curves t;= const, may be plane, and the surface S^i developable or 
degenerate. Then we should expect the coefficient of p^ in the p„„-equation 
to be zero. This is easily seen to be the case. We have 
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where a^^^ |3^^\ y^^>, 8^^> are given by (21). The condition that the curves 
v = const, be plane is therefore the vanishing of the determinant 



a c 

ad) yO) 



= A'[H + 3K + K\. (56) 



which is of course an invariant. 
Now, 

Put. = y«tt«— ^««y— 2ciy«— c'i/^^ 

= (a(i)_ac')z/^+(/30)-2c;-6c')y, 
+ (r'''-cc')y,+ {8(^y-c:,-dc')y, 
and if the determinant ay^^^ — ca^^^ =0, we may eliminate, from this equation 
for p«« and the equations for p, p„, p^ given by (52), the quantities y^, y„,«s/^, y. 
The result is an equation of the form 

which associated with equation (44) can define only a developable or degenerate 
surface. 

We may therefore state the completed theorem, the last part of which is 
still to be proved : // the curves u=: const, are plane^ the first Laplace transform 
of So is developable or degenerate. If the curves v=const. are plane^ the minus 
first Laplace transform is developable or degenerate. The only other cases 
of a similar nature are those in which the invariant H {or the invariant K) 
vanishes J in which event the first {or minus first) Laplace transform is 
degenerate. 

To prove the last part of this theorem, it is only necessary to note that 
for ^ = we have p^ = fe'p. This shows that only one point p corresponds to 
all the points of a curve i^= const, on /So, and that corresponding to the family 
of curves ti= const, we have the points of a curve, say C^,. This is the degen- 
erate surface S^. In the same way we get a degenerate surface S^^ if JBr=0. 
We may therefore describe these degenerate cases as follows in terms of the 
original one-parameter family of curves. // the invariant H vanishes^ the 
curves Cn{v=const.) are the curves along which the surface 8^ is touched by a 
family of cones enveloping the surface and having their vertices on a curve in 
space. If K vanishes^ the curves C^ are conjugate to a family of curves of 
contact of cones enveloping the surface and having their vertices on a curve 
in space. 

The invariants H and K, and the similar quantities for the different 
Laplace transforms, are important analytically in the study of the differential 
equation 
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as was first pointed out by Laplace. In fact, if either H or K vanishes, the 
differential equation is soluble by quadratures, and the same is true for the 
i-th Laplace transform (i positive or negative) of the differential equation, if 
either of the corresponding invariants fl<, K^ vanishes. This theory is well 
known through Darboux's researches, and need not be gone into here. It 
should be noted, however, that in our theory we deal with two partial differen- 
tial equations, so that a number of new analytical problems arise in this con- 
nection. For instance, if one of the equations may be solved by quadratures, 
the solutions must still be further restricted so as to satisfy the other differen- 
tial equation.* 

§ 7. The Surface Referred to its Asymptotic Lines. 

In the first three of his five memoirs on curved surfaces, t Wilczynski 
studied non-developable surfaces referred to their asymptotic curves. We shall 
now show how the results of his investigations may be made available for the 
theory of a one-parameter family of space curves. 

The equations in the intermediate form (16) have Sq as an integral surface. 
This surface will be left unchanged by any transformation of the form 

U = ^{UjV)^ V=:'^{UjV). (57) 

This transformation refers S^ to a different net of parameter curves, and we 
seek the particular transformation which converts the conjugate net on S^^ into 
the net of asymptotic curves. 

Let us carry out the transformation (57) on system (16). We obtain a 
system of two equations of the second order, with derivatives of y with respect 
to u and v. Denote these derivatives by yuj Vvj ®tc-> ^^d solve for the deriva- 
tives y^^ and y^ in terms of y„„ , y^ > y« , y. The result is the two equations 

Vuu = ccVuv+^Vu+yyv+^Vj 1 ,58x 

+ ^jHl-6*'(^:-a>^5)]+^«[o^5-6'(^S-a^;)], ^ ^^^^ 

-^Ah^l-c'(^l-ai>l)]-^dci>l-b'{l>l-a(l>l)], 

* The same remark is made by Wilczynski in a similar connection, in his memoir "One-parameter 
Families and Nets of Plane Curves/' Transactions of the American Mathematical Society, Vol. XII (1911), 
p. 493. 

t Transactions of the American Mathematical Society, Vols. VIII, IX, X (1907-09) . 
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A = i<t>A,-^Au) i^u^u+a1>Av) , (60) 

and the remaining coefficients, whose values do not concern ns, are fractions 

with the common denominator A. 

We may make a and a' vanish, hy taking for ^, : ^, and •4'u • '4', the two 

roots of the quadratic 

t*+a=0, 

or more definitely, hy taking for ^ and '4' solutions of the partial differential 
equations of the first order : 






(61) 



If this be done, we see from the resulting form of (58) that the curves «= const, 
and »= const, are asymptotic* 

By differentiation of ^S+o^J=0, we have 

^•^•.•.+ o*i.4>«. = — y <?>5 , 

with analogous equations for tj». Using these and (61), we find for the quan- 
tities (59) and (60) : 

A=— 4aV^^|'4^,, 

which we now see is not zero, and 

3' - »« [c'- ^ + ^^' + 1 **• - V^ fb'- ^ab'-c-a, _ 3 a,\-| 



(62) 



Thus, except for the factors outside the square brackets, both y and j8' are 
expressible explicitly in terms of the coefficients of (16). The remaining 
coefficients of (58) will also be thus expressible, except that from the expres- 
sions for j8 and y' one of the second derivatives of ^ and \^ will not be removable. 
However, it may be verified that all the invariants and covariants of the surface 
referred to its asymptotic curves are expressible explicitly in terms of the 
coefficients and variables which appear in equations (16). The quantities ^ 

* Darboux, " Th^orie G^n^rale des Surfaces/' 1. 1, p. 146. The above transformation is essentially 
that made by Wilczynski in his first memoir on curved surfaces, Transactions of the American Mathemati- 
cal Society, Vol. VIII (1907), p. 243. 
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and '4' will be found to occur only as first derivatives ^^ and i^^ , but always as 
extraneous factors.* 

The quantities y and fi' are invariants. If we discard the factors outside 
the brackets, and write y, W for the brackets themselves, we find that 

y = e' + V^33', ^' = 6' — V^93', (63) 

where 93' and ©' are two of the fundamental invariants (38). 

We are now able to give the geometric significance of these invariants. 
If, in the equations 

yuu^'^yu + yyv + hi \ ,^.x 

the coefficient y is zero, then the curves i;= const, are straight lines, and Sq is 
a ruled surface. Sunilarly, if /3'=0, the curves w= const, are straight lines. 
If both y and fi' are zero, the surface is a quadric, since quadrics are the only 
ruled surfaces having two families of straight-line generators. We may say, 
then, that the surface Sq is ruled if and only if the invariant 

^'y = a93'2 + (S'2 

is zero. If W and y are both zerOy that iSj if 95' and ©' are both zero, the sur- 
face is a quadric. 

We shall not consider in this paper the many problems which here suggest 
themselves. In particular, it would be important to put into relation with the 
various congruences and ruled surfaces associated with the asymptotic net 
certain similar configurations connected with the conjugate net which we have 
been considering. The nature of the surface in the neighborhood of a point 
has been studied in detail by Wilczynski in the five memoirs on curved surfaces 
already quoted, and the bearing of these results on the conjugate net of curves 
has still to be investigated. We leave these and similar questions open for 
the present, 

'*' These remarks, and the similar ones at the end of § 6, are important, though they seem to have 
eseaped notice until now. In many of the problems in projective differential geometry already studied 
by Wilczynski and others, it has been found convenient to reduce the differential equations to certain 
simplified forms, or, we should say, to suppose them to be so reduced. This reduction generally requires 
the integration of differential equations, which of course is generally impossible. Nevertheless, it will be 
found, as we have already seen, that if the reduced form hears an intrinsic geometric relation t^ the 
original form, then the invariants and covariants of the reduced form are expressible in terms of the 
coefficients of the original form, without the integration of any differential equations. This remark has 
in fact enabled the present writer to set up a complete system of invariants for the general theory of 
curved surfaces. Cf . G. M. Green, " On the Theory of Curved Surfaces, and Canonical Systems in Pro- 
jective Differential Geometry," Transactions of the American Mathematical Society, Vol. XVI (1915), 
pp. 1-12. 

30 
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% 8. The Differential Equations for the General Theory of Congruences 

of Straight Lines. 

In his prize memoir* of 1909, Wilczynski developed a projective theory of 
congruences of straight lines, basing it upon the consideration of a completely 
integrable system of partial differential equations. Evidently, the theory of a 
one-parameter family of curves is geometrically equivalent to the theory of the 
congruence of tangents to these curves, so that it will be of interest to connect 
the two theories analytically by setting up the completely integrable system 
for the theory of congruences, and relating it to the system of equations (16). 
Wilczynski, however, assumes the focal surface of the congruence to be known. 
Since in a later development we shall need the equations for the more general 
case, we shall set up the completely integrable system for a congruence neither 
sheet of whose focal surface is known. 

Let the congruence consist of the oo^ lines joining corresponding points t 
on the surfaces 8y and 8^ given by the equations 

y(*)=/c*)(w,t;), i3<.*) = 5F(*)(u,t;), (*:=;: 1,2, 3, 4). (65) 

These surfaces may evidently always be chosen so that the determinant 



A = 



yO) 


gd) 


yi" 


z'l" 


y<«) 


ziv 


y'V 


2?> 


y(3) 


g(8) 


yf 


^f 


y(« 


2(4) 


y'i' 


zf 



(66) 



is not identically zero. Then we may always determine the coefficients in the 
partial differential equations 

z^ = ^'''y + ^'''z^r'''y.^h'''z.. 

so that the quantities (65) may be solutions of (67), just as the coefficients of 
system (4) were found in § 1. System (67) is the completely integrable system 
we seek; conversely, any system of form (67), whose coefficients satisfy suitable 
integrability conditions, will be completely integrable and may be taken to define 
two surfaces (65) and the associated congruence. The most general system 
of solutions of form (65) will be a projective transformation of any particular 
fundamental system of solutions, so that we have to study the invariants and 
covariants of (67) under the most general transformations of the variables 
which leave fixed the congruence of lines. The transformation 

♦ **Sur la Th^orie G^n^rale des CongruenccB," Acad^mie Royale de Belgique, Clasae des Sciences, 
M^moireB in 4'', 2. s^rie, U III (1010-1012). 

t /• e., points corresponding to the same values of the parameters u, v. 
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y = «y+/3i, („^_^ :^o), (68) 

where a, /3, y, 5 are functions of u and Vj is the most general transformation 
which leaves fixed each line of the congruence, but changes the surfaces S^ , S^ 
in an arbitrary way. Similarly, the transformation 

u = U{u,v)j v = V{u,v) (69) 

interchanges among themselves the lines of the congruence. Transformations 
(68) and (69) together form the most general group of point transformations 
which leave fixed the congruence of lines. 

We now seek a transformation of form (68) which changes the surfaces 
/Sy and S^ into the two sheets of the focal surface of the congruence. Sub- 
stituting (68) in the first two of equations (67), we obtain two equations in 
the new dependent variables y, z. Solving these for y^, i„, we obtain two 
equations of the same form as the first two of (67), and for which the new 
coeflScients d^^^ and c^^^ have the values 



~ {a-d^'^y){S-c'^^^)-c^''d''^^y ' 
-(2) _ g<^)a^+(c<^)rf<^>-^<^) c<^)-l) ay + d^^ 
~ {a-d^'^y){h-c^''^^)-c^'^d^'^^y ' 



(70) 



We can therefore make d^^^ and c^^^ both vanish by taking for /3/S and a/y the 
two roots of the quadratic 

c(2)^2 + (cO)d(2) _rf(i)c<2)_l) t + d<^> = 0, (71) 

provided the roots be distinct. The differential equations then take the forms 

z, = a^^y + ¥'^z+di'^z^, 

which show that the line y5 is tangent to the surfaces S^ and S^. From (68) 
we have 

ad — py ad — py 

Therefore, the two sheets of the focal surface of the congruence are given by 
(72), in which ^/h and a/y are the roots ^supposed distinct) of the quadratic 
(71). 

If the discriminant of the quadratic (71) vanishes, it is easily seen that 
the two sheets of the focal surface coincide. This being impossible for the 
congruence of tangents to our one-parameter family of curves, we shall discard 
the case of coincident roots. 
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We turn now to a certain congruence associated with our family of curves 
C„ . If we join the points p and a corresponding to a point y, and do the same 
for every point y of the surface Sq , we obtain a congruence of lines, whose 
focal surface we proceed to determine. With the aid of (52) and (53) it is 
easily found that 

p^ = a<^-^ p + 6^^> a + c^^> p„ + rf<^> a, , 

<T„ = a<^> p + &(«> (T + c^«> p„ + d<«> a. 



where 



)9 -^ 



(73) 



aO)=6'_| (6_c'), &"' = -| (ab'+c), 
= -|(6-c'), 6<«=c'-|(a6'+c), 



c('> = 



.(«)-^ 



K 

3)' 



^W_ 






(74) 



The quadratic (71) is for this case 
whose roots are 



, , ^±VW+iAHK 
h,h=* 2H * 

Substituting these roots for /3/5, a/y in (72), and discarding certain factors, 
we find the covariants 



fi = 2Hp— (S) + V^^ + ^AHK) <J, 



(75) 



which give the two sheets of the focal surface of the congruence of lines joining 
corresponding points p and <s. 

The four points p, <t, R, S lie on a line ; their anharmonic ratio must be an 
absolute invariant. It is, in fact. 



'3) + VS' + 4^Hg\. >> 



/3) + VS' 
V 2. 



2H 



( 



2H J^*> 






S) 



2AHK 



i^ + VW+lAHK). 



In the above it has been supposed that ^^0. But taking the quantities 
(75) as they stand, regardless of the method of their derivation, we easily find 
that they actually satisfy two equations of the form 

R, = a^'>R + b<'^8 + c^'>R^, 

and hence give the two sheets of the focal surface, provided only that 2! and H 
do not both vanish. We may then state the following simple theorems in regard 
to the congruence of lines joining corresponding points p, a : 
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The sheets of the focal surface coincide i/ 35* + 4 AHK = 0. 

On every line pa of the congruence, the pair of points p, a is separated 
harmonically by the pair of focal points B, S if and only if ^ = 0. 

This last gives a geometric interpretation for the vanishing of the funda- 
mental invariant 3). 

We return now to the general theory of congruences. The surfaces /8'y, S^ 
have been transformed into the two sheets of the focal surface of the congruence, 
but the differential equations are not yet in the form used by Wilczynski. By 
a suitable transformation of the form 

u = U{u,v), v = V{UjV), (69) 

the 'differential equations of the first order may be transformed into 

y^ + ay = uz, z^ + ^z = ci'y. (76) 

We shall not carry out this transformation, which is equivalent to the deter- 
mination of the two systems of developables of the congruence, and requires 
the integration of a partial differential equation of the first order. These 
developables are known for the congruences to which we intend to apply 
Wilczynski's results.' 

We consider now the congruence of tangents to the one-parameter family 
of curves C^ . The two sheets of the focal surface are given by the covariants 
p and y, which we know satisfy the differential equations 

Pv — b'9 = ^Vy Vn — c'y = p, (77) 

which are of the form (76). Instead of p and^ we shall take as dependent 
variables the quantities 

>7 = ^p, f = /iy, (78) 

where % and /^ satisfy the relations 

X, + 6'X = 0, /i. + c> = 0. (79) 

The new variables are easily seen to satisfy the differential equations 

>7^ = m^, ?« = n>7, (80) 

where 

w = -^, n = ^. (80a) 

But the completely integrable system of differential equations contains 
besides (80) two equations of the second order satisfied by yi and ^. These 
equations are found most easily as follows. We have from (52) 

« y,^ = pi. — ( & — ^' ) P — ^ y« — [ ^ — < + ^' ( 6 — ^' ) ] y. 
and find also that 

p«« = (a^^> - a C) y^ + (^<^> - 2 < - 6 C) y. 
+ (y^^> - c d) y, + (5^^> -c:,-d&) y, 



Digitized by VjjOOQIC 



244 Gbeen : Projective Differential Geometry of One-parameter Families 



a^^\ ^^^\ y^^\ 5^^^ being given by (21). The first of these may be transformed 
immediately by means of (78) into the last equation of system (81) below. 
The expression for p^„ may be transformed likewise into the third equation of 
system (81), after y^ and y^ have been replaced by equivalent expressions in 
Pn) 9y Vvj V' ^^ ^^^3 obtain, after some calculation, the last two of the following 
completely integrable system of differential equations : 

>7«« = a^ + /?? + y»?. + K., \ (81) 



where 



m = —A, 

' a A, 



-Ji 






« = -c- 



X' 



=K' 



(») — cc'- 



(»+.?)]• 



5' = -^ + 2/^, 
a II 



(81a) 



and the values of a, /3, a', /3' do not concern us. 

System (81) is the completely integrable system {B) which Wilczynski 
takes as the basis for his theory of congruences. To avoid confusion in nota- 
tion, we have changed all of Wilczynski's letters, except w, t?, m and n, into the 
corresponding Greek letters. 

We find very easily, by using the expression for y^^^ from (21), that 









= ^K^ + 2(5: + c;)-^iog^], 



(81b) 



Except for the factor — , this is an invariant of the one-parameter family of 

curves. 

It is readily verified that 

r. = K. (82) 

In fact, on reduction this is found to be equivalent to the relation 



(6 + 20=|,( 



a /2a6' — c 



dv 
We may therefore put, with Wilczynski, 

/. = y, /. = «'. 



-•) 



(83) 
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Then the four quantities 93, 6", 93, ©" given by 



493 = f +^Z« + i^, 






(84) 



are invariants of the congrnence, and these, with the invariants m, w, y', 5, form 
a system of eight invariants such that any six may be taken as a fundamental 
system in the sense that any invariant is a function of these six and of their 
derivatives.* 

The quantities (84) are invariants of the one-parameter family of curves, 
and are expressible in terms of the coeificients of (16). Upon calculation we 
find in fact that 



4^ - *^ +^ 2K 



l H, + 3SBU + g;, 

2 if + 3a9; + ©; 



(85) 



4$=— 4©', 4©" = — 493'. 
We may choose as the six fundamental invariants these four and 

mn = K, y'« = H + 393; + ©;. 

Then it is immediately evident that all invariants of the congruence, being 
functions of these six and of their derivatives, are expressible in terms of the 
coeflScients of (16) and their derivatives, the knowledge of integrals of equations 
(79) being unnecessary. Any invariant equation of the theory of congruences 
will therefore express a property of a one-parameter family of curves. Thus, 
the vanishing of the invariant 

W = m n — y' 5 

= ff-(lf4-3S8; + ©;) 1^ (86) 

is the condition that the congruence of tangents to our one-parameter family 
of carves he a W-congruencCj i. e., a congruence in which asymptotic lines on 
the two sheets of the focal surface correspond.^ 

Again, we may express the conditions that the congruence of tangents to 
the one-parameter family of curves belong to a linear complex, or, as we may 
say, the conditions that the one-parameter family of curves belong to a linear 



♦ E. J. Wilczynaki, loc. oit., pp. 20, 23. 



t E. J. Wilczynski, loo. cit., p. 46. 
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complex. The conditions, as given by equations (73a) of Wilczynski's memoir, 
are 

TT = 0, y'/3 + wn^ = 0, a'm + y' w. = 0, 



m^ — my y„ 
m Y 



= 0, 



m 



■y'h' 



= 0. 



(87) 



But by the integrability conditions (12) of that memoir we have 

/? = _5,-5/„ a' = -y:-y7«, 
so that the second and third of equations (87) become 

mn^ — Y \ — Y hV = 0, Y "^^u — '^Vu — 'unyY = 0» 
or, making use of the relation 

W ^mn — y' 5 = 0, 

mYv — tw^ y' — w y' 5' = 0, y' w. — w yi — m y y' = 0. 
These are exactly equivalent to the fifth and fourth, respectively, of equations 
(87). Equations (88) are invariant equations, and when expressed in terms 
of the coefficients of (16) they become, after a somewhat lengthy reduction, 

K 



(88) 



493' 



:^ — 



4©' + 



2A 



= 0. 



(89) 



If the first of thiese be differentiated with respect to u, the second with respect 
to V, and the results added, we obtain the equation 

which is the same as 2Pr=0. We have then the theorem: The one-parameter 
family of curves belongs to a linear complex if and only if 

A, 



493' -5? 



— 4 E' 4- ^ ^=iL — 



Enough has been indicated to show how the results of Wilczynski's theory 
of congruences may be applied directly to the study of a one-parameter family 
of curves. In feet, the two theories are practically identical geometrically, so 
that either may be used to approach the theory of congruences. Which is to be 
employed in any particular case must be decided by considerations of economy 
in calculation. 

College or the City or New York, October, 1913. 
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Linear Combinants of Systems of Binary Forms, with the 
Syzygies of the Second Degree Connecting Them. 

By Walteb Francis Shbnton. 



The large use that has been made of the theory of combinants in the realm 
of the invariant theory of rational curves has made the present research seem 
well worth while. It has been the purpose of this investigation to set forth a 
comparatively simple and orderly method for obtaining the linear and quadratic 
combinants of a given system of two or three binary forms of the same order. 

After having followed out the work suflSciently far to cover all the cases of 
rational plane and space curves as far as the sextic, we have arranged these 
explicit forms in a series of tables for easy reference. By this means we 
believe that they will be valuable to any person who desires to find the corre- 
sponding combinants for any canonical forms. 

I. Combinant Defined. 

A combinant of a system of quantics of the same order is an invariant or 
covariant of this system which remains unchanged, to within a constant factor, 
not only when the variables are linearly transformed, but also when for this 
system of quantics there is substituted another system of quantics which are 
linear combinations of the original quantics. 

In particular, a combinant of a number of binary quantics A , A , /s > • • • • ? /»> 
in the same variables, is an invariant or covariant of these quantics which 
differs only by a power of the determinant 

Oi 6x ^1 • • • 

^2 ^2 ^2 • • • 



. «n &» ^n • • • 

from the same invariant or covariant of Fi , Fg > ^s >••••> ^n > where 
Fi=aifi+biU+cJ,+ . . . ., (1=1, 2, 3,. . . ., n). 

11. A combinant may be expressed in terms of coefficients which are determin- 
ants formed from the matrix of the coefficients of the quantics from which 
the combinant is derived. Conversely , a covariant or invariant of a system 
of quantics is a combinant of the system if its coefficients may be expressed 
in terms of such determinants. 
The first of these theorems is an immediate outgrowth of the fundamental 

theorem for invariants. A more general statement of this theorem is given 
31 
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by Gordan.* To develop a proof for the converse, let ns consider two binary 
forms; say, {aty and (bt)\ The matrix of their coeflScients is 

ao Oi a2 . . . . a^ 

&0 ^1 ^2 • • • • &n 

If now we look upon (ao, 6o)> (^, ^i), etc., as coordinates of points along a 
line, the combinants, which may be regarded as associated with the whole line 
rather than the individual points upon it, will remain invariant under the trans- 
formations 

a/ = aai+/?6o b/=yai+Bhi, (t=0, 1, 2, , n) ; 

that is, 

/(aj, , ai, &i, , 6n) = (aS— /?y)*/(ao, a^, 6o, &J- 

From this we can see that an invariant or covariant with coefficients in terms 

of determinants like \?^ ^M also satisfies the further test and is a combinant. 

\0i bf\ 

This same argument can be extended for three binary w-ics by regarding the 

elements of the matrix as coordinates of points in a plane. 

III. Operators: Their Application to Invariants and Covariants; Combinants 
Formed from Their Leading Coefficients by the Use of Operators. 

We shall be making constant use of two differential operators :t 
n=a„^ +2«x^ +3a. A + . . . . +pa^,^ 
and 

For an invariant, 7, of a single quantic, they are called " annihilators,'' 
since 117=0 and 07=0; that is, the action of either operator on 7 causes it to 
vanish. 

On the other hand, these two operators enable us to form all the coefficients 
of a covariant of a single quantic from its end coefficient. If the end coeffi- 
cient is that of the first term, we call it the source or leading coefficient. If 
we represent this source by Cq , then 

nCo=o. 

This is the first requirement for a source ; namely, that it must vanish under A. 
However, the operator behaves much differently, for OCo=(7i, OCx= -^ d , 

* Math. Ann., Vol. V. f Cf . Elliott, " Algebra of Qualities," p. 112 et aeq. 
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In general, we may write 



. . . ., OC^=0, where C^ is the last coefficient. 

C,= |j(0)*(7o, 

where C^ is the coefficient of the (A;+l)-th term. 

For the covariants and invariants of a system of quantics of the same 
order p, we may apply the same arguments as before if we use for ft and 
the sum of the operators formed for each of the quantics ; thus, 



and 






+^<^^+ 



+ POi 



•-^ da. 



) 






^=(p'^^+<p-^)^^ + 



d_ _ 






) 



+( 



pci 



3c« 



..+Cp 



p-i 

a 



ac. 



)+ 



A combinant of several forms of the same order has already been defined 
as an invariant or covariant of this system of forms. Hence, if we have a 
proper leading coefficient, we may determine the others according to the method 
just outlined. In the last section we also showed that an w-rowed determinant 
from the matrix of the coefficients of our system of n forms would be a proper 
coefficient for a combinant. Hence, if we choose such a combination of deter- 
minants of one weight* as will vanish under ft, it will be a proper leading 
coefficient, and the remaining coefficients may be easily calculated. 

IV. The effect of operating with on a determinant is to replace an entire 
column of the determinant by a new column. 

Take an w-rowed determinant of the type we are considering, say 



A= 



ao Oi a2 

6o ^1 &2 






no ni n2 



n, 



n-i 



♦ We define the weight of the determinant .* J L which we write Bymbolically \ij\, as i+j—I; 
Qi Qj aic ^ 



and the weight of 



hi bj 6fc 

Ci Oj Cii 

the determinant of lowest weight shall be of weight zero. 



, written | ijk \, as i+j+k — 3. This method is arbitrarily chosen so that 
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If Ai is the minor of a< , and B< is the minor of &< , etc., we have the following 
expansion of A in terms of the elements of the r-th column and its minors : 

A= {-iy{arAr+KBr+CrCr+ .... +n^.). 
Now the terms of that would operate on the elements of the r-th column are 

and when we operate with them we get 

where the only effect on the determinant has been to replace the entire r-th 
column by a new one. We have considered any column ; hence the total effect 
of the operator is to form a sum of such determinants in which one column 
of the original determinant is replaced by a new column. 

In our notation for these determinants, the elements t, j, k of the symbol 
stand for the common subscripts of the letters in the column they represent. 
For convenient writing we consider the summed operator as 

^=^«^^+^p-i>^^+ 

and consider the effect on subscripts rather than on letters, really counting the 
symbols as being subscripts of the single letter a. 
Example : For three cubics, 

and the effect of operating on j012|, say, becomes 

0|012 1 =3 1 112 1 +2 1022 1 + |013 I , 

where the symbols |112| and |022| vanish because they represent determinants 
with two columns identical. 

V. Notation for Linear Combinants and the Syzygies. 

In our actual practice we have been led to adopt the following uniform 
notation for the linear combinants of systems of two and three binary forms 
and the syzygies of the second degree. 

For two binary forms {aty and (/3f)", the linear combinants are named: 

a= (aO'^"~'^= (symbolically) I a/3 1 {aty-'{^ty-\ 
b= (60'^'*"'^= (symbolically) \(i^\^{aty-^{^ty-^, 
c=(cO^^"Aetc. 
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For the linear combinants of three binary forms, (aO% (i^O*? (yO% ^^ 
assign the following names : 

A= {Aty^, B= {Bty^''', C= {Cty^^'^, D= {Dt)^'\ E= {Ety^^^ etc., 

where the ordinary symbolic notation is too cumbersome to note here for the 
general case. 

The syzygies in both cases have been numbered with Roman numerals, that 
of the lowest weight and highest order being called I, the numbers being used 
only when the syzygies actually occur. In case there are two or more syzygies 
of the same order in any set of forms, they are distinguished by an Arabic 
numeral suffix; thus, IV-1, IV-2, IV-3. 

VI. Computation of the Linear Combinants of a System of Two Binary 
Quartics {aty and {^ty^ Written with Binomial Coefficients. 
For this case the operators are 

OOo OOj OOj OCI^ 

The only determinant of weight zero that we have is |01 1. iljOl | =0; hence 
it may be used as a leading coefficient. Call it a^ ; then 

ao= |01|, 

Oi= Oao=3|02|, 

a,= yOai=3|03|+6|12|, 
03=yOa,= |04|+8|13|, 
O4=-^0a,=3|14|+6|23|, 
06=yOo,=3|24|, 



1^ 
6 



c^=—Oa^= 1 34 1 



a7=yOa,=0. 

Since a-, is zero, we evidently have a form of order 6 in the variables, whence 

a=aat*-\-(h1^-\-att*+(hf+ait*-\-a^t-\-<h, 
where the coefficients are computed as above. 

Consider now determinants of weight 1. There is but one, 1 02 1 . 11 1 02 1 :^ ; 
therefore it cannot be a leading coefficient of a combinant. 
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We have two determinants, 1 03 1 and 1 12 1 , of weight 2. Let ns find a linear 
combination of them, say ;ii|03| +X8|12|, such that n(Xi|03| +Xj|12|)=0. 

ii(Ai|03H-Xj|12|)=3Xi|02 1+^81021. 

Evidently the condition that this vanish is 3Ai+^=0. This occurs most simply 
whenXi=l and ^= — 3; whence |03| — 3|12| is a proper leading coeflScient 
of weight 2. Call it 6o; then we have 

ho= |03|-3|12|, 

&,= O6o=|04|— 2|13|, 

6.= y06i=|14|-3|23|, 

6,= y 068 = 0. 

Hence our second combinant is of order 2 and is 

b=bot^-^hit+bt. 
The determinants of next weight are 1 04 1 and 1 13 1 . A linear combina- 
tion of these, say Xi|04|+;i2|13|, will not vanish under A unless ^=Xt=0; 
hence we have no leading coefScient of weight 3. In this same way we can 
show that there are no other leading coefficients of greater weight. 

VII. Computation of the Linear Combinants of a System of Three Binary 
Quartics, (at)*, i^t)\ iyt)*, Written with Binomial Coefficients. 

The operators are the same as in Section VI. 

The determinant of weight zero is |012| and vanishes under A; hence it 
may form a leading coefficient. The coefficients are thus : 

Ao= 1 012 1, 

Ai= OA=2|013|, 

A=y(Ui= |014|+3|023|, 
A=yO^«=2|024|+4|123|, 
At=^OA,= 1 034 1 +3 1 124 1, 
^=|-OA=2|134|, 



6 



A,= ^OA,= 1 234 1 



Ar=YOA,=0. 
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From these we can see that we have a combinant of order 6. It is 

A=A^t''+A^t^+A^t'+A^t^+A^t''+A^t+A^. 

There is only one determinant of weight 1; it is |013|. ft|013|:#=0; 
therefore we can have no combinant beginning with a coeflBcient of weight 1. 

Of weight 2 we have the determinants |014| and |023|. Let ns find a 
linear combination of these two, say Xi|014| +X2|023|, which will vanish 
under ft. 

n(;ii|014|+X2|023|)=4;ii|013|+2X2|013|, 

which will vanish if Xi=l and ^=—2, whence |014| — 2|023| is a proper 
leading coefficient of weight 2. From it we obtain, as before, the coefficients 
of the combinant 

5=(|014|— 2|023|)<^+(|024|— 8|123|)«+|034|— 2|124|. 

The determinants of weight greater than 2 will not form linear combinations 
which will vanish under ft ; hence there are no further linear combinants for 
three quartics. 

Vin. Determinant Identities. 

There exist among the coefficients of the linear combinants certain quad- 
ratic identities. The types we shall use are : 

(1). Like |01i |23| + |02| |31| + |03 1 112| =0, where one column is fixed 
and the others are cyclically permuted. 

(2). Like |012| |034| + |013| |042| + |014| |023| =0, which is an ex- 
tended form of type (1). It is carried over from the binary to the ternary 
domain by prefixing a common column to each determinant and extending the 
columns from two to three rows. 

(3). Like|123||456| — |234||156| + |341||256| — |412||356|=0, where 
two columns are fixed and the others are permuted cyclically. 

All three types may be shown to vanish identically by expansion. How- 
ever, it is interesting to see how they may be explained geometrically. The 
first is merely the linear condition existing between four coUinear points. It 
is the only identity that concerns us in the binary domain. From it we get, 
by the Clebsch ** principle of transference,'' the identity of type (2) for the 
ternary domain. We may consider 1, 2, 3, 4 as the names of four points in a 
plane. If we connect them with an arbitrary point 0, we have in the identity 
the coincidence relation of the lines 01, 02, 03, 04. 

Type (3) is indigenous with the ternary domain. Starting with any six 
numbers, they may be arranged to satisfy this identity in fifteen different ways, 
but these represent only five independent linear relations among the six 
numbers. 
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IX. Syzygies of Degree 2 Connecting the Linear Combinants. 

There are certain identities of degree 2 existing among the transvectants 
of the linear combinants of any system of quantics. We shall now show how 
to determine these identities. 

Let us consider, for instance, the linear combinants of the three quartics 
as given in Section VII. They are A^ of order 6 and weight zero,* and B, of 
order 2 and weight 2. 

The transvectants of second degree arising from these two forms — count- 
ing their squares and product as transvectants — are given by the table : 

Transvectants. Order. Weight. 

I. A^ 
II. \A,AY, AB 



12 





8 


2 


6 


3 


4 


4 





6 



III. \A,B\ 

IV. \A,A\\ B\ \A,B\^ 
V. \A,A\\ \B,B\^ 

The determinant identities are all of type (2), formed from the numbers 
0, 1, 2, 3, 4. We have the following identities, one term being given for the 
whole identity: 

1 012 1 1 034 1 of weight 4, |304| |312| of weight 7, 
1 104 1 1 123 1 of weight 5, 1 403 1 1 412 1 of weight 8. 
1 204 1 1 213 1 of weights. 

The syzygies depend upon the identities of the same weight to such an 
extent that if we do not have any identity of the desired weight, we can not 
have any syzygy. As the weight of the lowest identity is 4, the transvectants 
of the rows I, II and III can not give rise to any syzygies. Let us now con- 
sider the row IV. 

|^,^|*, the fourth transvectant of A on itself, is obtained by taking the 
fourth polar of A and forming its bilinear invariant. Since A = {Aty is written 
without the binomial coefficients, we have this fourth polar as 

{A,t\+2Art^t^+A^t\) • T{+{A,t\+A^t^t^+A^t\) • ^T\T^ 

+ {A^t\+A^trt^+A,t\) . &T\Tl+{A^t\+A,t^t^^-A,t\) • ^T^T\ 

+ {AA^A,t^t^+A,tl)'TU 
whence 

\A,A\'=2{A,A,-^A^A^+ZA^A^)t\+ 

The second form, 5*, is merely the square of {BtY^ whence 

B^=\{BtY\^=Blt{+ 

*In the succeeding discussion we shaU repeatedly refer to the weight of a linear combinant or syzygy 
as identical with the weight of the leading coefficient. 
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The third form, | ^, -B | *, is the second transvectant of A on B. It is then the 
bilinear invariant of the second polar of A and the second polar of B. 
The second polar of A is 

T\{Aot\+^A^t\t^-^^A^t\t\+^A^t^t\+A,t\) 

+ 2T^TM^t\+^A^t\t^-^&A^t\t\+^A,t^t\+A,t\) 
+ T\{A^t{+^A^t\t^+&A,t\t\+^A^t^t\^-A^t\), 

and the second polar of B is 

B.n+'^B^T^T^+B^Tl, 
whence 

\A,B\^={A,B^-2A^B^'VA^B,)t'+ 

We have in each case written only the leading coefficients of the transvec- 
tants, since these determine all the others in such a way that whatever linear 
relations connect the leading coefficients of these transvectants will also hold 
for any other set of coefficients. Now in terms of {Aty and {Bty expressed 
with binomial coefficients, the A'^ and fi's have the following values: 

Ao= 1 012 1, Bo= 1 014 1 -2 1 023 1, 



-.=1 



10131 



5,= -^(|024|-8|123|), 



^2=^ (10141+3 1023 1), 5,= 
^,= ^(|024|+2il23|), 
A=^(|034|+3|124|), 



j034|— 2il24|, 



Using these values, we set down the actual values of the leading coe£5cients of 



A, A *, B\ 


and 1 A, . 


B \ 














|012| |124| 


|012||034| 


|013| 11231 


10131 10241 


I023P 


10231 1014| 


|0141» 


A, A * 


2/5 


2/15 


-8/15 


-4/15 


6/25 


4/25 


2/75 


B" 


.... 


• • ■ • 


.... 


.... 


4 


—4 


1 


\A,B\* 


—2 


1 


8/3 


-1/3 


-2/5 


1/15 


1/15 



(1) I (2) I (3) I (4) 

The determinants marked with the Roman I are connected by the identity 

|012| |034| + |013| |024| + |014| |023|=0. 
32 
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If now the entire first row be multiplied by Xi , the second by Xg , and the third 
by Jig , the Vs may, as we shall show, be so determined that 

To accomplish this, we must satisfy the equations formed by equating to 
zero the sum of the coeflScients of each of the columns marked with an Arabic 
numeral. Thus we have the four simultaneous equations in 7^^ : 

(1) \ -5;i8=0, 

(2) -Xi +5X3=0, 

(3) 3Xi + 50^2— 5;i8=0, 

(4) 2;ii + 75X2+5;i8=0, 

from which, since not all the equations are independent, we can determine the 
ratios of the Jl's. We have, for the simplest integral values. 

These values will make each of the four columns from which the equations were 

obtained vanish. For the columns marked I their behavior is much different. 

When they are substituted in these latter columns, they give in each case the 

25 
absolute value -«-. Hence, for these three columns taken together, we have 
o 

the value 

OK 

y(|012||034| + |013||042| + |014||023|), 

which vanishes independently of the Jl's, since the quantity in the parentheses 
is one of the determinant identities of the second type mentioned in the last 
section. 

We have, therefore, for our syzygy, 

25|.4, ^1*— i?H5M, fi|'=0. 

This is an expression of order 4 in the variables and will therefore, when 
expanded, have five terms. The weights of these terms are 4, 5, 6, 7 and 8, 
respectively. We have already shown (p. 254) that there is just one determin- 
ant identity of each of these weights, so that there are just enough identities to 
account for all the terms of the syzygy, and there are none left over for the for- 
mation of any other syzygies ; hence we can have no other syzygies connect- 
ing the linear combinants of three quartics. There is, then, a unique syzygy 
of degree 2 connecting the linear combinants of three binary quartics, itself a 
quartic syzygy. 
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X. Tables of Linear Combinants of Systems of Binary Forms of the Same 
Order J with the Syzygies of the Second Degree Connecting Them. 

Following the methods just briefly illustrated, we have computed the linear 
combinants for systems of two and three binary forms, up to and including the 
case of binary septimics, and have either computed or enumerated the syzygies 
of the second degree connecting them. The results of these computations are 
presented in the following set of tables. 

The works of a number of investigators who have conducted researches 
along these lines previous to this paper have been consulted in the preparation 
of this work for corroborative evidence. Those papers of particular value in 
this instance are one by Stroh* in which he gives a splendid enumeration of 
the linear combinants of systems of two, three and four binary forms, and two 
by Berzolarif in which are given the linear and quadratic combinants of systems 
of two and three quartics and quintics. Both of these authors have obtained 
their results through considerations other than those which are presented here. 

Linear Combinants of Two Binary Forms^ (aO* ^^d (/30% ^^^ ^^^ Syzygies 
of the Second Degree Connecting Them. 

Two Quadratics. Linear combinant : 

a=|01|f*+|02|<+|12|. 

Two Cubics. Linear combinants : 

a=|01|i*+2|02|<»+(|03|+3|12|)f^+2|13|f+|23|, 
6=|03|— 3|12|. 

Syzygy: 

L 6|a, a|*-fe*=0. 

Two Quartics. Linear combinants : 

a=\01\t'+3\02\t'+{3\03\+6\12\)t'+{\04:\+8\13\)t' 
+ (3|U|+6|23|)<«+3|24|<+|34|, 

fe=(|03|-3|12|)«*+(|04|-2|13|)f+(|14|-3|23|). 
Syzygy: 
L |a, a|*-|a, fe|«-6^=0. 

* E. Stroh, «Zur Theorie der Gombinanten," Math. Ann., Vol. XXII (1803), p. 404. 

fL. Berzolari, " Combinanti dei sistemi linear! di quintiche binarie," Cir. Mt. Rd, PaZcrmo, Vol. VII 
(1803), pp. 5-18; "Binary Combinants Associated with Curves of the Fourth Order," Annali di Mate- 
matica. Vol. XX (1883), pp. 101-106. 
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Two Quintics, Linear combinants : 

a=|01|<«+4|02|<^+2(3|03|+5|12|)<«+4(|04|+5|13|)<'' 
+ (l05|+15|14|+20|23|)<*+4(|15l+5|24|)f« 
+ 2(3|25H-5|34|)<*+4|35|«4-|45|, 

6=(|03|-3112|)<*+2(|04|— 2|13|)<*+(|05H-|14|— 8|23|)^» 
+ 2(|15|-2|24|)f+|25|-3|34|, 

<i=|05|— 5114|+10123|. 

Syzygies (formed with 210a, 306 and 14(2) : 

I. 2|a, a|*— 156*+8|o, 6|*4-2a(i=0. 

11. 2|o, o|'-50|6, 6|*-15|a, 6|*-356rf=0. 

ni. |a, o|«+35l6, 6|*-30d*=0. 

Two Sextics. Linear combinants : 

a=|01|<"+5l02|^+5(2|03|+3|12|)«''H-10(|04|+4|13|)<^ 
+ 5(|05|+9|14H-10|231)«*+(|06|+24|15|+75|24|)^» 
+5(|16|+9|25H-10|34|)f*+10(|26l+4|35|)f» 
+5(2|36|+3l45|)<»4-5|46lf+|56|, 

6=(|03|— 31121)<''+3(|04|— 2|13|)^*+3(|05|— 5|23|)f* 
+ (|06H-6|15|-15|24|)f»+3(|16|-5|34|)<* 
+3(|26|-2|35t)<+(|36l-3|45|), 

(i=(|05|-5|14|+10|23|)<*+(|06l— 4|15|+5|24|)t 
+ (|16|-5|25|+10|34|). 

Syzygies : 
L 1406*— 945 1 a, a I *+630 1 a, 6 1*— 81 1 a, (i 1=0. 

n. U\a,b\''-3\b,d\=0. 

in. 252|a, a\'-UO\b, 6|«+210|a, 6|*— 54lo, d\'+3S\b, d\=0. 

IV. 243d''— 1890 1 a, ol"— 1400|6, 61*+840|a, 6|«+54016, d\^=0. 
V. 126|a, ap"— 280|&, b\'+27\d, d\^=0. 

Two Septimics. Linear combinants : 

a=|011<"+6|02|<"+3(5|03|+7|12|)<"'+10(2|04|+7|13|)<» 
+ 15(|05|+7|14|+7|23|)<''+6(|06|+14|15|+35l24|)f 
+ (|07|+35|16l+189|25|+175|34|)t» 
+6(|17|+14|26|+35|35|)«»+15(|27|+7|36|+7|45|)<« 
+ 10(2|37|+7|46|)^''+3(5|47|+7|56|)^*+6|57|f+|67|, 

6=(|03|— 3|12|)t«+4(|04|— 2|13|)<^+2(3|05| — 114|— 12|23|)<« 
+4(|061+3|15|— 9|24 !)<»+( |07 1+13 116| -9 125 1-45 (34|)<« 
+4(|17|+3|26l-9l35J)f''+2(3|27|-|36|— 12l45|)f* 
+4(|37|-2|46|)f+(|47|-3|56|), 
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<i=(|05|-5|14|+10|23|)<*+2(lO6|-4|15|+5|24|)<'' 

+ (|07l-|16|-9|25H-25|34l)«*+2(|17|-4|26|+5|35|)< 
+ (127|-5|361+10|45|), 

/=|07|-7|16l+21|25|— 35|34|. 

Syzygies (formed with 924o, 706, 6d and /) : 

I. 15 1 o, o|*— 3786*— 144|o, 6|*+220orf=0. 

II. b\a, o|»— 504|6, 6|*+45|a, 6|*— 220|o, rf|*— 11556i+165o/=0. 
III. 3|a, 6|»— 5|o, <i|»-98|6, <i|=0. 

IV-1 and IV-2. Terms involving the following transvectants : 

\a,a\\ |6,61«,d*, \a,h\\ \a, c\*, \b,d\\hf, \a,h\\\h,d\\ 
V-1 and V-2. Terms involving the following transvectants : 

\a,aY\\h,h\\\d,d\\\a,h\\ \h,d\\df. 
VI. 51a, o I "4-1386 1 6, fe|'»+59, 290 |rf, rf|*-457, 380/*=0 

Linear Combinants of Three Binary Forms, {at)*, (/30"> (yO"t <***<! the Syzygies 
of the Second Degree Connecting Them. 

Three Cubics. Linear combinant : 

^=|012|^+|013|f*+|023li+|123|. 

Three Quartics. Linear combinants : 

^=|012|<«+2l013|<«+(|014|+3|023|)<*+(2|024|-|-4|123|)t» 
+ (l034|+3|124|)<*+2|134|i+|234|, 

5=(|014|— 2|023|)**+(|024|— 8|123|)t+(|034|— 2|124|). 

Syzygy : 

L 25\A, A\*-B'+5\A, B\*=0. 

Three Quintics. Linear combinants : 

A==\012\t''+3\013\t''+{B\0U\+6\023\)t'', 

+ (|015|+8|024H-10|123|)<«+(31025|+6|034|+15|124|)<» 
+ (3 1035 1 4-6|125| +15 1134| )<♦+ ( |045 1 +8 [135 1 +10 1234| )<» 
+ (3|145|+6|235|)<»+3|245|«+|345|, 

5=(|014|-2|023|)f»+(|015|-10|123|)^*+(2|025|-10|124|)<» 
+ (2 1 035 1 —10 1 134 1 ) <»+ ( 1 045 1 —10 1 234 1 ) < + ( 1 145 j — 2 1 235 1 ) , 

C= (2 1 015 1 —5 1 024 1 + 20 1 123 I ) <»+ (3 [025 1 —15 1 034 1 + 15 1 124 1 ) <* 
— (3|035|— 15|125|+15|134|)<— (2|045|— 5|135|+20|234|). 
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Syzygies (formed with S^A, 5B and C) : 

I. 25\A,A\ *-294fi*-100 \A,C\=0. 

II. 5\A, B\*—8BC=0. 

ni. 5|^^|«+294|5, 5|*+192C^+40|^C1''=0. 

rv. i^.^i^-iej^, c|*=o. 

V. 5|^^|«-196|B, B\*+112\C,C\^=0. 

Three Sextics. Linear combinants : 

^=|012lf"+4|013|i"+(6|014l+10l023|)P 
+ (4|015|+20|024H-20|1231)<» 
+ (1016|+15|025| +2010341 +45|124|)«» 
+ (4 1 026 1 +20 1 035 1 +36 1 125 1 +60 1 134 1 ) f 
+ (6|036|+10|045|+10|1261+64|135|+50|234|)<« 
+ (4|046|+20ll36|+36|145|+60|235l)t'' 
+ (1 056 1 + 15 1 146 1 + 20 1 236 1 +45 1 245 1 ) <* 
+ (4|156|+20|246|+20|345|)<» 
+ (61256|+10|346|)<*+41356|<+|456|, 

B=(|014|— 2|023|)««+(21015| — |024|— 12|123|)f^ 
+ |(016|+4|025|— 2|034|— 21|124|)f« 
+ (3|026|+4|035|-6|125|-32|134|<'' 
+ (4|036|+3|045|+31126|— 16|135|— 40|234|)<* 
+ (3|046|+4|136l-6|145|-32l235|)t» 
+ (|056|+4|146l— 2|236|— 21|245|)<* 
+ (21156| — 1246|— 121345|)<+|256|— 2|346|, 

C=(2|015|— 5|024|+201123|)<«+(21016|— 20|034+30|124|)<» 
+ (5.|026|— 201035|+30|125|)<*— (20|045|— 20|126|)f« 

— (5|046|— 20|136|+30|145)f*— (2|056|— 20|236i+30|245|)< 

— (2|156|— 5|246|+20|345|), 
D=(|016|-3|025|+5|034|)<* 

+ (2|026|-2|035|— 18|125i+30|134|)<» 

+ (3 1 036 1 —3 1 045 1 —3 1 126 1 —12 j 135 1 +75 ] 234 1 ) <* 

+ (2|046|— 2|136|— 18|145|+30|235|)< 

+ (|056|— 3|146|+5|236l), 

£=|036|— 3|045|— 3|126|+6|135|— 15|234|. 

Syzygies (formed with 6930^, 5605, '6C, 2D and E) : 

I. 64|^, ^1«— 405B«— 72|^, 5|^-7392|^(7|+3520^i)=0, 
11. \A,B I "-14 1 ^, C I «-42fiC-16 \A,D\=0, 
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III-l and in-2. Involving the following transvectants : 

\A,A\\ 15,5|SC», \A,BY,\A,C\\\B,CIAF,\A,D\\AD, 
IV-1 and rV-2. Involving the following transvectants : 

\A,B\\ \A,C\\ \B,C\\ \A,D\'\B,DICD. 
V-1, V-2 and V-3. Involving the following transvectants: 

\A,A\\ \B,B\\ \C,C\\ \A,B\\ \A,C\\ \B,C\\ \A,D\\BF, 
\C,DY,D\\C,D\. 
VI-1 and VI-2. Involving the following transvectants : 

M, B\\ \A, C\\ \B, C|*, |5, D\\ CF, \C, V\\ 
VII-1, VII-2 and VII-3. Involving the following transvectants : 

\A,AY\ \B,B\', \G,C\\ \A,B\\ \B,C\\ \B,D\\ |C,Z>|»,DF, 
\I>,B\\ 

VIII. 80|5, Cl«— |C, Z)|*=0. 
IX. Involving |^, ^1", \B,B\\ \C,C\\ \D,D\\F*. 
Three Septimics. Linear combinants : 

4=|012|P+5|013|<"+(101014H-15|023|)<" 
+ (10|015|+40|024|+35|123|)P 
+ (51016|+45|025|+50|034H-105|124|)<" 
+ (|017|+24|026|+75|035|+126|125|+175|134|)<"» 
+ (5|027|+451036|+50|045|+70|126|+280|135| + 175|234|)«» 
+ (10|037H-40|046|+15|127|+175|136|+210|145|+315|235|)«» 
+ (10|047|+401137|+151056|+175|146|+210|236|+315|245|)<^ 
+ (5|057|+45|147|+50|237|+70|156|+280|246|+175|345|)<'' 
+ (I0671+24|157|+75|247|+126|256H-175|346|)<» 
+ (5|167|+45|257H-50|347|+105|356|)<* 
+ (10|267|+40|357l+35|456|)f« 
+ (10|367|+15|457|)<*+5|467|«+|567|, 

5=(|014|— 2|023|)f"+(3|015|— 2|024|— 14|123|)t'» 
+ (3|016|+6|025|— 5|034|— 351124|)<» 
+ (1017|+10|026|+5|035|— 21|125|— 70|134|)<'' 
+ (4|027H-15|036|+51045|+7|126|— 70 1135 1—105 1234|)<^ 
+ (7|037|4-14|046H-7|127|— 49|145l— 147|235|)<« 
+ (7|047|+141137|+7|056|— 49|2361— 147|245|)«* 
+ (4|057|+15|1471+51237|+71156|-70|246|— 105|345|)f« 
+ ( |067| +10|157 1 +5 1247 1 — 21 1256 1 — 70|346| )<« 
+ (3|167|+6|257|-5|347I-35|356|)<* 
-f (3|267|— 2|357|— 14|456|)f+(|367|-2|457|), 



Digitized by 



Google 



262 Shbhton : Linear Combinants of Systems of Binary Forms, 

C=(210151— 5|0241-|-20|123|)<''+(4|016|— 3|025|— 25|034l+45|124l)<« 
+ (21017|+9|026|— 451035|+57|125|+25|134|)<^ 
+ (7|027|-15|036|— 60|045|+59|126l+15|135|+50|234|)f« 
+ (5|037|— 45 1 046 1+27 1 127 1+55 j 136 1—90 1 145 1 +60 1 235 1) f» 

— (5 10471—451137 1+27 1056 1 +55 1 146 1—90 1236 1+60 1245 1 )<* 

— (7|057l— 1511471— 60l237|+59il56|+15|246|+50|345|)<» 

— (2|067|+9I157|— 45l247l+57l256l+25|346|)i* 

— (4|167|— 3 1257 1— 25 1347 1+45 1356 1 )<— (2 1267 1— 51357 + 2014561), 
D=(1016|— 31025|+510341)«^+(1017|— 211125l+35ll34l)f« 

+ (310271— 211126l+105|234|)«»+(5|037|— 35ll36|+105l235l)f* 
+ (5|047l— 35|146l+105|245|)<«+(3i057|— 21|156|+105|345|)i* 
+ (1067|— 21 12561 +35 1346|)<+( 1167 1-3 12571+5 1347 1), 
£;= (2 1017 1— 7 1026 1+7 10351+211125 1-35 1 1341 )<» 

+ (5|0271— 2110361+2810451— 7 1126 1 +49| 135 1-210 |234l)<* 
+ (21037|— 14|046|+1411271— 42|136|+196|145|— 168l235|)f« 

— (2|047l— 14|137l +1410561— 4211461 +196|236|—168|245l)<* 
-(5 |057l—21|147l +28 12371 -71156 1+4912461 -2101345 1)< 

— (2 1067 1-7 1157 1+7 1247 1+2112561— 3513461), 
F=(10361-310451-3|1261+6|135|-1512341)<» 

+ ( 10371 -210461 -3 11271 +4 |136| +3 1145 1-91235 1)<* 
+ (|047|-2|137l -3 1056|+4|1461 +3 1256| -912451)4 
+ (|147|— 312371— 3 1156 1+6 1246 1—15 1345 1). 

Syzygies. In the following table we have enumerated 
the syzygies and indicated the transveotants which 
they will involve : 
I. \A,A\*,B', \A,B\\ \A,CIAD. 

11. 1^ B\', \A, C|S \A,D\, AE, BC. 

in-land2. \A,A\', \B,B\',C*, \A,B\*, \A,C\\ \A,D\\ \A,E\, \B,C\, 

AF, BD, 
IV-1 to 3. 1^, B\^ \A, C\*, M, ^l*. \A, E\% \A, F\, \B, C\\ \B, D], 
BE, CD. 

V-1 to 4. \A,A\',\B,B\\\C,C\',D'\A,B\\\A,C\MA,D\*,\A,E\>, 

\A,F\', \B,C\*, \B,D\\ \B,E\,BF, \C,D\,CE. 
VI-1 to 4. 1^, B\\ \A, C\\ \A, D\\ \A, E\*, \A, F|», \B, C\\ \B, D|», 

\B,E\\ \B,F\, \C,D\MCE\,CF,DE. 
Vn-1 to 6. \A,A\MB,B\',\C,G\*,\D,D\',E',\A,B\',\A,Cy,\A,D\', 
\A,E\^ \B,C\^ \B,D\*, \B,E\', \B, F\', \C, D\', \G, E\*, 
\C,F\,\D,E\,DF. 
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Vm-l to 5. \A, By, \A, C\\ \A, D\\ \B, C\\ \B, D\\ \B, E\*, \B, F\\ 

\C,DY, \C,E\\ \C,F\\ \D,E\\ \L,F\,EF. 

IX-1 to 5. \A,AY\\B,B\\\C,C\\\D,D\*,\E,E\\F',\A,By\\A,C\\ 

\B,C\\ \B,D\\ \B,E\\ \C,D\\ \C,E\*, \C,F\\ \D,E\\ 

\D,F\\ \E,F\. 

X-1 to 4. 1^ BY\ \B, G\\ \B, Z)|^ \C, D\\ \C, E\' \D, E\', \D, F\\ 

\E,F\\ 
XI-1 to 3. \A, AY\ \B, BY\ \C, CIS \D,D\\ \E,EY, |F, F\\ \B, C\\ 
\G,D\\ \D,E\\ \E,F\\ 

XI. Various Methods for Checking the Computation of the Linear Combinants. 

(1). It has been shown by Clebsch* that the system of elementary co variants 
of a binary form with several sets of variables contains just as many linearly 
independent constants as the form itself. This theorem is modified by Strohf 
to apply to the linear combinants of a system of p forms of order n. If the 
number of linearly independent constants — determinants from the matrix of 

the coefficients of the w-ics — be given byr ' J, we must have the relation 



I(:i.+l)=(-t^), 



P 

where ^ , Xg , Xj , . . . . are the orders of the linear combinants belonging to the 
p forms. This says, in a word, that the total number of coefficients of the linear 
combinants of p forms of order n must be the same as the number of different 
p-rowed determinants which can be formed from the matrix of the coefficients 
of the w-ics. 

(2). The symmetry of the linear combinants gives rise to a very convenient 
check on the accuracy of the work. The numerical multipliers of the various 
determinants are the same for terms the same distance from each end of the 
combinant, and the determinants having the same multipliers are complements 
of each other. By complementary determinants with reference to a system of 
p binary w-ics we mean two determinants of the same number of rows and col- 
umns so related that the one can be formed from the other by reversing its col- 
umns and then subtracting each integer from n. Thus, the complement of 

I a, fe, c, . . . . , p I is I n—py , n—c, n—bj n—a \ . 

In each case in the present paper, all the terms in the combinant were 
actually computed by the methods set down, and then these checks were applied. 

♦ Clebsch, " Binare Formen," p, 39. t ^»**- ^nn., Vol. XXII, p. 404. 

33 
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XII. Methods for Checking the Computation of the Syzygies. 

For the syzygies we have two methods of checking : 

(1). The total number of coefficients in all the forms of second degree that 
can be gotten from the linear combinants of any system of p binary w-ics is the 
same as the total number of products of p-rowed determinants, taken two at a 
time, which can be formed from the (n+l)p coefficients of the matrix. This 
check enables us to be sure that we have made no omissions when we set down 
the transvectants of the linear combinants. 

(2). An extension of the theorem stated for the number of coefficients in 
the linear combinants can be made for the syzygies. It is : The number of 
coefficients in all the syzygies of a system of p binary n4cs is the same as the 
number of independent determinant identities of degree 2. 

The actual arithmetical operations of all the involved computations of the 
syzygies were checked on the ** Millionaire '' computing machine. 

XIII. The order of a linear combinant may be expressed in terms of the weight 
of the leading coefficient and the common order of the binary forms of the 
system. 

Consider a system of two binary «-ics. Call the leading coefficient of any 
one of its combinants Wq , and suppose that this leading coefficient involves the 
determinant j a, 6 j , whence w^^^a+b—l ; then the corresponding determinant in 
the last coefficient will be its complement, \n — a, n — b \ , of weight 2n— a — b — 1. 
Since the weight increases by one in each coefficient after the first, we have for 
the number of coefficients, less one, in the combinant, 

2n—a—b—l—a—b + l = 2n—2wo—2. 

But the order r of the combinant is also a number one less than the number of 

coefficients, whence 

r=2n — 2wq—2. 

This may easily be extended for the case of p binary w-ics. Suppose one 

of the determinants in the leading coefficient is |ai, e/g, ...., ap |, of weight 

? p-i 
ii;o=2ai— 2(5 + 1) ; 

t=l a=0 

then the corresponding determinant in the last coefficient is 

|w— ap, , n—a^, n—a^\, 



of weight 



p p-i 
p -n—^ai— 2(5+1). 
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The number of coefficients in the combinant, less one, is then given by 

p-i 
r=p • n—2wQ—2 2(5+1). 
«=o 

This is then the formula for the order of the combinant, since the order is one 
less than the number of coefficients in the combinant. This formula gives a con- 
venient method of determining the order of a linear combinant when the weight 

p-i 
of the leading coefficient is known. The term 2(5 + 1) is introduced in the 



expression for the weight, so that the determinant |0, 1, 2, . . . ., (p — 1) | shall 

always be of weight zero. 

For the special case of a system of three binary n-ics, the above general 

formula becomes 

r=3n — 2Wq — 6. 

XIV. The Enumeration of the Quadratic Syzygies Connecting the Linear Com- 
binants of Any System of Binary Forms of the Same Order ^ by Means of 
the Number and Weight of the Possible Determinant Identities of the 
Second Degree. 

It has already been shown (Section XI) that there are just as many dif- 
ferent determinants which may be formed from the matrix of the coefficients of 
a system of binary forms of a common order as there are coefficients in all the 
linear combinants of that system. By means of this relation it is quite pos- 
sible to make an enumeration of the linear combinants of a system by counting 
the number and weights of the determinants. However, the work of actually 
computing the explicit forms offers too few numerical difficulties to make such 
an enumeration of much profit. 

On the other hand, in the case of the quadratic syzygies, where the com- 
putation is often much involved, there is much to be gained through a simi- 
lar enumeration. The quadratic forms which must be accounted for are of 
two distinct classes. First, we have the odd transvectants of a linear com- 
binant on itself. These odd transvectants vanish identically and so will not 
enter into the actual formation of the syzygies. Second, we have the even 
transvectants of a linear combinant on itself, the transvectants of a linear com- 
binant on another linear combinant of the same system, the products of two 
linear combinants and their squares. The totality of members of this second 
class are the constituents of the syzygies, into which they are formed by means 
of the relations of the various coefficients, aided by the determinant identities of 
the forms given in Section VIII. We have shown that the number of coefficients 
in the quadratic syzygies of any system is the same as the number of quadratic 
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determinant identities. If, now, We determine the number of determinant iden- 
tities of each possible weight, we have from their totality the number of coeffi- 
cients in the complete system of syzygies. We have noticed, in the formation 
of the syzygies whose explicit forms we have developed, that each coefficient in 
the syzygy requires one identity of the same weight as that coefficient. Hence, 
from the weights of the determinant identities, we can easily predict the weights 
of all the coefficients which can occur in the syzygies, and thus, as we shall see 
presently, can make a complete enumeration of the syzygies. In the succeeding 
sections this method of enumeration is carried out for the case of two septimics, 
three sextics, and three septimics. 

XV. Enumeration of the Quadratic Syzygies of the System of Two Biriary 

Septimics. 

The linear combinants are, a^{aty^ of weight 0, h^(btY ^^ weight 2, 
d^{dtY of weight 4, and f^{fty of weight 6. From these we may form the 
following quadratic products and transvectants : 

Table 1. 

Forms. 



ah 

6^ \a,h\\ad 

\a,d\ 



a, 


a 


a, 


6| 


a, 


a 


a, 


b\ 


a, 


a 


a, 


h 


a, 


«l 


a, 


&I 


a, 


a 


a> 


a 



Ord. 


wt. 


24 





20 


2 


18 


3 


16 


4 


14 


5 


12 


6 


10 


7 


8 


8 


6 


9 


4 


10 





12 



\a,b\\ \a,d\\aUhd 
\a,d\\ \h,d\ 

\h,b\\d^, \a,h\\ \a,dY, \hd\\hf 
\h,d\^ 

|6,6|«, \d,d\\ \a,h\\ \h,d\\df 
|6,6|S \d,dY 

In the case of two septimics, the numbers in our symbolic determinants 
are 0, 1, 2, 3, 4, 5, 6, 7, from which we can form 70 determinant identities 
of Type 1. They are distributed as follows : 

Table 2. 

Wt. 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
No. 112355 77877553211 

Since we require one identity for each coefficient of the same weight as the 
identity, and our lowest identity is of weight 4, we can have no syzygies con- 
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taining coefficients of weight less than 4. We have one set of transvectants the 
weight of whose leading coefficients is 4. The forms in it are of order 16; 
hence the syzygy will be of order 16. As each term has a weight one greater 
than the preceding, the syzygy will require one identity of each weight from 4 
to 20, inclusive. After deducting these from our total, 53 identities are left, 
the lowest one having a weight of 6. There can be no syzygy of weight 5, 
One set of transvectants, of order 12, contains a coefficient of weight 6. To 
admit one syzygy of this weight will require one identity of each weight 
from 6 to 18. Our list still contains enough identities for this one syzygy, but 
it exhausts our identities of weight 6 and 18 ; hence we can admit but one such 
syzygy. After it is formed, there are left 40 identities, in which there is one 
only of the lowest weight 7. We can therefore admit one syzygy of weight 7 ; 
it is of order 10, so that it uses up one identity of each weight from 7 to 17, 
leaving 29 identities, the lowest weight being 8, of which there are two identi- 
ties. Since we have two identities of weight 8, we may have two syzygies of 
that weight. These are of order 8, and so will use up two identities of each 
weight from 8 to 16 ; and we have 11 identities remaining. Again there are two 
identities of the lowest weight 10, so that we may have two syzygies of weight 
10. They are of order 4, and so use up ten of the identities, leaving one iden- 
tity of weight 12, which is all we need to admit one syzygy of order zero and 
weight 12. 

The distribution of the identities in the various terms of the syzygies, as 
well as the number of syzygies, shows up to advantage in Table 3. The num- 
bers at the heads of the columns indicate the weights of the identities numbered. 
The footings of the columns must of necessity be identical with the number of 
identities of each weight given in Table 2. 

Table 3. 



Syz. 


Ord. 


wt. 


4 


5 


6 


7 


8 9 10 11 12 13 14 15 16 17 18 


I. 


16 


4 


1 


1 


1 


1 


11111111111 


II. 


12 


6 






1 


1 


11111111111 


III. 


10 


7 








1 


1111111111 


IV-1. 


8 


8 










111111111 


IV-2. 


8 


8 










111111111 


V-1. 


4 


10 












V-2. 


4 


10 












VI. 





12 













1 1 



Totals 



11235577877553211 
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XVI. Enumeration of the Quadratic Syzygies for Three Binary Sextics. 
The linear combinauts are : 

{Aty^ {Btr, {cty, {Dty, (Fty, 

of weight 0, 2, 3, 4, 6, 

The enumeration of the transvectants is given in Table 1, which follows. 
Table 1. Table 2. 





TransTectanU. 




No. 


Ord. 


wt. 


1 


24 





2 


20 


2 


2 


18 


3 


5 


16 


4 


4 


14 


5 


9 


12 


6 


6 


10 


7 


11 


8 


8 


6 


6 


9 


9 


4 


10 


2 


2 


11 


5 





12 


62 


Total. 





Syz. 


Ord. 


wt. 


I. 


16 


4 


II. 


14 


5 


III-l. 


12 


6 


III-2. 






IV-1. 


10 


7 


IV-2. 






V-1. 


8 


8 


V-2. 






V-3. 






VI-1. 


6 


9 


Vl-2. 






vn-1. 


4 


10 


VII-2. 






VII-3. 






VIII. 


2 


11 


IX. 





12 


Totals 





1 

1 



1 
1 
1 
1 



Identities. 



No. 
1 

2 

4 

6 

9 

11 

14 

15 

16 

15 

14 

11 

9 

6 

4 

2 

1 



wt. 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 



140 Total. 



Table 3. 



8 9 10 11 12 13 14 16 16 17 18 10 20 



1 
1 
1 
1 
1 
1 



1 
1 
1 
1 
1 
1 



1 
1 
1 
1 



1 
1 



1 2 4 6 9 11 14 15 16 15 14 11 9 6 4 2 1 
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In this case we have two types of determinant identities. There are 105 
of Type 2, each counting for one condition, and seven of Type 3, each rep- 
resenting five independent identities. Hence, we have altogether 140 inde- 
pendent quadratic identities whose weights are distributed as in Table 2. 

Without repeating such discussion as we gave in the previous section, we 
append herewith a Table 3, similar to that of Section XV, which shows the 
number of syzygies of each weight and order that can occur. 

XVII. Enumeration of the Quadratic Syzygies for Three Binary Septimics. 
The linear combinants are : 

{Aty\ {Bty\ (cty, {oty, {sty, {Fty, 

of weight 0, 2, 3, 4, 5, 6. 

There are in all 128 transvectant forms from which to form the syzygies. 
They are enumerated in Table 1. 

The 420 independent identities are noted in Table 2. There are 280 
identities of Type 2, and 28 forms of Type 3, which are equivalent to 140 inde- 
pendent identities. 

A Table 3, similar to that presented in the two sections immediately pre- 
ceding this, is given here for the tabular enumeration of the syzygies. 

Table 2. 





Table 1. 






TransvectanU. 




No. 


Ord. 


\vt. 


1 


30 





2 


26 


2 


2 


24 


3 


5 


22 


4 


5 


20 


5 


10 


18 


6 


9 


16 


7 


15 


14 


8 


33 


12 


9 


18 


10 


10 


13 


8 


11 


17 


6 


12 


8 


4 


13 


10 


2 


14 


128 


Total. 









Identities. 




No. 


wt. 


No. 


wt. 


1 


4 


1 


26 


2 


5 


2 


25 


4 


6 


4 


24 


7 


7 


7 


23 


11 


8 


11 


22 


15 


9 


15 


21 


21 


10 


21 


20 


26 


11 


26 


19 


31 


12 


31 


18 


35 


13 


35 


17 


38 


14 


38 


16 


38 


15 








Total identities, 420. 
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Syz. 
I. 
II. 
III-l. 

III-2. 
IV-1. 
IV-2. 

n''-3. 

V-1. 

V-2. 

V-3. 

V-4. 

VI-1. 

VI-2. 

VI-3. 

VI-4. 

VII-1. 

VII-2. 

VII-3. 

VII-4. 

VII-5. 

VII-6. 

vin-1. 

VIII-2. 
VIII-3. 
VIII-4; 

vin-5. 

IX-1. 
IX-2. 
IX-3. 
IX-^. 
IX-5. 

X-1. 

X-2. 

X-3. 

X-4. 
XI-1. 
XI-2. 
XI-3. 



Ord. 

22 
20 
18 



wt. 
4 
5 
6 



16 7 



14 8 



12 9 



10 10 



8 11 



6 12 



4 13 



2 14 



8 9 



Table 3. 

10 11 12 13 



14 15 16 



18 19 20 21 



22 23 24 25 26 
1111 
111 
1 1 
1 1 
1 
1 
1 



Totals 1 2 4 7 11 15 21 26 31 35 38 38 38 35 31 26 21 15 11 7 4 2 1 
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XVIII. Bibliography. 

We have appended here a list of the mathematical papers that have to do 
with the combinant theory. Much of great value aside from these papers has 
been found in the various standard texts on invariants and covariants^ among 
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riants"; Clebsch, " Binare Formen" ; Study, " Temaere Formen" ; and Gordan, 
" Invariantentheorie/' 

BIBLIOGBAPHY. 

C. Le Paige : "Note sur certains combinants des formes algebriques binaires/^ Bull, de 
Belg. (2), Vol. XLVIII, pp. 530-649. 

C. Stephanos : "Sur le syst^me complet des combinants de deux formes binaires biqua- 
dratiques/' Comptes Rendus, Vol. XCVII, pp. 27-31. 

E. Stroh: (1) "Zur Theorie der Combinanten/' Math. Ann., Vol. XXII, pp. 393-40$. 
(2) "Ueber das vollstandige Combinanten System zweier binarer Formen/^ Math. Ann*, 
Vol. XXXIV, pp. 321-331. (3) "Theorie der Combinanten algebraiker Formen/' Pr. der 
Konigl. Ludwigs-Kreisrealschule, 1894. 

L. Berzolari: (1) "Binary Combinants Associated with Curves of the Fourth Order," 
Annali di Matemaiica, Vol. XX (1893), p. 101-106. (2) "Combinanti dei sistemi lineari 
di quintiche binarie," Cir. Mi. Rd. Palermo, Vol. VII (1893), pp. 5-18. 

Frhr. v. Gall : " Formensystem dreier kubischen binaren Formen,'* Math. Ann., Vol. XLV 
(1894), pp. 207-234. 

W. Oross : " TJeber die Combinanten binare Formensysteme, welche ebenen rationalen 
Curven zugeordnet sind," Math. Ann., Vol. XXXII, pp. 136-150. 

B. Igel : "Zur Theorie der Combinanten," Wien. Denhschriften d. K. Ah. d. Vflss. Math.- 
Nat. CI, Vol. LIII (1887), pp. 155-184. 

L. E. Dickson: "Combinants," Quart. Jour., Vol. iJ^L, pp. 349-365. 

E. Betti: Annali di Mat., Vol. I (1858), pp. 344r-348. 

P. Qordan: Math. Ann., Vol. V (1872), pp. 95-122. 

Baltihou, Md., April \, 1914. 



34 



Digitized by 



Google 



Elimination d^une Inconnue entre Plusieurs EquationM 

Alg€briques. 

Pab M. Stuyvabrt (Gand). 



1. Le probleme de relimination d^une inconnue entre plusieurs equations 
algebriques se resout par la methode de Kronecker. Ou plutot Tartifice de 
Kronecker ramene le systeme de plusieurs equations jP^=0 a deux equations 

on les u et les v sont des indeterminees ; ainsi se trouve indiquee une marche a 
suivre pour resoudre la question. 

II restait a examiner quel resultat on obtient quand on applique eflfective- 
ment le procede. C'est ce qu' a fait M. Lloyd L, Dines dans la premiere partie 
de son interessant memoire **The Highest Common Factor of a System of 
Polynomials in One Variable" (American Journal op Mathematics, t. XXXV, 
p, 129) ; il resout meme un probleme plus general que celui de Telimination, 
car il obtient les conditions d'existence d'un diviseur commun de degre quel- 
conque. 

Nous aliens arriver aux memes resultats par une autre voie. S^il s^agissait 
seulement de demontrer d'une maniere nouvelle ou meme d'etendre les theoremes 
de M. Lloyd L. Dines, le fait ne meriterait guere de retenir Tattention. Mais 
nous croyons qu'il y a plus. 

L'artifice de Kronecker presente un inconvenient, non seulement pour la 
solution du probleme qui no as occupe, mais aussi pour Tusage qu'on en fait 
dans les theories ulterieures.* 

Voici cet inconvenient. Supposons que la premiere des equations proposees 
jPj=0 soit de degre superieur aux autres. Le resultant de 

s'annule, quels que soient les u et les v, quand le premier coefficient a© de Fi 
s'evanouit. Si Ton veut formuler des conclusions, il faut done supposer les 
formes regulieres, c'est-a-dire telles que le coefficient de la plus haute puissance 
de X n'est pas nul. 

Mais si Ton operait sur des polynomes dont les coefficients sont a leur tour 
fonctions de variables, il faudrait pouvoir admettre les cas d'evanouissement 
de ces coefficients. 

* Cf. J. Kesnig, "Algebraischen GreJsBen," p. 102. 
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Ainsi J. Konig {loc. cit., p. 97) observe que le resultant de deux polynomes 
s^annule quand ils ont un facteur commun en x ou quand leurs premiers 
coefScients s'annulent tous deux; que le discriminant (p. 120) d'un polynome 
3'evanouit ou que ses deux premiers coefficients s'annulent. 

II y a interet a eonserver Tanalogie et a chercher des conditions qui se 
realisent, quand tons les polynomes F< ont un diviseur commun en Xj ou quand 
tous les premiers coefficients s'annulent. Ces deux alternatives se confondent 
quand on rend les polynomes homogenes, en particulier quand on cherche des 
conditions applicables a la geometrie projective. 

Ces conditions sont precisement celles que M. L^oyd L. Dines a trouvees. 
Nous le montrons, dans les lignes suivantes, sans reconrir a Tartifice de Kron- 
ecker et nos resultats dispensent de ce meme artifice pour la theorie generale 
de Telimination. 

La marche que nous suivons s'arrete assez longuement au cas de deux 
polynomes en x et leur applique la methode connue d'Euler, mais elargie et 
assouplie; on arrive ainsi a des resultats plus generaux et s-etendant sans 
peine a plusieurs polynomes. 

2. Bappelons qu'une matrice M est dite de rang r lorsque tous les deter- 
minants a r+1 lignes qu^on en pent extraire sont nuls, mais que Fun au moins 
de ses determinants a r lignes diflfere de zero. 

On verifie immediatement cette propriete : si une matrice M est de rang r, 
suppoisons qu'on la fasse preceder (ou suivre) d'une ligne ou d'une colonne 
d'elements arbitraires ; la nouvelle matrice est de rang r+1 en general, et ex- 
ceptionnellement de rang r ; mais si Ton a ajoute une rangee d'elements mils, 
le rang demeure inaltere. 

Voici une propriete tout aussi facile : on ne change pas le rang d'une matrice 
quand on ajoute, aux elements d'une ligne ou colonne, les elements correspon- 
dants d'une rangee parallele multiplies par un facteur commun. 

L'application la plus connue de la theorie des matrices conceme le systeme 
de m equations lineaires homogenes a n inconnues, 

^a^+^»2^+ +«tn^n=0, (t=l,2, , m). 

On dit, pour abreger, que les solutions du systeme sont en nombre oo ^^ 
quand on pent prendre a volonte n—r des inconnues, convenablement choisies, 
et definir ainsi, sans ambiguite, un systeme de solutions non toutes nuUes. 

La propriete bien connue des systemes lineaires pent s'enoncer : pour que 
le systeme ail oo ""'' solutions, il f aut et il suffit que la matrice des coefficients 
soit de rang r. 

Lorsque le nombre m d'equations est inferieur au nombre n d'inconnues, 
le rang de la matrice ne pent depasser m, done on pent prendre au moins n—m 
inconnues a volonte. 
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3. Considerons deux polynomes 

La methode d'elimination d'Euler, 6tendue k la recherche des conditions 
pour Texistence d'nn diviseur commnn de degre a an moins, consiste a mnltiplier 
F ei G par des polynomes inconnns, de degres respectifs n — a et m — a. 

Ponr generaliser davantage, mnltiplions F par nn polynome de degre 
arbitraire h, 

et 6 par un polynome 

de degre k^m+h — n. Ainsi les denz produits FP et GQ sont dn meme degre 
m+hjet Ton dispose des coefficients inconnns de P et de Q de fagon que la somme 

FP+GQ 
Boit identiqne a zero. 

Dans ce but 11 faut ecrire le systeme de m+h+1 relations 

<hPo+aoPi +&,3o+fco3i =0, 

(hPo+(hPi+(^oPt+htqo+hiq^+hoqi=Oj 



(1) 



lin^ires et homog^nes en Po ?« ; ces coefficients sent en nombre 
h+l+ (m+h—n+l) = m—n+2h+2. 
Formons la matrice des coefficients des equations (1), 



^ = 



flo 








bo 






Ol 


Oo 






6x 


bo 




Ot 


Ol 


<h 




h 


&i 


bo 


. 


Oj 


Oi 


• • • • 


' 


t. 


bi .... 


• 
• • • 


• • • 


• • • 


• • • • 

• • • • 


• 


• 


^2 • • • • 



{m+h+1 lignes). 



h+1 coL m+h—n+l col. 

Si le nombre des relations. (1) est an moins egal a celui des inconnnes, 
c'est-a-dire si Ton a 

h<n—l, 

le systeme (1) n'admet, en general, que des solutions toutes nuUes. Exception- 
nellement il admet oo ' solutions si la matrice M est de rang 

{m—n+2h+2)—l. 
Si le nombre des relations (1) est inferieur a celui des inconnnes de X 
unites, 

X={m—n+2h+2) — {m+h+l)=h—n+l, 
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ce qui suppose h>n — 1, le systeme (1) admet, en general, oo^ solutions, et 
exceptionnellement oo ' {l>^) si la matrice M (qui a maintenant moins de lignes 
que de colonnes) est de rang 

{m—n+2h+2)—l; 

ce nombre est d'ailleurs inferieur au, nombre m+h+l de lignes, si I depasse X. 

Ainsi nous avons obtenu la condition pour qu'il y ait, entre les polynomes 

F et G, 00 ' identites telles que 

pp+GQ^O. 

4. Si les polynomes F et G n'ont pas de diviseur commun en a;, et si Ton 
n'a pas ao=&o=0, deux circonstances que Ton pent reunir en rendant les poly- 
nomes homogenes en oou x^^ nous allons voir que la matrice M a son rang 
maxime, en d'autres termes qu'elle est distincte de zero, quel que soit h. 

La chose va de soi si la matrice est carree, car alors M est le resultant de 
F et (7 ; s'il etait nul, les polynomes rendus homogenes auraient un diviseur 
commun. 

Si dans la matrice M, le nombre de lignes depasse le nombre c de colonnes, 
ce qui suppose li<n — 1, soit c — y ^^^ rang. Ajoutons une premiere ligne 
d'elements nuls, ce qui conserve le rang, puis deux colonnes d'elements a©, eh, 

flaj • • • • > «mj 0, 0, . . . . et 6o> &i> &2, • • • • > &i»j 0> Oj ; ^ous formons une matrice 

analogue a ilf , a une ligne et deux colonnes de plus, et dont le rang ne pent 
depasser c+2— y. Apres n—l—h operations pareilles, nous aboutissons au 
resultant, et nous voyons que son rang ne pent depasser m+n—y] si done y 
n'est pas nul, F et G rendus homogenes ont un diviseur commun, contrairement 
a rhypothese. 

Enfin si la matrice M a moins de lignes que de colonnes, supposons, s'il 
est possible, qu'elle soit nuUe. Ceci se realise pour ao=6o=0> car a© et 60 sont 
les seuls elements de la premiere ligne; mais Thypothese ao=&o=0 ^ ^te ecartee; 
nous pouvons effacer dans M la premiere ligne et les deux colonnes qui d^butent 
par les elements a^j 60 de la premiere ligne; en effet tous les determinants 
extraits de la matrice restante par simple suppression de colonnes, multiplies 
par un nombre non nul a© ou 60 > donnent des resultants nuls, savoir des deter- 
minants de la matrice initiale M. L'operation, poursuivie de proche en proche, 
mene encore au resultant qui est nul, done F et (7 ont un diviseur commun, 
contrairement a Thypothese. 

5. Mais considerons a present le cas ou les polynomes F, G ont un plus 
grand commun diviseur de degre a, en y comprenant le cas ou Ton a ao=&o=0 
et le p.g.c.d. de degre a— 1, etc. Bref les polynomes F et G sont les produits 
de deux polynomes f et g (sans diviseur commun en a?, dont les premiers 
coefficients m sont pas tous deux nuls, de degres m—a et n— a) par un poly- 
nome S de degre egal ou inferieur a a. 
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Choisissons h de fagon que, pour ces quotients / et ^, les relations (1) 
soient en nombre 

m — a+^+1 
inferieur aux inconnues, 

m—n+2h+2, 

ce qui suppose h>n — a — 1. Alors, d'apres ce qu'on vient de voir, les identites 

fP+gQ^O 
sont possibles exactement de 

manieres (car il y a h—{n—a—l) inconnues de plus que d'equations, et la 
matrice des coefficients n'est pas nuUe), et chacune de ces identites en donne 
une autre 

SfP+SgQ^FP+GQ^O, 

et reciproquement, car 8 n'est pas identique a zero. Les polynomes F et G 
sont done dans le cas exceptionnel, et la matrice M est de rang 

{m—n+2h+2) —h+ (n—a—l) =m + fc+l— a, 

et ce nombre est inferieur a celui {m+h — 1) des lignes, car a est positif. 

Par suite evidemment, pour que les polynomes aient un p. g. c. d. de degre a 
au moinSy il faut et il suffit que la matrice soit de rang inferieur ou egal a 
m+h+1 — a. En particulier, si Ton fait h=n — a, le rang de la matrice M est 
tout au plus 

{m—n + 2h + 2) — (w— a) + (n—a—l) = {m—n+2h+2)—lj 

c'est-a-dire, tout simplement que la matrice M (a m+n — 2a+2 colonnes et 
m+n—a+1 lignes) est nuUe; c'est le resultat classique pour les conditions 
d'un p. g. c. d. de degre a au moins. 

Comme autre cas particulier connu, si Ton fait h=n — 1, la matrice M 
devient le. resultant, et Ton voit que le rang du resultant est m+n — a quand a 
est le degre du p. g. c. d. Enfin pour a— 1, on retombe siir la propriete fonda- 
mentale du resultant, utilisee dans la demonstration ci-dessus. 

On pent f ormuler le resultat de la maniere suivante : 

Si Von donne a h successivement les valeurs 0, 1, 2, . . . ., les matrices 
analogues a M ont chacune un echelon de plus que la precedente. La derniere 
d'entre elles qui n'est pas nulle donne^ par le nombre n — a de ces colonnes qui 
contiennent des coefficients a, le degre du quotient g de O par le p. g. c. d. 8. 
La suivante est simplement nulle: son rang est inferieur d'tine unite au nombre 
de ses colonnes^ et de cl unites a celui de ses lignes. Toutes les autres out 
aussi leur rang inferieur de a au nombre de leurs lignes. 

6. Elucidons ce qui precede par un exemple. Soient 

G=b^'{'b^a?'{'b^ +&,. 
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Pour fixer les idees, prenons P du troisieme degre, done Q du quatrieme, 
ce qui donne huit relations, 

«oPo +Mo =0, 



La matrice 



(1) 



M = 



Oo 








Ol 


Oo 






<h 


Ol 


Oo 




<h 


02 


«! 


Co 


at 


08 


Os 


Ol 




0, 


«. 


Oj 






O4 


at 



bo 

62 &1 &0 
6g &2 61 &0 

&« ^2 ^1 ^0 

&8 &2 ^1 

&8 62 

^8 

a huit lignes et neuf colonnes. Si F et G ont un p. g. c. d. quadratique 5, les 
quotients / et ^ admettent 00' identites fP+gQ^O (car les relations analogues 
a (1) pour / et ^ sont au nombre de six a neuf inconnues). Pour F et (7, les 
huit relations (1) a neuf inconnues devraient avoir en general 00 ^ systemes de 
solutions, mais ici elles en ont oo^, done la matrice M est de rang 8 — 2=6. 

7. A propos de cet exemple, donnons deux corollaires; on verra sans 
peine quails s^appliquent au cas le plus general. 

I. Si dans la matrice M a huit lignes et neuf colonnes, on ajoute aux 
elements des quatre premieres colonnes respectivement ceux des colonnes 
6, 7, 8, 9 multiplies par une indeterminee Wi , on obtient la meme matrice M 
relative aux polynomes F+w^O et O. Cette operation ne change pas le rang 
de la matrice ; la meme operation ou w^ est remplace par Wq et les colonnes 
6, 7, 8, 9 par les colonnes 5, 6, 7, 8, donne la matrice M relative a F+WfflG et G ; 
les deux operations simultanees donnent la matrice M relative a F+wG et G, 
ou w est un polynome du premier degre a coefficients indetermines. 

Cette remarque est generale, pourvu que F soit de degre egal ou superieur 
a celui de (r, et w est un polyuome a coefficients indetermines du degre m — n. 

II. Si Ton avait pris h=l (en general h=n — a) on aurait trouve, pour 
les conditions d'existence d'un p. g. c. d. quadratique, 



rang 4 ; 



done simplement, cette demiere matrice est nuUe, et c'est le resultat connu. 



Oo 


h 






Oi Oo 


K 


ho 




Oj 0, 


h 


61 


bo 


0, 0, 


K 


h 


K 


lot a. 




h. 


K 


a. 






h 
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Mais si Pon avait fait /i=-0 (en general h=n — a — 1) on anrait trouve 



M' = 






^0 



rang 3, 



A = 






a* 



on simplement qne cette nonvelle matrice n'est pas nulle^ et c'est a cela qn'on 
doit reconnaitre que le p. g. c. d. n^est que quadratiqne. 

Pour fixer les idees, snpposons que le determinant obtenu en supprimant 
les deux dernieres lignes de la matrice ci-dessus diffSre de zero. Alors le 
p. g, c. d. est, a un facteur constant pres, 

bo 

h, b, 1 

63 &2 —X 1 
63 —X 

En effet A est quadratique, car le coefficient de x^ est le determinant 
suppose non nul. De plus, en multipliant les quatre premieres lignes de A 
respectivement par a;*, a?*, x^^ x et ajoutant a la derniere, celle-ci devient 

F, Gx, Gj 0, 
done A^Fp+Gq et le p. g. c. d, quadratiqne de F et G doit diviser A; comme 
A est aussi quadratiqne, le quotient est independant de x. 

Si dans la matrice M% il y a plus d'un determinant non nul, il y a plus 
d'une maniere de former ainsi le p. g. c. d. La regie actuelle est generale et 
s'etend meme a plus de deux polynomes. EUe ne differe pas an fond de celle 
qui a ete donnee par M. Lloyd L. Dines {loc. cit.). 

8. Solent trois polynomes 

F =a^'^+a,x'^'-'+ .... +a^, ' 

G =6o^"+&ia^*'"^ + +K , ^ (m>n>n'). 

G'=CoX'^'+c^af'-'''+....+c,,, . 

Appliquons textuellement la demonstration relative a deux formes, en 
prenant les polynomes auxiliaires P, Q, Q' de degres respectifs hj m+h—n^ 
m + h — n'. Les conditions analogues a (1) pour Texistence d'une identite 

PP+GQ+&Q'^0 
sont en nombre m+h+1 entre 

h+l+ {m+h—n+'i ) + (m+h—n' + l) = 2m—n—n'+3h+3 
inconnues homogenes, et la matrice des coefficients est 
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M = 






«m 



<^m 



ho 
.6,.. 






{m+h+1 lignes). 



h+l col. m+^— n+l m+A^-»'-f 1 

Si F, G, G' sont sans diviseur commun en x et si I'on n'a pas ao=6o=^o=0, 
cette matrice a son rang maxime, en d'autres termes M n^est pas nulle. 

En effet, choisissons deux polynomes 

w —WqX'^'' +M;ia;"'""'*""^ + , 

M;'=tc;Ja/"'-»'+tc;;a;~-»'-^+ , 

tels que aQ+w^hQ+w'^Co soit different de zero et qu'en meme temps le resultant 
de F+wG et G' soit non nul. On soit qu'on pent toujours satisfaire a ces 
deux conditions, meme par des valeurs entieres des coefficients de w et w' 
(J. Konig, loc. city p. 64), car par hypo these, elles ne sont pas satisfaites 
identiquement. 

Mais alors les polynomes F+wG+w'G' et G' n'ont pas de diviseur commun 
en X et leurs premiers coefficients ne sont pas tons deux nuls. 

Or si la matrice M est nulle, il en est de meme de cette matrice transf ormee 
de maniere qu'elle s'applique aux trois polynomes F+wG+w'G'j G^ G'j et aussi 
de la matrice partielle obtinue en effagant, dans cette demiere, les colonnes 
relatives a G. Le resultat auquel nous arrivons est en contradiction avec 
ce que nous avons etabli, dans les pages precedentes, pour deux polynomes 
F+wG+w'G' et G\ 

9. A present si les polynomes F, (r, G' rendus homogenes ont un p. g. c. d. 
de degre a, les quotients /, ,9, g' sont sans diviseur commun, n'ont pas leurs 
premiers coefficients tons nuls et sont de degres m — a, w— a, n' — a. Choisissons 
h superieur a n — a — 1, done aussi a n' — a — 1; alors le nombre m+h+1 — a 
des equations (1) relatives a i^g^g' est inferieur au nombre des inconnues, de 

r = 2m— n— w'+3/i— 3— (tn+fe+1— a) = tn— n— n' + 2fe+2+a, 
nombre positif, parce que Ton a fe>n— a— 1, fc>n'— a— 1, m>a. Done les 
identites 

sont possibles de 00 *' manieres, car il y a Z' inconnues de plus que d'equations, 
et la matrice des coefficients n'est pas nulle. 

Quant a F, G, G' ils sont dans le cas exceptionnel : la matrice M qui les 
concerne est de rang 

2m— n— n'+3fe+3— r=m+fc+l— a. 
35 
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10. En particulier, si Ton fait h=n — 1 (pour fe>n— 1, on a le resultat 
de M. Lloyd L. Dines), la matrice M^^^ a m+n lignes. Plus particulierement 
encore, pour que F, G, G' aient un p. g. c. d. de degre non assigne, en y compre- 
nant le cas de ao=6o=^o=0> il faut et il suflSt que cette demiere matrice M^^^ 
soit simplement nulle. 

On demontre, comme pour le resultant (J. Konig, loc. cit.j p. 100), que les 
determinants extraits de cette demiere matrice sont des f onctions lineaires des 
polynomes donnes, et peuvent done remplacer, dans Texpose de la theorie du 
resolvant {id., p. 102), les coefficients JBq, iJi, . . . . des produits de puissances 
des u et des v dans le resultant de Si^F; et ^Vt-F^ . 

La difference est que les coefficients Rq^R^, .... de Kronecker s'annulent, 
ou bien quand il y a un p. g. c. d. en a?, ou bien quand s'evanouissent les premiers 
coefficients des polynomes F^ de degre le plus eleve; tandis que, dans notre 
methode (caracterisee par Tusage du polynomes m;, w' au lieu des indeterminees 
tt, v), les determinants extraits de la matrice M^j^^ s'annulent quand il y a un 
p. g. c. d. en X ou quand tous les premiers coefficients sont nuls. Dans la theorie 
du resultant, on doit supposer les formes rendues regulieres, de sorte que les 
deux groupes de symboles sont equivalents ; les notres, nous le repetons, seront 
utiles dans la theorie des polynomes homogenes et dans les applications geo- 
metriques. 

11. L'extension a plus de trois polynomes est facile. Le noeud de la demon- 
stration est loujours celui-ci. Si les polynomes n'ont aucun diviseur commun, 
ni leurs premiers coefficients tous nuls, la matrice analogue a M est non nulle. 

Le cas de deux et trois polynomes ayant ete elucide, il reste a etendre la 
demonstration par induction complete. 

Supposons done le fait etabli pour les n+ 1 polynomes F, G, G', , G^*~^^ 

et Boit (j^"^ un nouveau polynome. On pent choisir les polynomes w,w\ . . . . , 
w^""^ tels que F+wG-^w'G'+ . • . . 4-w^''^G^"^ ait son premier coefficient non nul, 
et que le resultant de F+wG et du p. g. c. d. de G', . . . ., G^"^ differe de zero. 
Alors les polynomes 

F+wG+w'G+ .... +t^^*^<?^"\ G', G", . . . ., G<»> 
n'ont pas leurs premiers coefficients tous nuls et n'ont pas de diviseur commun en x. 

Mais la matrice M relative aux w+2 polynomes FjGjG\ , G^"^ pent se 

transformer en la matrice analogue M' relative aux n+2 polynomes 

F+wG+w'G'+ .... +w;^«>G<»^ G, G', G", . . . ., G<»>; 

celle-ci est nulle en meme temps que Mj et de meme la matrice partielle obtenue 
en effaQant de M' les colonnes relatives a G ; mais alors on a une matrice nulle, 
analogue a ilf et relative a n+l polynomes qui n'ont pas de diviseur commun, 
ce qui est suppose impossible. 

Gand, le 17. Mai, 1014. 



Digitized by 



Google 



Congruences Associated with a One-Parameter Family 

of Curves.* 

By Ralph Dennison Beetle. 



Introduction. 

With a one-parameter family of curves may be associated a number of 
rectilinear congruences. The congruence formed by the tangents to the curves 
has been very extensively studied, and its properties have been found to be 
intimately connected with the nature of the surface on which the curves lie 
and with the relation of the curves to this surface. In this paper, we consider 
some of the other rectilinear congruences and also certain congruences of circles 
associated with the curves. Particular attention is given to the rectilinear 
congruences formed by the principal normals and binormals, and the congruence 
of circles formed by the osculating circles. The discussion in this preliminary 
paper is restricted to rather elementary properties of the congruences. 

The paper is divided into four parts. In the first part, we state those 
general formulas relating to one-parameter families of curves which are neces- 
sary in the later portions of the paper. It is found advantageous to use the 
method recently suggested by Eisenhart.f In this method, the moving triedral 
formed by the tangent, the principal normal and the binormal serves as a frame 
of reference, and the treatment of problems relating to these lines is thereby 
essentially simplified. 

The second part of the paper is devoted to rectilinear congruences. As is 
well known, it is a characteristic property of a system of geodesies that the 
congruence of tangents is normal, and of a system of asymptotic lines that the 
surface on which they lie is the middle surface of the congruence of tangents. 
When the congruence of principal normals or binormals is normal, or has the 
surface for its middle surface, the resulting geometric property of the curves 
is not so tangible, but a consideration of these properties of the congruence^ 
leads to a number of general theorems of interest. 

* Presented to the American Mathematical Society, September 8, 1914. 

t L. P. Eisenhart, "One-Parameter Families of Curves," Amebican Joubnal op Mathematics, 
Vol. XXXVII (1915), p. 179. 
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Of the other rectilinear congruences discussed in the second part, we 
mention here only the congruence of polar lines. By considering this con- 
gruence, we find the following characterization of a system of lines of curva- 
ture. In order that a one-parameter family of curves be a system of lines of 
curvature of the surface on which the curves lie, it is necessary and suflBcient 
that the point of meeting of the normal to the surface and the corresponding 
polar line be a focal point of the congruence of polar lines. 

In the third part of the paper, we determine under what conditions the 
congruence of osculating circles is a cyclic system. We find that it is necessary 
and sufficient that the curves in question be lines of curvature of constant 
geodesic curvature. Hence, they are either plane geodesies or else spherical 
curves which lie on spheres orthogonal to the surface formed by the curves. 
In this part of the paper, we also discuss cyclic systems in which the circles 
lie on a single infinity of planes or of spheres. 

In connection with the notions and results of the second part, it is interest- 
ing to consider the surfaces characterized by the fact that the asymptotic lines 
in one or both systems are geodesic parallels. These surfaces have apparently 
not previously been discussed. The fourth part of the paper deals with these 
surfaces. The determination of all such surfaces requires the solution of a 
rather complicated partial differential equation of the fourth order. A number 
of characteristic properties of these surfaces are found. 



I. One-Parameter Families oi 


f CUBVBS. 




§ 1. Equations of Condition. 




In the paper mentioned above, Eisenhart shows that, if 


p, q, r, t, p and t 


satisfy the three conditions 




dq _3p _pr _Q 
du dv p ^ 






du dv\p/ T 


■ 


(1) 


du dv\r/ p 






where 




A -13^ +«+^ 1 






J 1 dt r 




(2) 


* p du r * ' 
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g^ — ^2 Z + ^3 ^> 


du p 
du T ' 
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then the system of equations, consisting of the six equations 



(3) 



together with those obtained by replacing a, I, Jl by /3, m, (i, and by y, n, r, 
is completely integrable, and admits solutions such that the determinant 

a ^ y 
I m n 

X (I V 

is orthogonal and positive. Under these conditions, the equations 

g^=l>«, g^=ga+W+a, (4) 

and the analogous ones for y and z^ are consistent, and the locus of the point 
P{x^y^z) is a surface 8. 

The surface 8 may be regarded as the locus of the one-parameter family 
of curves C obtained by assigning arbitrary constant values to v. Then 
^j^jYj Ijntjn; >l, /£, v are, respectively, the direction-cosines of the tangent, 
principal normal and binormal of the curve C through the corresponding point 
P ; p and t are the radii of first and second curvature of the curve C. 

Conversely, if re, a, /, >l, p, t, etc., have the significance just indicated, and 
the curves C are not minimal or straight lines, the p, g, r and t defined by (4) 
and the analogous equations in y and z satisfy the equations (1). 

§ 2. Fundamental Quantities for the 8urface 8, 8pecial Parametric 8ystems. 

If the linear element of the surface 8 is 

ds^=Edu^+2Fdudv + Gdv\ 
it follows from (4) that 



whence 



H=VEG—F^=pVr^+t\ 
If X, F, Z are the direction-cosines of the normal to the surface, 

Xl*A — tl f. • , J 
= — =Asmc>)+» coso), 



(5) 
(6) 

(7) 






where o is the angle which the normal to the surface makes with the principal 



Digitized by VjOOQ IC 



284 BsBTLE : Congruences Associated with a One-Parameter Family of Curves. 
normal of the curve C at the corresponding point. We note for reference that 



sm G) = — 7====r, cos 0) = ■ 



* tan© =— ^. (8) 



If the second fundamental quadratic form* of the surface 8 is 

—'ZdxdX=Ddu^+2D'dudv+D"dv', 
it is found that 

pH 



D =■ 






(9) 



Since we have excluded the case in which the curves C are minimal, we 
may always assume that p=^0. If jp = l, the parameter u is the arc of the 
curve C. Whenever p is a function of u alone, we may take p = l, since this 
result can be secured by a change of parameters which preserves the parametric 
curves. 

We have excluded also the case in which the curves C are rulings. Then 
the necessary and sufficient condition that they be geodesies is that r=0. In 
order that they be asymptotic lines, it is necessary and sufl5cient that t=0. 

If g=0, the parametric system is orthogonal, and conversely. The para- 
metric system is conjugate if 

rAs—tA2=0; (10) 

it consists of the lines of curvature if 

S=0, ^-£=0, (11, 

in view of (5) and (9). In consequence of a well known property of the lines 
of curvature, the second of the conditions (11) is necessary and suflScient that 
the curves C be lines of curvature, t 

§ 3. The Quantities o), r and t. 

From its definition, it is evident that the value of o at a given point 
depends only on the curves C. It is readily proved that the values of r and t 
are independent of the choice of the curves i^= const., but do depend on the 
particular distribution of the parameter v in the system of curves C. If, how- 

* Gf. Eisenhart, << Differential Geometry," p. 114 (Ginn and Co., Boston, 1009). Hereafter, a reference 
to this book will be given in the form Eisenhart, p. 114. 
t Eisenhart, p. 130.' 
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ever, the parameter v is fixed, the values of co, r and t are all uniquely deter- 
mined. Since the system of curves C is arbitrary, except that we have excluded 
minimal and straight lines, it follows that we may associate with any system 
of curves defined by an equation of the form •4'(M,t;) = const, three functions 
0)^, f^ and t^. 

Moreover, since any curve on the surface Sj except a curve w= const., can 
be defined by an equation of the form v— ^(ti)=0, and hence be regarded as 
belonging to the family given by v— ^(w) = const., we may define the three 
functions for any curve of the surface. In this case, we shall denote them by 
Q0, r^ and t^. We proceed to find expressions for them. 

From the well known formulas for normal curvature and geodesic curva- 
ture* it follows that 



tancj0 = 






In view of (5), (6) and (8), 



and 



Therefore we conclude thatf 



U = 



r = 






y/E 



Ve 



d 

du 



dv 



sin 6) 



^+«^ 



4'^^'t+<fJ 



«+^^ 



4^+2F^+om 



C08O. 



H sina>w^ 



and 



h=' 



v-+-^+«o" 



H COS (Ort 



V^+2^l+<i!) 



(12) 



(13) 



(14) 



(15) 



(16) 



§ 4. The Curves u= const. 

If tti , /, , ^1 , Pi , gi , r-j , ti pi , Tj , etc., are similarly defined for the curves 
M= const., the following relations are easily deduced: 



* Eisenhart, pp. 117, 132, 130. 



t EiBenhart, p. 74. 
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where 



We have also 



and 



^ ^ qa+rl + tX . 
' Vq^+r'+t^ ' 

' ya\+a\+(^ ' 



X,= 



{ra,—tai)a+ (foi— gog) I + igO i—rai)?, 



y/^+r'+^ Vof+al+<4 






0-T 






Oji = 






r, = 



f, = 



Vg*+r*+<*' 



pi Vg*+rH<* ' 

1 ^ V(&!+&i+&i).-(g!+ qi+Ql) 
•^1 Vg*+r*+«* 



(17) 
(18) 
(19) 



(20) 



(21) 



(22) 



where the quantities bi , 6, and 6, are obtained by replacing g, r and thy a^, 
Oi and Os in the expressions (20) for a^, a^ and Oj. 

n. Ebotiuneab Congbubnces. 

§ 5. Congruences T. Notation. 

All of the rectilinear congruences studied in this paper are congruences 
generated by a line L whose direction, relative to the moving triedral of 
reference, remains invariable. Such a congruence we denote by the symbol T. 
If Po(^o> yof ^o) is any point, fixed or variable, on the moving line L, and 
Xo , To, Zq are the direction-cosines of the line, we have 
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Xo=ix^+^iOi+y+^B^y Xo=Cia+C2l+CiXj (23) 

where f ^ , £2 , ^s are functions of u and t;, but Ci , Cg , Cg are constants such that 

Ci -7- C2 + C3 = 1. 

We write 

'^"-^'^W/' "^-^^W ^'-^\~d^J' 



_^ dxp dXp 
^'-^ du du ' 






/;=2 



9 0/0 9X0 
du dv ' 



^0=2 



9iCo 9X0 
dv dv ^ 



(24) 



so that 
and 



^dXl= Sodu^+2S^odudv+g,dv% 

^dXodXo=eodu^+ {fo+fo)dudv+godv^. 
Then the equation of the developable surfaces of the congruence is* 
((5o/i-Co^)d^^«+ {Sogo-^oeo+^ofo-^ofo)dudv+ {Sr^o-fo^o)dv'=0. (25) 
If Poi aiid -P02 are the focal points of the line L, their coordinates are of the form 

a?oi=^o+poi-2^o> a;o2=a;o+po2-2^o, (26) 



where t 









(27) 



If the line L always passes through the corresponding point P, we may 
choose P for the point Pq. In this case, we shall speak of congruences Pp. 
The congruences Fp formed by the tangents, principal normals and binormals, 
we shall denote by T, , r„ and Fj, . Similarly, by F^ we indicate a congruence 
Fp such that the line L lies in the normal plane of the curve C. 

§ 6. Normal Congruences Fp . 
The condition that a congruence F be normal,} /o=/o> reduces to 



* Eisenhart, p. 398. 



t Eisenhart, p. 399. 



:|: Eisenhart, p. I 
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and becomes, in the case of congruences Fp, 

/dq dp\ . dr ^ dt ^ 

or, in view of (1), 

The congruences T,, F^ and T^ correspond to the choices Ci=l, C2=C3=0; 
^2=1> ^i=<^3=0; ^8=1? Ci=C2=0. We have already remarked that, if we rule 
out minimal and straight lines, the congruence F^ is normal if, and only if* 
r=0. We can now add 

Theorem 1. The necessary and sufficient condition that the congruence 
of principal normals he normal is that r he constant along each curve C. The 
necessary and sufficient condition that the congruence of binormals he normal 
is that t be constant along each curve C. 

For the sake of brevity, we denote by r-line a curve along which r is con- 
stant, and by t-line a curve along which t is constant. Since geodesies are 
r-lines and asymptotic lines are <-lines, such lines exist on every surface. 
Moreover, the remarks of § 3 enable us to prove that, on every surface, there 
exist infinitely many r-lines and i-lines, other than geodesies and asymptotic 
lines. For the necessary and sufficient condition that the principal normals of 
a system of curves defined by 

v— 4>(w)=con8t. 

form a normal congruence is that there be a functional relation between 

fl' sin'ca^ 



^+='-^+''(1!)' 



and v—^. Equating to zero the Jacobian of these expressions and making use 
of <12), we find that ^ satisfies a differential equation of the third order. A 
similar result is obtained in tJie case of Mines. 

Suppose now that the curves C are both r-lines and Mines. Then 

du du ' 
and we can take g=0. In view of (5) and (8), we conclude that 

— =—=0 

so that the curves C are geodesic parallels,* along each of which the osculating 

* Eisenhart, p. 134. 
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plane meets the surface under constant angle. The converse theorem is easily 
established. 

If we seek a system of curves such that all three of the congruences T^ , 
r„ and Tft are normal, it is therefore necessary and sufficient that they be 
geodesies whose orthogonal trajectories are geodesies. As is well known, 
orthogonal systems of geodesies exist only on developable surfaces; they 
correspond, of course, to orthogonal systems of straight lines in the plane. 
From the form of the condition (29) there follows at once 
Theobem 2. If two different lines ^ L^ and L2, generate normal congruences 
Fp, every congruence Tp generated by a line L in the plane of L^ and L^ is also 
normal^ and is an associate* of the first two. If three non-coplanar lines 
generate normal congruences Fp, every congruence Tp is normal. 

§ 7. Other Normal Congruences F. 

If the curves C are geodesies and the curves ti= const, are their conjugates, 
we have by (10) r =-42=0. If we take Ci=Cz=Oy ^2=1, ^2=s8=0, the condition 
(28) for normality becomes 

SO that we obtain a normal congruence by taking 



M)=0, (30) 



where Ui is a function of u alone. If P{Xy y, z) describes one of the surfaces 
normal to this congruence, we may write 

P 

where >7 is to be determined. Then, since we must have 

du ov 

we find that 

yt = -iU^du=-U, 
so that 

x=x+^V'a-Ul, ' (31) 

where the prime denotes differentiation with respect to u. 

Theorem 3. // a geodesic system^ v=const.j and its conjugate system^ 
u= const. y are known on the surface Sj each choice of a function of u deter- 



* Eisenhart, p. 402. 
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mines, without any integration, a surface 8 which corresponds to 8 with 
parallelism of tangent planes. 

If 8x is the other focal surface of the normal congruence of tangents to 
the geodesic system, the curves- ii= const, on Si are geodesies and the curves 
t;= const, are their conjugates.* Hence, by Theorem 3, to each choice of a 
function of v will correspond a normal congruence in the tangent plane of 8. 
Taking Ci = c^=0, ^8=1, ^2=^8=0, we find from (28) that the corresponding 
congruence is normal if 

where Fj is any function of v alone. The conditions r=0, -42=0 are not 
needed in this case. 

If Pi(5i, yi, ii) describes a surface normal to this congruence, we have 

^=x+^'-^aL-V\ (32) 

-^8 

where V=^V^dv. 

Theorem 4. If any system of curves, v^= const., is known on the surface 8, 
each choice of a function of v determines, without any integration, a surface 8^, 
the normal to which lies in the corresponding rectifying plane of the curve 
v= const. If the curves are geodesies, 8 and 8^ correspond with orthogonality 
of tangent planes. If the curves are asymptotic lines, 8 and 8^ correspond 
with parallelism of tangent planes. 

If we put F=0, 8 1 becomes Si, the other focal surface of the congruence 
of tangent lines. 

§ 8. Congruences Fjf . 

For congruences Ty, Ci=0, while c^ and c^ are any constants such that 
cl+cl=l. Writing Ci=co&6, C8=sin6, we find that for a congruence Ta- 
equations (27) become 

L^+ -H (r sm d—t cos 6) 



P01+P02= J ^ 



L 

~ {A2 COS 6+^8 sin fl) + — cosfl 
T p 

_ rsin6 — tcosd 
P01P02— J j^ 

-(^2COsd+^sSin6) + — cosd 

T p 



(33) 



* Eisenbart, p. 403. 
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In order that S be the middle surface* of the congruence, it is necessary and 
sufficient t that 

L,+ ^+^{rQme-tcosd)=0. (34) 

Since the angle $ is constant, it is clear that, in general, there are no con- 
gruences Fjf for which (34) is satisfied. If there are two such congruences, 
and 6i and 62 are the corresponding values of 6, we have 

r (sin di cos fli— sinfls cos O^) = t (cos* Oi—cos^ $2)^ 

whence 

f 

tan(6i+d2) = — 7=tan(o. 
t 

Therefore the angles $1 and 62 can be so chosen that 6i+$2=o)y and hence the 
number of such congruences can not exceed two. It can be equal to two only 
in case q is constant. , 

If u is constant, the normals to the surface form a congruence Vjf. In 
order that S be the middle surface of this congruence, it is necessary and 
sufficient that S be minimal, t We conclude that, when S is minimal and u is 
constant, then S is the middle surface of the congruence of principal normals. 
For, in view of the preceding paragraph, if (34) is satisfied by 0=©, it is also 
satisfied by 6=0. This result is a special case of a theorem which we shall 
now prove. 

When g=0, and (34) is satisfied for 6=0, we find for the mean curvature 
of S the expression 

da 
___ ED''+GD—2FD' _ dv 
^«- EG-F' '^y/i^^' 

If, on the other hand, we assume that 

it is found that (34) is satisfied for 6=0. We can therefore state 

Theorem 5. For a system of curves C ona surface S, each of the following 
statements is a consequence of the two remaining : 

1°. The surface S is minimal. 

2°. The surface S is the middle surface of the congruence of principal 
normals. 

* Eisenhart, p. 399. 

t We do not consider the degenerate congruenceB for which Sq^o — ^o ^fti^iB^es. 

t Eisenhart, pp. 180, 261. 
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3°. Along each of the orthogonal trajectories of the curves C, the angle u 
is constant. 

It is easy to show, in view of (12), that an unlimited number of systems 
satisfying the condition 3° exist on every surface, independently of the cases 
in which o is constant all over the surface. The condition 3° is satisfied by a 
system of geodesies or asymptotic lines ; in each case, Theorem 5 states a well 
known characteristic property of minimal surfaces. 

In like manner we prove 

Theobbm 6. For a system of curves C ona surface Sj each of the following 
statements is a consequence of the two remaining: 

1°. The orthogonal trajectories of the curves C are asymptotic lines. 

2°. The surface S is the middle surface of the congruence of binormals. 

3°. Along each of the orthogonal trajectories of the curves C, the angle a 
is constant. 

In order that S be the middle surface of both the congruence of principal 
normals and the congruence of binormals, we must have 

TO T 

Then t=0, and from (9) it is seen that the mean curvature of S is zero. 

Theorem 7. The only curves C which have 8 for the middle surface of 
both the congruence of principal normals and the congruence of binormals are 
the asymptotic lines of a minimal surface. 

CoBOLLARY. Whenever S is the middle surface of two of the congruences 
r, , r^ and Tft , it is of the third also. 

Meusnier's theorem* states that all the osculating circles of the curves 
on S tangent to the curve C at the point P lie on a sphere M of radius 
|p/coso| tangent to S at P. We shall now prove the following theorem with 
regard to this sphere : 

Theorem 8. If the generating lines of two congruences Fj^ are constantly 
orthogonaly and the curves C bisect the angles between the curves cut out on S 
by the developables of one of the congruences^ the focal points of the other con- 
gruence are harmonic with respect to the corresponding sphere M. If the focal 
points of one of the congruences are harmonic with respect to the sphere M^ and 
the generating line of this congruence is not tangent to Af , the curves C bisect 
the angles between the curves cut out on S by the developables of the other 
congruence. 

* Eisenhart, p. 118. 
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For simplicity, we take q=0. The equation of the carves cmt out by the 
developables will be identical with (25), and the angles between these curves 
are bisected by the parametric curves if, and only if,* 

For the congruence Tir for which 6=^1, this condition takes the form 

L^_22^f^rsme^—tcosdi)=0. (35) 

If the coordinates of the harmonic conjugate Q of P with respect to Pqi 

and Po2 are of the form 

x+hXof 

we find that 

h=^^^. (36) 

Then, for the congruence Fjf such that 0=02, we have, by (33), 

/irL8+^^(rsin02— «cosd2)l = 2(rsin02— *cos02). (37) 

Since the sphere M is of radius |p/cosio|, the point Q will lie on M if 

fe=-^cos(tt— 0.)=— ~(rsin02— <cos02). (38) 

cos CO * t ^ ^ 

When (38) is satisfied, and h4^0y (37) becomes 

L3+?^*(rcose2+isin02)=O. . (39) 

If fe=0, the generating line of the congruence is tangent to the sphere M. 
Conversely, if (37) and (39) are satisfied, (38) follows. To complete the 
proof of Theorem 8, it is snificient to note that (35) and (39) are equivalent 

Corollary. If the curves C bisect the angles between the curves cut out on 
8 by the developables of the congruence of binormalSj the focal points of the 
congruence of principal normals are harmonic conjugates mth respect to the 
osculating circle of the curve C, and conversely. 

For the congruence r„, (36) becomes 



]-('.+f)' 



* Eisenhart, p. 76. 
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and for the congruence Fj^, (34) reduces to 

L3+|=0. (41) 

Then h=2p if, and only if,* (41) is satisfied. Hence we have 

Theorem 9. Jn order that 8 be the middle surface of the congruence of 

binormals^ it is necessary and sufficient that the focal points of the congruence 

of principal normals he harmonic conjugates with respect to the osculating 

circles of the curves C. 

Combining Theorem 8, corollary, and Theorem 9, we obtain 

Theorem 10. When^ and only when, the surface 8 is the middle surface 

of the congruence of binormals, do the curves C bisect the angles between the 

curves cut out on 8 by the developables of the congruence. 

Interpreted for asymptotic lines, this theorem states the well known fact 

that the surface is minimal if, and only if, the asymptotic lines form an 

orthogonal system. 

If we put g=0, and require that fe=p, it follows from (40) that 

L3+-=0. (42) 

P 
Since (35) reduces to (42) when di=0, we have 

Theorem 11. In order that the center of the osculating circle be the 
harmonic conjugate of P with respect to the focal points of the congruence of 
principal normals^ it is necessary and sufficient that the curves C bisect the 
angles between the curves cut out on- 8 by the developables of the congruence. 

If the curves C are geodesies, the curves cut out on 8 by the developables 
of the congruence of principal normals are the lines of curvature, so that we 
have the 

Corollary. In order that a system of geodesies be one system of the mean 
orthogonal lines^ it is necessary and sufficient that the center of the osculating 
circle be the harmonic conjugate ofP with respect to the surfaces of center of8.f 

This corollary is also a direct consequence of the fact that the normal 
curvature of the surface in the direction of the mean orthogonal lines is equal 
to one-half the mean curvature of the surface. 

For the congruence F^y (36) becomes, if we again take g=0, 

^2E 

* Exception must be made of the case ^=0^ but Theorem 9 is easily verified directly in that caae. 
t Eisenhart^ p. 179. 
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and for the congruence r„ (34) reduces to 

L3--=0. (43) 

P 
When (43) is satisfied, it is found that 

/i=— 2ptan(j. (44) 

Conversely, if (44) is satisfied and r=^0, then (43) follows. If we denote 
by M the sphere obtained by reflecting the sphere M of Meusnier in the 
tangent plane of the surface, it is readily proved that (44) may be interpreted 
as follows : 

Theorem 12. If 8 is the middle surface of the congruence of principal 
normalSy the focal points of the congruence of binormals are harmonic con- 
jugates with respect to the sphere M. If the focal points of the congruence 
of binormals are harmonic conjugates with respect to the sphere if, and the 
curves C are not geodesies, S is the middle surface of the congruence of prin- 
cipal normals. 

§ 9. The Congruence of Polar Lines. 

If we take ^i=:^3=Ci=Cj=:0, ^2=p> ^8=1> we obtain the congruence of 
polar lines of the curves C. If we assume that g=0, we find that 

^A,+~A, A,p^ 

pQl + P(tt= — y Pwp02 = -^^ > (45) 

T T 



whence 



^=-1^- ^=-^- <*") 



Thus the focal point Poi is the center of the osculating sphere of the curve, 
and it is easily proved that P02 is the point of contact of the normal plane of 
the curve C with the surface of which the double infinity of normal planes of 
the curves C are the tangent planes. 

If the curves G are lines of curvatnre, we have AzSUi(d + A^cosci=:Oj 
whence po2=ptan6>. Therefore the point P02 is ^ow the intersection of the 
polar line with the normal to the surface. Conversely, if Pog is this point, it 
follows from (46) that -ij sin co+^ cos (.)=0. 

Theorem 13. It is a characteristic property of the lines of curvature 
that the point of meeting of the normal to the surface and the corresponding 
polar line is a focal point of the congruence of polar lines. 
37 
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This theorem may be proved directly by purely geometric considerations. 
If the curves C are lines of curvature, so are their orthogonal trajectories Ci . 
Hence, the normal planes of the curves C are tangent to the developable sur- 
faces formed by the normals to the surface 8 along the curves Cj . The point 
of contact Q of the normal plane with its envelope therefore lies on the normal 
to the surface. On the other hand, the polar lines are the characteristics of 
the normal planes of a curve C ; hence, Q lies also on the polar line. 

III. Congruences of Circles. 

§ 10. Cyclic Systems of Osculating Circles. 

The osculating circles of a one-parameter family of curves C, other than 
circles, form a congruence. We inquire under what conditions this congruence 
is a cyclic system* that is, a congruence of circles which admit a one-parameter 
family of orthogonal surfaces. We consider first, however, a slightly more 
general problem. 

At each point P, draw in the osculating plane a circle k tangent to the 
curve C at P. Jf R{UjV) is the radius of this circle, M its center, Q any point 
on the circle, and 6 the angle which the radius MQ makes with the tangent to 
the curve, the coordinates of Q and the direction-cosines of the tangent to the 
circle k at Q are of the form 

x=x+aRcose+lR{l+sine), (47) 

and __ 

X=a&me—lco&d. (48) 

In order that the surface Sy locus of Q, be normal to the circles fe, it is 
necessary that XXdx=0. This condition can be written 

Rdd+Adu+Bdv=0, (49) 

where 

B=co8$-^— -f {A^R — q)Bia6+rcoBd-\-A2R' 

The condition that (49) admit a solution involving a parameter is that 
■dA dB\ . ,/dB dR\ , „/dR dA\ 



R 



/dA dli\ , ./dH dU\ , „/dU dA\ ..^. 



be identically zero. The expression (50) reduces to the form 

<I>i sin 6+4>2 cos 6+^s i 

* Eisenhart, p. 42((. 
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where the <I>'8 are functions of u and v. It is therefore identically zero if and 
only if 

^1 = ^2 = ^8 = 0. 

We thus obtain the three conditions 

(.-^.«)^+p(|-i)f -f«.A=o, ^ (51) 

Therefore, either r=0 or R=p. In the first case, the other two conditions 
reduce, in view of (1) and (2), to 

provided we take g = 0, as we may without loss of generality. Hence, the 
curves C are the plane geodesies of a surface of Mouge ; * the only restriction 
on R is that it be constant along the orthogonal trajectories of the curves C. 
This result is included in a more general one, of which we give a geometric proof. 

Every surface of Monge can be generated by a plane curve whose plane 
rolls, without slipping, over a developable surface, t The successive positions 
of the curve form the system of plane geodesies. Any single infinity of circles 
drawn in the plane of the curve will generate a congruence. Since the circles 
in the plane admit a one-parameter family of orthogonal curves, the congruence 
of circles admits as orthogonal trajectories the one-parameter family of sur- 
faces generated by these curves, and is therefore a cyclic system. The normal 
surfaces are clearly also surfaces of Monge. 

Conversely, RibaucourJ has shown that all cyclic systems of circles whose 
planes envelop a developable surface can be obtained in the manner just 
indicated. 

If we do not have r=0, we must take B=p. If we again put g=0, the 
remaining conditions reduce to 

3co p ^ d /sincj\ -. /p;o\ 

* G. Monge, "Application de TAnalyse k la G^om^trie, §24, Paris (1849). 
t Eisenhart, p. 306. 

:|: A. Ribaucour, "M^moire sur la th^orie g^n^rale des surfaces courbes/' Journal de Math4matique8, 
Ser. 4, Vol. VII (1891), p. 264. 
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The curves C must therefore be lines of curvature* of constant geodesic cur- 
vature, t Since the plane geodesies of a surface of Monge are of this type, 
we are able to state 

Theorem 14. If the curves C are not plane geodesicsy the circles k do not 
form a cyclic system unless they are the osculating circles. The necessary and 
sufficient condition that the osculating circles form a cyclic system is that the 
curves he lines of curvature of constant geodesic curvature. 

Lines of curvature of constant geodesic curvature are, except in the case 
of plane geodesies already discussed, necessarily spherical curves, and lie on 
spheres which meet the surface orthogonally, t Conversely, curves on a sur- 
face, which lie also on spheres orthogonal to the surface, are lines of curva- 
ture of constant geodesic curvature. 

It is at once evident that the surfaces obtained by subjecting surfaces of 
Monge to an inversion will have a system of spherical lines of curvature of 
constant geodesic curvature. In this way it is possible to obtain all such 
surfaces for which the corresponding spheres have a point in common. We 
shall now show how those not having this property can then be obtained. 

All surfaces 2 with a system of spherical lines of curvature fall into two 
classes : § 

1°. The surfaces (2i) obtained by transforming by inversion all surfaces 
with a system of plane lines of curvature. 

2°. The surfaces (Sz) obtained by subjecting the surfaces Xi to the Com- 
bescure transformation for surfaces 2. 

The Combescure transformation is the following. The coordinates of the 
centers of the one-parameter family of spheres on which lie the curves 1;= const, 
of a surface 2 are given by three functions of v alone 

^^l> ^^2J ^8« 

If, as usual, X, Z, Z are the direction-cosines of the normal to the surface, 
and tti, j3i, yi are the direction-cosines of the tangent to the curve w= const., 
and if we suppose the parametric system orthogonal, we have 

x=^X+yia, + V,, (54) 

and similar equations for y and 2;, where ^ and rj are functions of v alone. 
If now we have any five other functions of v satisfying the equations 



« See § 2. . 

t Eisenhart, p. 132. 

jiDarboux, « Lemons sur la th^orie generate des surfaces," Vol. Ill, p. 121, Paris (1896>. 

§ Bianchi, <'Lezioni di Geometria Dififerenziale," Vol. II, p. 305, Pisa (1903). 
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i'_v_y[_n_n 



(55) 



where the prime denotes differentiation with respect to v, the point whose 
coordinates are of the form _ 

i=^X+voL,+V, (56) 

describes a surface 2, which has the same spherical representation of its lines 
of curvature as 2, and of which the curves i; = const, are spherical and lie on 
spheres with centers given by 

T^l, ^2, Vs. 

When the spherical lines of curvature of 2 have constant geodesic curva- 
ture, f =0, and conversely. For then the centers of the spheres lie on the 
tangents to the curves w=const. When ^=0, it does not necessarily follow 
that f =0, but, if we define a modified Combescure transformation by requiring 
that f =0 when ^=0, we can prove 

Theorem 15. All surfaces S with a system of lines of curvature of con- 
stant geodesic curvature consist of 

1°. The surfaces (Si) obtained by transforming by inversion all surfaces 
of Monge. 

2°. The surfaces {S^) obtained by subjecting the surfaces 8^ to the modi- 
fied Combescure transformation. 

To prove this theorem, it must be shown that, if ^=|=0, and 

it is always possible so to determine x that, after the transformation, the spheres 
to which the surface is orthogonal have a point in common. This fact is readily 
established by a suitable modification of tlje discussion given by Darboux* to 
prove the corresponding fact for the general Combescure transformation. 

It is at once evident that the surfaces normal to the osculating circles of 
the spherical lines of curvature of a surface of the class (S^) belong themselves 
to that class. That the corresponding theorem for surfaces of the class (Sj) 
is true is easily proved, in view of the theorem that, when a surface cuts a 
sphere orthogonally, the intersection is a line of curvature of the surface. 

§ 11. Cyclic Systems of Circles on a One-Parameter Family of Spheres. 

The cyclic systems discussed in the preceding section had the property 
that the circles were on a one-parameter family of planes or of spheres. We 

♦ Darboux, "Lemons," Vol. IV, p. 249. 
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showed how to obtain all cyclic systems for which the circles were on a single 
infinity of planes. In this section, we determine all cyclic systems for which 
the circles are on a single infinity of spheres. We must first demonstrate some 
properties of the modified Combescure transformation. 

Consider any one-parameter family of spheres admitting a family of 
orthogonal surfaces S. These surfaces are necessarily of class (S^) or (S^). 
Let So be one of the surfaces S, and subject it to the modified Combescure 
transformation given by (57). If 

Xo=yia,+Viy yo=yiPi+V^, ^o=yiri+Vsy 
then, by (56), _ 

=xyiai + fxV[dv 

=x{y!a,+ V,)-SxT^dv 

=xXo—fx'Vidv^ 
and, similarly, 



(58) 



Zo=xZo—Sx'Vsdv. J 

Equations (58) and (59) define, for each value of v, a linear transformation 
with constant coefficients. This transformation is independent of the particular 
surface 8 which is transformed. It depends only on the quantities x, F^, Fa, Fg, 
and may be regarded as a uniform magnification leaving the origin invariant, 
followed by a translation. Since the points (of the surfaces S) which corre- 
spond to a given value of v all lie on the same sphere, we observe that the 
transformation of the surfaces S sets up a one-to-one correspondence between 
the points of each of the old spheres and the points of the corresponding new 
sphere.* In view of these remarks, we are able to state 

Theorem 16. A given modified Combescure transformation carries all the 
surfaces orthogonal to a given one-parameter family of spheres over into sur- 
faces orthogonal to a common set of spheres. The points on each of the original 
spheres are carried over into the points of the corresponding new sphere by a 
linear transformation^ which varies with the sphere^ but haSy in each casCy the 
properties: 

1°. Circles are carried into circles. 

2°. Angles are preserved. 

If the circles of a cyclic system lie on a one-parameter family of spheres 
through a common point, the cyclic system can be obtained by inversion from 

* It is immaterial whether all points of the spheres are considered, or only those which lie on one 
or more of the orthogonal surfaces. 
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one in which the circles lie on a one-parameter family of planes. If the spheres 
do not pass through a common point, it is evident that the orthogonal surfaces 
are of the type 82. As was remarked in § 10, there exist modified transfor- 
mations of Combescure which carry these orthogonal surfaces of type 8^ over 
into surfaces of type 81 orthogonal to a family of spheres through a common 
point. We have just shown that the same transformation may be used for all 
the orthogonal surfaces, and, by Theorem 16, the congruence of circles orthog- 
onal to the surfaces 82 is carried over into a congruence of circles orthogonal 
to the surfaces 81 . We have thus proved : 

Theorem 17. Every cyclic system such that the circles lie on a single 
infinity of spheres can be obtained by: 

1°. 8ubjecting to inversion the cyclic systems of circles whose planes 
envelop a developable surface. 

2°. 8ubjecting to the modified transformation of Combescure the orthog- 
onal surfaces of the cyclic systems given fey 1°. 

The circles of one of these cyclic systems may be regarded as forming a 
one-parameter family of tubular surfaces, which are easily proved to be of 
type {81) or {82). Hence, 2° may be replaced by 

2°. 8ubjecting to the modified transformation of Combescure the tubular 
surfaces generated by the circles of the cyclic systems given fey 1^, as a single 
sphere is made to take on in succession the positions of the spheres of the 
given family. 

TV. 0-SuRFACES. 

§ 12. Definition. Differential Equation. 

The characteristic property of an orthogonal system is that, at their points 
of meeting, the curves have orthogonal tangents. If we also require the prin- 
cipal normals to be orthogonal, the system must consist of asymptotic lines and 
their orthogonal trajectories; if we, on the other hand, add the requirement 
that the binormals be orthogonal, the system must consist of geodesies and their 
orthogonal trajectories.* In order to obtain all three properties simultaneously, 
it is necessary to consider geodesies whose geodesic parallels are asymptotic 
lines. Such a system will be called an O-system, a surface with one such system 
an O-surfacCj and a surface with two such systems a double 0-surface. 

The consideration of 0-surfaces is also suggested by the notions of the* 
second part of this paper. For the principal normals of a system of asymptotic 

♦Cf.§§2,4. 
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lines form a normal congruence only in case the asymptotic lines are geodesic 
parallels, and the congruence of binormals of a geodesic system on a surface S 
has S for its middle surface only in case the orthogonal trajectories of the 
geodesies are asymptotic lines. 

In order to determine whether any 0-systems can exist, we must seek 
solutions of the fundamental equations (1) such that either 

q=r=t,=0, 
or 

Making the first choice, we have also 

at; "' 



and can put p=l. 



The equations (1) and the condition ti=Q now take the form 
d't t 



Idt . d 



=0, 



2 at a 

rdu du 



p du dv \T/ ' 



(60) 



Eliminating p and r, it is found that t must satisfy the partial differential 
equation of the fourth order 




fa*< 



dv dt dv 
du 
and that p and r are then given by 

1_ 
9~' 

and 



+ 'a^^ 



^+2|? 




(61) 




(62) 



(63) 



Thus far we have always excluded the possibility that l/p=0, since the 
equations (1) then become meaningless. However, a special investigation of 

♦ Of. 1 2. 



Digitized by VjOOQ IC 



Beetle : Congruences Associated with a One-Parameter Family of Curves. 303 

this case proves that equations (60) -(63) are still valid when l/p=0. They 
are then easily integrated, and lead, in view of the theorem of Catalan,* to the 
right helicoid. For the curves t;= const, are now rulings and the surface is 
therefore minimal. 

If 1/t=0, l/p:^0, equations (60) become 

We can then take f =1, and p an arbitrary function of u. Referring to (2) and 
(3) , we find that Xj [i and v are then constant ; or, from (20) and (22), it follows 
that l/pi=0. Either of these facts shows that the 0-surfaces which correspond 
to the assumption 1/t=0, l/p=#=0 are all cylinders. Moreover, every cylinder 
is clearly an 0-surface. If l/T=l/p=0, it is found that the direction-cosines 
of the normal to the surface are constant ; hence the surface is a plane. 

§ 13. Fundamental Quantities. Special Parametric Systems. 

We find that 

E=l, F=0, G=«S H=6t, ^ 

p r J 

where s= — cosco and is therefore either 1 or — 1. Then the total and mean 
curvatures are given by 

Jr=-i. K.= -'-. (65) 

These values of K and K^ could have been determined without reference 
to (64). For Enneper's theorem! states that 

where Tj is the radius of torsion of the asymptotic line w= const., and, from 
the theorem that the geodesic torsions in two orthogonal directions differ only 
- in sign, t follows 

Moreover, it is well known that the mean curvature of any surface is equal to 
the normal curvature of the orthogonal trajectories of the asymptotic lines. 

* Eisenhart, p. 148. f Eisenhart, p. 140. t Eisenhart, p. 139. 

38 
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Conversely, it is readily proved that, if any surface has a system of geo- 
desies such that either 

or 

COSCJ 



K^ = 



P 

the surface is necessarily an 0-surface. 

From (65) and the results of the last section, it follows that the only 
developable 0-surfaces are the plane and the cylinders; the only minimal 
0-surfaces are the right helicoids. 

We seek now conditions under which a surface referred to its asymptotic 
lines or its lines of curvature is an 0-surface. If 8 is referred to its asymp- 
totic lines, the condition that it be an 0-surface, with the curves t;= const, 
geodesic parallels, is that the curves defined by 

pdu+qdv=0 
be geodesies. This condition is most easily deduced from the considerations 
of § 6. We found there that the necessary and sufficient condition that the 
congruence of principal normals of the curves t;= const, form a normal con- 
gruence is that r be a function of v alone. We also found that 

H . 
r= — p^smo, 

whence, in this case, 

E 

r=± —f=. 

y/E 

We can therefore state 

Theorem 18. The necessary and sufficient condition that a surface referred 
to its asymptotic lines he an O-surface is that one of the two conditions 

a4(f)=«. 34(f)- 

be satisfied. If both conditions are satisfied^ the surface is a double O-surface. 
When the first of (66) is satisfied^ the parameter v can be so chosen that the 
linear element is 

Edu^ + 2 VE{G—l)dudv + Gdv^; (67 ) 

when both conditions are satisfied^ the linear element can take the form 



Edu^+2VE{E—l)dudv+Edv\ (68) 

Moreover J these linear elements are characteristic of 0- surfaces referred to 
their asymptotic lines. 
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If we transform the parameters of (68) by putting 

U = U^ + Vij V = Ui — Vij 

the new parametric curves are the lines of curvature and the first and second 
fundamental forms become 



2{E+VE{E—l))dul+2{E—VE{E—l))dvl=E^dul+G^dv\, 
and 

2D'du\—2D'dv\=D^du\+D'(dv\ . 
Thus 

1 + ^=1, D,+D['=0, (69) 

Conversely, if the lines of curvature are parametric and equations (69) are 
satisfied, by the substitution 

U + V U — V 

the asymptotic lines are made parametric, and the linear element assumes the 
form (68). Thus we have 

Thbobem 19. In order that a surface referred to its lines of curvature 
he a double O-surfacCj it is necessary and sufficient that the parameters can be 
so chosen that 

The lines of curvature of a double O-surface form an isothermal-conjugate 
system* and are geodesic ellipses and hyperbolas.^ 

% 14. 0-Surfaces which are Surfaces of Weingarten. Double 0-Surfaces. 
In view of (65), the necessary and sufl5cient condition that an O-surface 
be a surface of Weingarten J is that p be a function of r. If, for brevity, 
we put 

equations (61)-(63) become 



du 

^=VQ. (71) 

* Eisenhart, p. 198. f Eisenhart, p. 213. t Eisenhart, p. 291. 
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.^J 



dQ 
1_ 1 dv 

du 



(72) 



The condition that p be a function of <r then becomes 

9*0 ^dv du\du) du dv .\du} du „ ,„„, 

du dv dv 

In order to determine all 0-surfaces which are TF-surfaces, it would be neces- 
sary to find all common solutions of (70) and (73). That they are consistent 
is seen by supposing that 

du dv' ^ ^ 

for they then become identical. 

In view of a well known theorem,* every solution of (70) which satisfies 
(74) corresponds to a surface which is either a helicoid or a surface of revo- 
lution, since t, p and r are then functions of w+v. When (74) is satisfied, 
(70) reduces to the ordinary differential equation of the fourth order 

t""-U. L^_i^+^^,^,. + |i_<_ + 3f^r=0. (75) 

In order that an O-surface be double, 

dl 

2p 4Q^ 

^ tv t dQ 

dv 

must satisfy the equation of geodesies 

dt_ dt_ 

dA d^ dt , bv ^ du 

i,+^d^ +'a^^ + T^ +2 T^=o. (76) 

SO that 

dQ_ d±dQ^ dQdQ^ ^q(^Y^ 
d^Q dv du dv du dv , \du/ du _^ .„„. 

dudv~ d± '^~~t « ^ 

du dv 

As before, we merely show that (70) and (77) are consistent and do not 
attempt to find all their common solutions. If (74) is satisfied, (70) and (77) 
are consistent only if 

* A. Enneper, Qbttingen Nachrichiefi, 1870, p. 335. 



Digitized by VjjOOQIC 



Beetle : Congruences Associated with a One-Parameter Family of C urves. 307 



du / du du dt dQ _^ 



2Q t ^ dudu 

Disregarding the trivial case in which 



^=0 



we must take 

dQ_ 

du 



= 2Q\dn .dt\ 



(78) 



It is found that, when (74) is satisfied, every solution of (78) satisfies 
both (70) and (77). Hence the O-surfaees which correspond to solutions of 
the ordinary differential equation of the third order 

t"'—3*-^+'2tt'r=0 (79) 

t 

are double O-surfaces and at the same time are TF-surfaces. The solution of 
(79) can be reduced to a single quadrature, and is given by 

r dt 

J y/c-c.e-'(l+,') ="+"+"■ 

§ 15. Two Characteristic Properties of O-Surfaces. 

In case the curves C are geodesies, Theorem 9 affords the following char, 
acterization of O-surfaces, which is also a direct consequence of (65) : 

Theorem 20. In order that a surface S b^an O-surfacCj it is necessary and 
sufficient that there he on it a system of geodesies, with respect to the osculating 
circles of which the corresponding points of the two surfaces of center of S are 
harmonic conjugates. 

The considerations of § 7 lead to another characteristic property of O-sur- 
faces. When i=0, (32) becomes 

V'r 

X = X-\ OL—VX. 

r 

If, furthermore, S is an O-surface with the curves t;= const, geodesic parallels, 
we have by § 13 

whence, taking r=l, V=Vj the point whose coordinates are of the form 

x=x+ra—vX 
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generates a surface with the same spherical representation of the parametric 
lines as S. 

Conversely, if S is any surface with the curves t;= const, asymptotic lines, 
and the congruence T given by 

is normal, we must have 

SO that the surface S is an O-surface. Thence follows 

Theobsm 21. Let S he any surface^ and, on each asymptotic line of one 
system^ markj on the positive"^ half-tangenty the point Pi whose distance from 
the.point P of contact is equal to the radius of torsion of the asymptotic line^ 
and hence equal, to within the sign, to 



y-K^ 



where K is the total curvature of S. Then the necessary and sufficient condi- 
tion that S be an O-surface, with the asymptotic lines in question as geodesic 
parallels, is that the parallel, through Pi, to the normal to the surface shall 
generate a normal congruence. 

Princeton Unitersitt, June, 1014. 

* The negative would do equally well. 
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Plane Sextic Curves Invariant under Birational 
Transformations. 

By Anna Helen Tappan. 



Introduction. 



One of the fundamental problems in the theory of birational transforma- 
tions is the reduction of an algebraic curve of any given genus to its canonical 
form. Clebsch* has shown that the non-hyperelliptic curve of genus p can 
always be birationally reduced to a curve of order p — n+2, where p=37t 
+ (0, 1, 2) ; thus a general curve of genus 5 can be reduced to a sextic with 
five double points, and one of genus 6 to a sextic with four double points. 

The groups of birational transformations belonging to normal curves of 
genus p=3 have been studied by Wiman.f He has also treated algebraic 
curves of genus 4, 5, 6, briefly. Miss Van Benschoten,t however, has studied 
plane curves of genus 4 in more detail, and has determined their forms and 
properties. The groups of birational transformations of algebraic curves of 
genus 5 have been studied by McKelvey,§ and those belonging to the normal 
curves of genus 6 have been determined by Snyder. || 

We have noted above that the canonical form of the general curve of genus 
either p=5orp=6isa sextic; moreover, the groups of birational transfor- 
mations belonging to these two genera (and in particular to the canonical sex- 
tics) are especially interesting in that we are no longer concerned merely with 
linear transformations. It is the object of the present paper to discuss the 
various types of sextics which are invariant under any birational transforma- 
tion, linear or non-linear. 

* Clebsch, " Vorlesungen tiber Geometric/' Vol. I, Leipzig (1876), pp. 687, 710. 

t Wiman, " Ueber die Hyperelliptischen Curven und diejenigen vom Geschlechte p=3,'' Bikang till 
Svenska YeU Akad. Handlingar, Band XXI (1895). 

X A. L. Van Benschoten, " The Birational Transformations of Algebraic Curves of Genus 4," Amebi- 

CAN JOUBNAL OF MATHEMATICS, Vol. XXXI (1909) . 

§ J. V. McKelvey, '' Groups of Birational Transformations of Algebraic Curves of Gfenus 5," Ameri- 
can JouBNAi* OF Mathematics, Vol. XXXIV (1912) . 

II V. Snyder, "Normal Curves of Grenus 6, and their Groups of Birational Transformations," Ameri- 
can JOXTBNAL OF MATHEMATICS, Vol. XXX (1908). 
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The problem of finding all the algebraic plane curves invariant with respect 
to coUineations of their plane has been solved up to and including all curves of 
the fifth order.* But the various types of sextics invariant under coUineations 
of their plane have, so far, never been determined in detail. A few months ago, 
Vojtecht published a memoir concerning the plane sextic curves that are inva- 
riant under periodic coUineations which leave the sides of a triangle invariant. 
His results agree for the most part with my own, which are given in the first 
part of the first chapter of this paper. Dr. VojtechJ omits one type invariant 
under a particular coUineation of period 11 and includes a composite sextic 
among those invariant under a continuous linear group. His paper is written 
in Czechish and there is no abstract of it in any other language. My own 
results were obtained before seeing it, and, though I can not claim priority, 
I believe it is wisest to include this part of my results in the present paper. 
I am unable to comment on the methods employed by Dr. Vojtech ; our results 
agree with the exception of the two cases mentioned above. 

After my paper was sent to the publisher, a second paper by Dr. Vojtech 
appeared,^ which discusses the groups of classes (b) and (c). In a foot-note 
the error in the former paper is corrected. As our results agree, I believe the 
enumeration is complete. 

In the present paper we shall discuss in the first chapter the various groups 
(cycUc and non-cyclic) of linear transformations which leave invariant plane 
sextic curves of their plane ; in the second chapter we shall be concerned pri- 
marily with non-linear birational transformations, both Cremona and Biemann, 
which leave plane sextic curves invariant. 

CHAPTER I. 
Linear Tbansformations. 

Groups of linear transformations under which plane sextic curves remain 
invariant may be divided into the three following classes : 

(a) Those which have as invariant points the vertices of the fundamental 
triangle. 



* V. Snyder, " Plane Quintic Curves which Possess a Group of Linear Transformations/' American 
Journal of Mathematics, Vol. XXX (1908) ; E. Ciani, *' Le Quintiche Plane Autoproiettive/' Rend, Circ. 
Mat. Palermo, Vol. XXXVI (1013). 

t J. Vojtech, " Rovinn^ Sextiky Invariantnt pri Periodickych KoUineactch/' Prague, 1913. 

t Vojtech, loo. cit., p. 20, (10) ; p. 22, (23). 

§ J. Vojtech, " Konecn6 grupy kollineact a rovinn^ sextiky k sobe prfslusne," 6eak6 akademie c48are 
Franteska Josef a 42, XXII (1913), 29 pp. 
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(b) Those which are obtained by combining transformations of class (a) 
with one or more transformations of the permntation group of the three homo- 
geneous point coordinates. 

(c) Those which do not belong to class (a) or to class (b), such as the 
simple Gies (Klein), which leaves invariant the Hessian of Klein's quartic. 

The most simple sextic invariant under any linear transformation is the 
binomial sextic, of which there is only one type. The equation of this sextic 

is f^=z^+afy=0. The coUineation belonging to it is T^^ ^ ^ J, where a 

is arbitrary. This transformation need not be periodic. 

We shall now consider what sextics are left invariant by homologies, rep- 
resented by (^ \ a''=l, where r is the period. If we write the general 
equation of a sextic as 

f^=az^+aii!^+a2Z*+asS^+a^is^+asZ+af^=0y 

where a is a constant and a< is a binary in a;, y of degree t, we find the five fol- 
lowing types invariant under homologies of period 2<r<6: 

For r=2 : f^^az^+a^i^+a,2^+a^=0. (li) 

For r=3 : fe^az'+a^is^+ae^O. (20 

For r=4: f^=a^z^+a^=0. (Derived from (Ij).) (3i) 

Forr=5: f^^a^z^+a^=0. (4i) 

Forr=:6: /«=a;sHae=0. (Derived from (2i).) (SJ 

(a) General Discussion of Collineations of Type (a). 

In our further discussion of collineations of this class we shall be con- 
cerned with those which are not homologies. For collineations whose period 
is a power of 2, we find nine types of sextics for r=4, and seven for r=8. 

For r=4, C^C*^ "^^ '), 

/,s^«(aa;*+6y«)+a«(ca:«y+<iV)+caj''+/a;y +5-0^2/*+ V=0. (li). (61) 

/esaa«+&0*a;y+2?(ca;*+da;*2/»+ey*)+/a;»y+5ra;»y«+/ia;y»=O. (li). (7i) 

' \ X y zj^ 
U^^+d^i^y'-^a^y-^-xj^^Q. {{7r) ii b = c=e=g=0.) (81) 

This sextic is invariant under A^(^ ^ j also, so that it belongs to the 

group (n=16) generated by A and C. (Cf. (Sj).) 
39 
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f^^z'a^ + dz'xy'+xy+y''=0. ( (61) if b = c=e=:g=Q.) (9i) 

f,^bz'xy+z'{x'+y')+a^i/^=0. ((70 if a=d=f=h:=0.) (lOi) 

This sextic is invariant under A^f^ ^ j also, so that it belongs to the 
group (n = 16) generated by C and A. (Cf. (62).) 

.6- 



For r=8, C-f"^ «* ^ "\ 



/,^3«(rcHt,«)+oa;»y+6a^y+ca;y»=0. (3,). (120 



^o-=«'K"r^?:> 



/,^2V+C2«a;»y+a;y+y«=0. ((61) if 6=d = c=^=0.) (13,) 

/,^2*(a;^+y)+/a;«t,+a;/=0. ((7,) if a=6=rf=^=0.) (140 

There are seven types of sextics which remain invariant under collinea- 
tions whose period is a power of 3 : two types for r=3, and five for r=9. 



P„rr=3,C-(«r'?:> 



/8=o2«+62*a;t/+2'(ca^+d«/') + e3Vy*+«(/a;V+^a;y*)+'»^+ia^y+*y'=0. (15i) 
f^=az^y+bz*x^+c^xy'+s^idoi^y+ey*)-i-s{fa^-i-ga^i/')+hxY+jxi^=0. (I61) 

For r=9, C^('''' "'^ ^\ 
' \ X y zr 

U^^+zxy'+a?t^=f). ((15i)if 6 = c=<i=:e=/=/i=A;=0.) (17,) 



Porr=9,6--(-«'^,:), 



/,=2« + a2»a;i/* +ci?y+ ba^y* =0. 



(2,). 


(18a) 


(2i). 


(190 


(2i). 


(200 



For r=9, C-f^^ ^'^ ^Y 
' \ X y zr 



y 

/,=e^y+^:c5+a;y=0. ((16i) if h = c=d = e=g=]=Q.) (210 

Twelve types of sextics remain invariant under coUineations whose period 
can be expressed as r=2"*-3% where w>l, w>l. For r=:6, there are three 
types; for r=12, there are five; for r=18, there are two; and for r=24, there 
are two. 
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For r=6, C-C«^ "'^ '\ 

fs=az'+d^y'+e!s'a^y'+fzai'y+ha^+ki/'=0. {{15j)'d h=c=g=j=0.) (220 
/esa0»y+&aV+C3y+^2a;*/+/ta;y=O. i{16i)ii c=d=f=j=0.) (23,) 

P„rr=6.0-(-«V:). 

/,=a2«+2«(6a;*y+cy»)+da5«+ea;y+/a;*t/^+^y''=6. (20. (240 

For.=i2,c=(«r^^:> 

/,^2«+c«'y+a;y+y<'=0. ((240 if b = d=f=0.) (250 

Forr=12,C^r''^'*'y^Y 
' \ X y zj' 

/,=e«+a^y+^a;«2/«+a;/=0. ((5x) or (7i) if 6=c=rf=e=0.) ' (26i) 

This sextic is invariant under ^^vL ) *lso, so that its group (n=24) 
is generated by A and C. (Cf. (172).) 

Forr=12,C-r'*^'*'y^\ 
' \ X y zj' 

/e=3«+2»y>+/^a!V+y'-0. ((220 if e=fe=0.) (270 

This sextic is invariant under B^( ^ ) also, so that it belongs to the 

\x y zj ' 

group (n=24) generated by G and B. (Cf. (180.) 

For r=12, C^C"^ *"2/ A 
' \x yzj' 

U^!?j^-^af^+a?y*=Q. ((240 if a=6=e=^=00 (280 
/8=2«+62«a;2y+ea;y+y«=0. ((240 if c=d=/=0.) (29x) 

/8=2«a^t/+a^+«/«=0. ((18i)ifo=0; (240 if o=c=:e=/=0.) (300 

Forr=18,C=r«J«"'y^\ 
' V a; y zj' 

/e^2«+a;»y+a^t/*=0. ((50; (190 if a=0.) (310 

For r=24, C-f'*^ »"^ 0, 
' \ X y zr 

/e=0''+a^t/+a;t/«=O. ((70 if 6=c=rf=e=^=0.) (320 
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This equation is readily seen to be invariant under f^ ^ ^ J also, so that 
the group belonging to 32i is the non-cyclic Gig. (Cf. (242).) 

Forr=24,C-r«^^"y^\ 
' \ X y zp 

f,^^+zx^y+y'=Q. ((220 if eZ=6=fc=0.) (33i) 

This equation is evidently invariant under ( ^ j also, so that the group 

belonging to (33i) is a non-cyclic 6^48. (Cf. (262).) 

If we consider, in the next place, coUineations whose period is 5 or a 
power of 5, we discover three types invariant for r=5, and one for r=25. 

For r=5, C-f"^ ^'y ^\ 

/8=o2»a;+ay+62*ar'y+c2!iC*t/»+rfa^+ea;i/*=0. (34i) 

/,=a2:'y+2«a;»+&e*a:*y*+C2a;y*+da^y+ey'»=0. (35i) 

/8ssV+O0»ay+a*y*+62iC*y+ir»/=O. (360 

For r=25, C-f"^ "'^^ ^\ 

/,s2*y+a;8+a;y»=0. (40 . (37i) 

CoUineations whose period can be expressed as r=5 • 2" • 3* leave inva- 
riant ten types. Of these, five belong to r=10, two to r=15, two to r=20, 
and one to r=30. 



Porr=10,C-(«*r^:> 



y 

/,s2»a;+2y+a^=0. ((340 if &=c=e=0.) (380 



Forr=10,C-('«f«'y^\ 
' \ X y zj' 



/,^2V-|-2?i/*+a;»j/»=0. ((360 if 0=6=0.) (390 

/,^«y+62*a:»y+a;«+a;y»=0. ((340 if o=c=0.) (400 

For r=10, C^f"^ ^'^ '\ 
' \ X yzP 

/.^e»y+a^+aa^2/*-|-6a;»y+y«=0. (40- (410 



Forr=10,C-r«^'=''2^^\ 
' \ X y zr 



y 

/,=2*y«+2!a?y+a;*=0. ((340 if o=6=e=0.) (420 
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For r=15, cU"^ ""'^ '\ 

/,is2*y+2»a;»+/=0. ((35i)if 6=c=<i=0.) (43i) 

/,=e»y+a;«+aa^y«+6y=0. (4i). (440 

Forr=20,C.(-A:> 

/,-e»t/+aJ»+a^/=0. (410 if a=c=0.) (450 

Forr=20,C-r«!«"2^^A 
' \ a; y «y' 

/,-2!«y«+a:«+iry»=0. ((340 if a=6=c=0.) (460 

For.=30,C«(-«-^:> 

/.=i«»y+a;»+y»=0. ((410 if a=6=0.) (470 

If the period of the coUineation is 7 or a multiple of 7, we have ten types 
which remain invariant. To r=7 belong six types; to r=14, three; to r=21, 
one. 

r„r=T,c.(-«'^:), 

/,^2!«y*+oa"rc«y+e*a;«+a;y»=0. (480 

/j«BZ»y + 2*a!» + azay^ + a:«y« = 0. (49i) 

ft^z'-^a!^xy' + zx*y+a^y*=0. (500 

/8=2;«a5»+a»y«+o2a;»t/*+a;3/»=0. (510 

The last sextic is evidently invariant under T^ j also. Consequently 
the group belonging to (52i) is a non-cyclic Ga- (Cf. (31s).) 

/,=s«+a2Vy+&aa;*y«+a;y»=0. (53i) 

For.=14,C.(-«'j:), 

/.-ay +2*a;*+ V=0. ( (480 if o=0.) (540 
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/e^3*+aa;*t/+a^y*=0. ((50i) if a=0.) (55i) 

' \ X y zj' 

f,^g^+^a?y+xj^=Q. ((53i)if6=0.) (56x) 

' \x yzr 

f^^i?x^-zr^-\-a^y=Q. ((52i) if o=0.) (57i) 

The last sextic is obviously invariant under ^^ ^ ^ j also. Consequently 

the group belonging to (57i) is a non-cyclic (?«• (Cf. (32j).) 

We have still to consider those coUineations whose period is 11, 13, 17 or 
19. For r=ll, there are two invariant types; for r=13, there are two types; 
for r=17, there is one type; and for r=19, there is one type. 



For r=ll, C-r«^ "^'^ ^\ 
' \ X yzr 



y 

U^^x+^y*-\-a?^={i. (58i) 

f,^g^y+^a?-\-a?y*={i. (59i) 

Forr=13,C-r'=^'*'2^^Y 
' \ X yzj' 

f^^^y+^a?+xj^=Q. (600 

/e=a«a^y+aa^+/=0. (61i) 



For r=17, C^r*^ «*^ ^\ 
' \ X y zj' 



/8^2»2/+3V+V=0. (62i) 



Porr=19,C.(-»'>;0. 



y 

f^^z^xy^z:^-^y'=^. (63i) 

So far we have obtained sixty-three types which remain invariant under 
cyclic groups belonging to class (a) ; the highest cycle we obtained was of order 
30. There remain a few sextics which are invariant under non-cyclic groups of 
this class, groups generated by two or more transformations of class (a). For 
these types, which are given below, n stands for the order of the group, and r 
for the period of the transformation. 
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Wehaveforn=4,W-'^2/^\ W^ ^ "^Y 
' \ X y e/' \x y zp 

+^(r«+^(ry +;Vy«+ V=0. (Cf. (1,).) (64i) 

For n=8, ^-C"^ ^ ^\ C-f*^ "^^^ ^Y 

f,^z'{aa?^hy')+e^+fx*y'+ga?y'+hj^=Q. ((61) if c=d=(i.) (65i) 

Forn=9, ^-f^ y «^Y B=f «^ "^^ ^Y r=3. 
' \x y zy' \ x y zr 

/,^a2«+a»(ca;»+rf2/»)+;ja^+;Vy»+V=0. ((150 if 6=e=/=(7=0.) (661) 

Forn=12,W^-y^Y W«^ "'^ ^Y r=6, 

/,^^V+^V+a;y=0. ((230 is a = (7=0.) (67i) 

This sextic is evidently invariant under { ^ j also, so that the group 

\x y Z/ 

belonging to (670 is a (?«. (Cf. (21j).) 

For«=12,^-r^y-^Y B^r«^«'y^Y r=6, 
' \xy xj' \ X y zj' ' 

/.=0«+a;»+ea;*y*+/a;*y+y-=O. ((240 if 6=c=0.) (68i) 

For «=16, ^-f-^ 2/ ^\ W«^«'y^\ ,=8, 
' \ xy zj' \ X y zr ' 

/,=aV+a;y+y»=0. ((90ifrf=0; (130 if c=00 (69i) 

Forn=18,^-r^y«^Y r=6, B^f^^^^^^Y f=3, 
' \x y zr ' \ X y zr 

f,^z^+x'+aa?j^+y'=Q. (5i). (70i) 

This sextic is evidently invariant under Pf^^^ also, so that the group 

belonging to (70i) is a G^. (Cf. (222).) 

Forn = 24,W^2/-^\ ^^/^aa; a^ A ,^12, 
^ \xy zr \ X y zr ' 

f^^s^+a^y^+y^=0. ( (250 if c=0.) (710 

(b) Collineations of Class (h). 

We shall now discuss sextics which are invariant under groups belonging 
to class (b) . Considering first groups whose orders are powers of 2, we find that 

the simplest one is the non-cyclic G^ generated by f^ ^ ~j and f^ ^ j. The 
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equation belonging to this gronp is 

f,^az*-\-z\bx'+cxy+by')+e^{ea^+f3^tf+ga^y'+fxi^+ey*) 

This equation is equivalent to (64i) , which remains invariant under the 
non-cyclic Gt , generated b^ (^ ^ ~^) and Q, ~^ ^). 

\xyzr \xy zj' \x y zj' 

For n=8, A^(y ^ ^), G^i'' ^ '^\ 
' \x y zr \x y zr 

f^^ai!^{a^+bxy+y^)+c3^+doc^y+exl^i^+fii^y'+ea^y*+dxj/^+ci/'=0. (3i). (3,) 

U^az^+bz*xy+cii?{x*+da^y'+y*)+f7>y{x*+ga^y'+y*)=0. (7i). (4.) 

P.r.=16.^-e-> C.(-«'*0, ,=8, 

/,=e«+d2?x*t/*-|-a;»y+a;y>=0. (80. (5,) 

f,^b^xy+i^{x*+y')+a?j^=0. (lOi). (6,) 

/,^e«a;y-|-a;«-l-aa;y-|-a«^y«+y«=0. (lli). (7.) 

/e^2'i:a;«+t/*)+aa;»y+fea:«y+aa!y>=0. (120. (8.) 

If we consider groups whose orders are powers of 3, we have 

ff^^a2^y+bs^a^+cs?xy^+2?{ca?y+by*)+z{aa:^+ca^i/^) 

+ bxy+axy'=:0. (I61). (9,) 

For groups whose orders can be expressed as n=2"*-3\ where m>l 
h>ljwe have: 

' \x y zj' \aj y zr ' 

ft^a^+{ba?-\-ca?y-\-cvy^-^ba?)!?-\-da?-\-ex^y-\-f%*j^ 

+ga?y'+f^y'+ext^+dy'=0. (2^. (10,) 



For »=6, Wj: ^ fY C=(«J**2/^\ r=3, 
' \xy zy' \ X y zr ' 
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f,^a2?'+h^xy+c^(o^+i/')+e:^x'y'+Mx*y+xp*) 

+/»a:«+;Vy+V=0. (15i). (11,) 

' \x y zp \x y zj* ' 

/a=saa«+rfa;«+ea;»y+/a;y+(7a;»y»+/a^y«+eV+<^y'=0. (5i). (12,) 

' \xy zr \ X y zj' ' 

U=a^-\-d^^+e!?a?j^+fzx^y->rha?+ay^=(i. (22i). (13,) 

' \ X y zr \x y zP \x y zr 

f^^ai^+z^iba^+cy^) +z''ic!i'+eo^y'+by*) +axf 

+ bx'y'+ca^y*+ay^=0. (64i). (14,) 

Forn=18,W2'^^Y cU'' ^ '^\ W«^ «'^ ^Y r=3, 
' \x y «/' \xy zy' \ a; y zp ' 

/,^e<'+62»(a^+3/')+a;»+<7a^3/'+t^'=0. (10,) or (660. (15,) 

For «=18, W^' ^ n (7=r«^«'y^Y r=3, W^ ^ 0. 
' \xy zr \ X y «/' ' \aJ y zp 

ftws^-{-hi^xy-\-C!?{ii?-\-i^)-\-e^a?y^-\-hz{x*y+xy*) 

+ic»+ca:«y+y«=0. (11,). (16,) 

Forn=24,W2'^^Y C-f"^ «V e\ ^^^g, 
* \x y zP \ X y zp ' 

/,^a«+a;»y+a;«y+a;y»=0. (26x). (17,) 

For«=24,W^^A cU^^^'y^X r=12, 
' \x y zP \ X y zr ' 

/,^e«+2»i/»+2a;V+y'=0. (27i). (18,) 

For n=24, aU'^ ^ A ' c^(«^ «V «) .^g, B=(^ ^ "A 

f^^z^+2?a?f+x'+y'=Q. (130. (ISs) 

(IQg) permits necessarily, in addition, {^ ^ ^\ giving us for its group 
w=72, instead of n=24. 

Forn=24, W2' ^ ^Y (7-(^y-A ^^(-^ ^ ^\ dU^ "^ '\ 
' \a; t/ a/* \x y z/' \ x y zP \x y zP 

+a!«+6a^y*+6a:»y*+./=0. (14,). (20,) 

40 
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Forn=36, W^ -y ^\ C=(«^ "'^ ^\ r=6, W^ '"), 
' \x y zP \ X y zr ' \x y zr 

/.^^*^+2V+a;y=0. (67a). (21,) 

For«=36,W2'^^\ C-(^.y«^\ r=6, W«^ ^'^ ^\ r=3, 
' \x y zr \x y zP * \ x y zP ' 

/,=s«+a;«+aa^y»+/=0. (70i). (22,) 

Forn=24,^^ep^), €^{^'0, r=6, B^(^ -), 

/,se«+a;«+ea:*y*+ca^y+y«=0. (68i). (23,) 

P.r„=«,^-(»-> C-(-«"»j). ,=24, 

/e^2«+a;»2,+a;y»=0. (32i). (24,) 

For n=A8, A^O" ^ y\ C=(«^ «"2/ A ,=24, 
' \x y zP \ X y zP ' 

/,=s«+«a;V4-y"=0. (33,). (25,) 

' \xyzr \xy zP ' \xyzP 

\ X y zP ' 

/.^3«+62«(x»+y) +a;«+6a^y+y«=0. (15,). (26,) 

Forn=72,.4^('^^A C-C^^^'^'^), r=6, B-(^ "^^^^ i>-(r!)» 
' \xyzP \ X y zP ' \x y zP \xyzP 

U^z*+a^(^y'+a^+y'=(i. (22,). (27,) 

For«=216,Wy^^\ W^^^\ C-C^^y^, r=6, 
' \x y zP \x y zP ^ x y zP * 

j^(xo.yz\ g 

\a? y zP ' 

/,^a;«+/+£«=0. (270. (28,) 

For groups whose orders are multiples of 5, we have: 

For «=10, ^-(y ^ ^\ (7=(^^«^\ r=5, 
' \x y zP \x y zP ' 

/e^a2^(aj+y)+6a;«+ca^y+da;y+ea;»y+rfa^2/HcV+6/=0. (4i). (29,) 

For«=10,^=(^2^^\ C=(«^«'y^\ r=5, 
' \x y zP \ X y zP ' 

/,sog»y+2«a^+6g*a^y+c«iry*+oa:*2/+6t/'=0. (35i). (30,) 
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Finally, for groups whose orders are multiples of 7, we have : 
For«=21,Wy^^\ C-('»^«'^0. r=7, 

/,^2»a;+o2?a:*y*+2y'+A=0. (520. (310 

f,^2f'x+zy'+a^y=0. (57i) . (322) 

(c) Collineations of Class (c). 

The well-known groups which belong to class (c), namely the Gips and the 
Gmo 9 are both simple groups. The Giuq was derived by Klein* through consid- 
eration of transformations of the seventh order of elliptic functions. The 
sextic which is invariant under the Gies is the Hessian of the Klein quartic, 

C^^a^y+i^z+2^x=0y 
viz., 

f^^^y-5s^a^y^+za^+xy'=0. (Ig) 

It is thus seen to be a particular case of (3I2). 

The simple group Ggeo was first exhibited by Valentiner,t and it has been 
studied in some detail by him and also by A. Wiman.} The simplest curve 
belonging to the 6r86o is 

f^^92^y+102?a^—^5z'a^y'—135zxy^+9a^y+27y''=0. (2^) 

This is seen to be a particular case of (35i). 

The (jjeo is made up of forty-five collineations of period 2, eighty of period 
3, ninety of period 4, and one hundred and forty-four of period 5. 

The remaining groups of class (c) are the regular body groups not belong- 
ing to class (a) or class (b). 

From the tetrahedral (712, which leaves the two binary forms xy{x^—y^), 
a^+2iy/Za?jf+y^ invariant, we obtain the sextic 

f^^az'^h^(^a^^^2iy/3a?y^+y') +cxy{x'-y') =0, (Ss) 

invariant under G^^ , defined by 

* F. Klein, " Ueber die Transformation siebenter Ordnmig der elliptischen Funktionen/' Mathema- 
tische Annalen, Vol. XIV, pp. 428-471. 

t Valentiner, " De endelige Transif ormations Gruppers Tfaeori." 

t A. Wiman, « Ueber eine einfache Gruppe von 360 ebenen Collineationen," Mathematiacho Annalen, 
Vol. XLVII, pp. 631-566. 
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If 6=0, we have the sextic 

h^az'+cxy(a^-y*) =0 (4,) 

invariant under (772 , defined by the above transformations and also 

The form (242) bas also the transformation 

fx+aJ'y a?(x—a?y) ^/2az\ •4_- 

\ X y zJ' ^ ""'^' 

making a 0^^ . Consequently we have invariant under a Gx^ 

ff^^xy{x*+y')+z'=0. (5.) 

Similarly (262), if 6 = — 10, has also the transformation 

fiX)+y+z x+ay+ah x+a^y+az^ .^.i 

\ X y zP ^-"^^ 

so that 

/,^a;^+y«+e«-lO(a^/+y*0»+«»a;») =0 (63) 

is invariant under a G216 . 

The same substitution may be applied to 

-^^ [^2/^(^+y^+e')+3a;»yV]=0, (I62), (T,) 

a curve invariant, therefore, under a G^ . 

The icosahedron group leaves invariant the sextics already found by 
Klein,* 

/«= {a^+y')z+ {a-l)a^y'+ {2+3a)x'y's^+ (Sa-8)xyz'+az'=0. (83) 

The Geo is defined by 

(yzx\ faxa'yz\ ,_. 

\xyzP \ X y zP ^ " ' 
and 

({a'+a')x+(a+a')y+2z {a+a')x+(a^+a^)y+2z x+y+z\ 
\ X y «/' 

CHAPTER 11. 

NoN-LlNEAB TrANSFOBMATIONS. 

In any attempt to determine the types of sextics which are invariant under 
non-linear birational transformations, we need not consider any curve whose 
genus is higher than 7. For any such sextic remains invariant only under 

* Klein, "Ikosaeder," p. 216, Eq. (9), and p. 218, Eq. (14). 
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linear transformations.* On the other hand, any curve of genus zero may be 
reduced by birational transformations to a straight line ; a curve of genus 1 
to a non-singular cubic ; a curve of genus 2 to a quartic with one double point ; 
a non-hyperelliptic curve of genus 3 to a non-singular quartic ; and a non-hyper- 
elliptic curve of genus 4 to a quintic with two double points. The groups be- 
longing to the canonical form of each of these genera have been determined. 
In this paper only one particular case of sextics of genus less than 5 will be 
discussed, namely that of the sextic of genus 3, whose seven double points are 
distinct and independent. We shall consider first, however, sextics whose 
genus is 7, 6, or 5. 

The only non-linear Cremona transformations under which sextics of 
genus 7 remain invariant, are quadratic transformations ; and of these sextics 
there are various types depending upon the configuration of the double points. 
The following cases will be considered in order : 

(a) An /e with three non-collinear Pj's. 

1. All three Pj's distinct. 

2. Tacnode (or node cusp) and a P^ not on the tacnodal tangent. 

3. Oscnode (or tacnode cusp). 

4. Triple point. 

(b) An /ft with three coUinear Pj's. 

1. All three distinct. 

2. Tacnode and a Ps on the tacnodal tangent. 

3. All three coincident. 

(a) 1. K we take double points as the vertices of the triangle of reference, 
the most general sextic having three distinct non-collinear double points is 
U^z*{aa^+hxy+ci^)+2^{da? + ea^y+fxy^+g7/^)+z^hx'+jaf'y+^ 

+lxy^+my^) +z{nx*y+pa^y^+go[^y^+rxy*) +sxy+ta^y^+ua^y*=0. 

If /e is to be invariant under a quadratic transformation of the first kind,t 
certain relations must be true among the coefficients of /« , so that we have : 

U^^{aa^+bxy+cy')+!?{da^-\-ei>^p+fxy'+gi/') 

+cxy+ba^^+aci^y*=0. (1) 

* C. Kiipper, " Ueber das Vorkommen von linearen Schaaren g^n ^^ Kurven nter Ordnung," 
Sitzungsherichte der Bohmiachen Oesellsohaft (Prag, 1892), pp. 264-272; V.Snyder, "On Birational Trans- 
formations of Coryes of High Genua/' American Joubnal of Mathehatics, Vol. XXX (1908), p. 10. 

t C. A. Scott, "Modern Analytical Geometry" (1894), § 233. 
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If a=c, d=9, e=f, we have for n=4. T^^^ ^J ^), A^(y ^ ^), 

+aai^y'+ba^^+aa?y*=0. (2) 

If, in (2), b=d, a=h, e=j, we have for «=12, 

^^\x y zh ^"Kx y zP ^ \x y zJ' 

ft^z*{aa^+bxy+ay')+^iba?+ea^y+exy'+by^) 

+^{ax*+ea?y+ka^y'+ex^+ay*)+z{bx*y+ej^y'+ea?i^+bxy*) 
+axy+ba^y'+aa^y*=0. (3) 

If in (3), 6=e=0, we have for n=72, 

j,ryzxzxy\ ^^(y ^ A bU'' "^ A C?«.(^ ^ -^\ W^ "^ «), 
\ X y zP Vo? y 2/' \a; y zr \x y zr \x y zr 

f,^^{a^+y^) +^(^x'+ka?y^-\-y') +x'y'+a?y'=Q. (4) 

(a) 2. The most general equation of a sextic of this type is 

f^^az^y^+;^y{ha^+cxy+dy^)+s?(eQi^+fa?y+g7^y^+hx'^ 

+zx(kxl^+la?y+ina^y^+nxj^+py*) +a^(qxl^+ra^y+sa^y*+txy^+vy^) =0, 

which has a tacnode at (0, 0, 1) with ^=0 as tacnodal tangent, and also a 
double point at (0, 1, 0), 

If /ft is to be invariant under a quadratic transformation, the transforma- 
tion must be of the second kind* and certain relations must hold between the 
coefficients of the sextic. When these conditions are satisfied, we have for r=2, 

rp^fxya^yz\ 
^~\ xy zP 

Uf^az'y'+ys?(ho^+cxy+hjf)+s^{eix^+fa?y+ga^y'+fxi^ 

+zx(kx*+la^y+ma^y^+lxi^+ky^) 

+a?{qx^+ra?y+sa?y^+rxy^+qy*) =0. (5) 

If in (5), c=f=k=m=r=Oj we have: 

f^^az^y^+by^ia^+y") +«*(e«*+^«*t/*+«y) 

+lzoi?y{^+y')-^a?{qoi^+8a?^+qy')=0. (6) 

(a) 3. The most general equation of a sextic which has an oscnode at 

(0,0,l)i8 

* C. A. Scott, "Modern Aiutlytical Ocometiy" (1894), §234, (2). 
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f^^az^{ma^—yzy+ (ma^—yz) (bxys?+ca^z) 

+ dy^s?+s^y^^^{x, y) +zy^^{x, y) +i^6(a?, y) =0. 

The quadratic inversion which will leave this sextic invariant must be of 
the third kind.* Consequently we have: 

ft=a^{ma^^yzy+ca^z{ma^—yz) +yzima?—jfz)^ix,y) +^t{x,y) =0. (7) 
If in (7) c=0, and ^{x, y) =^(a^, y*), ^^(x, y) =^{a?, y") : 

U^as?{ma?—yzY+yz{ma?—yz)^^{a?, y^) +^z{x^, /) =0. (8) 

(a) 4. If we take the triple point as one vertex (0, 0, 1) of the triangle of 
reference, we have, as the most general equation of a sextic with one triple point, 

U=^^^{Xy y) ^-s^^iix, y) +^6(^, y) +^^{^j y) =0- 
It is readily seen that this sextic is invariant under no non-linear Cremona 
transformation. The linear ones under which it remains invariant will be 
seen to belong to classes (a) and (b) as listed in Chapter I. 

P.rr=2,0-(|-), 

ff^^s?{aa^+ha:^y+bxif+ay^)+2^(cx^+da^y+ea?y^+dxy^+cy^) 
+z{f^+gx'y+ha^y^+ha^y'+gxy'+fy') +jaf'+kaf'y 
+ mx*y^+na^i/^+ma^y^+kxj^+jy^=0. (Equivalent to (li).) 

For r=3, 0.(10. 
t,.:f{aif+d^) +y^{f^+it^) +»'2(Ma^+gs(') +fa:'+sic'3('+lj(*=0. (2,). 

f,^^{aa?+dy') +ei^a?y'+z(faS*y+gxy*) +ho^+ja?y>-\-hi/^=Q. (150. 

Forn=6, C-(y ^ ^\ W^ ^^ «^\ r=3, 
' \x y zP \x y zP ' 

f^=s?(aa^+ha?y+bxif+aj^) +ja? 

+ka^y+mai'y^+naf'f/'+ma?y*+kxy^+jy''=0. (lO,). 

h^c;?{a?W) +e^a?y'-\-fz{x*y+xj/') +ha^+ja^y'+hi/'=0. (11,). 

* C. A. Scott, « Modern AnalTtical Geometry " (1894), § 234, (3). 
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Forn=9, C-(^ y «^\ ^-(«'^«'^^\ r=3, 

/,^2»(ca^+dy»)+;ia;»+;a;»y+%«=0. (661). 

Forn=18, W^' ^ ^\ C-(^ ^ «^\ B^f"^ «'3' ^Y r=3, 
' \x y e/' \x y z/' \ x y zr 

U^hif^af+i^) +a;«+^a^y+y«'=0. (15,). 

Forn=18. ^^(y ^ ^\ (7-(«^ ^'^ ^\ r=3, B^C^ ^ ^\ 
' \x y z/^ \ X y zr ' \a; y zP 

/,^c«»(a;»+i/«) +ee*a;*y»+a;»+ca;»y+t^''=0. (160- 
For «=54, ^^(y ^ ^\ C-C^^"*^), r=3, 

\a; y zP \ x y zJ^ ' 

/,^62»(a^+y»)+sc»+6a^2^+y«=0. (26,). 

As can be seen immediately, no sextic of genus 7, which possesses three 
collinear double points, coincident or distinct, remains invariant under non- 
linear Cremona transformations. 

(b) 1. The most general equation of a sextic with three distinct double 
points (at (0, 1, 0), (w, 1, 0), (1, 0, 0)) is 

U^az^+g^^ix, y) +0>,(a;, y) -\-^^{x, y) -\-^^i(x, y) , 

+xyz{x—my)ftix, y) +a?y^{x—myy=0. 

If ^i=^»=U=0, we have for r=2, (^ ^ "^), 

/,^as«+2*<^(a;, y) +s?^t{x, y) +x'y^{x—myy=0. 



For n=4, aU"" V -'), W^ ^ ^\ 
' \x y zP \x y zr 



U^az'+z\ha?+cxy+hy^) ^^(ex'+fcfy+ga^y' 

+fxj^+ey')+a?y^{x+y)\ (le). 

(b) 2. If two of the double points are coincident and the other distinct, 
we have, as the equation of the sextic, 

f^=z%{x, y) +sfyh(x, y) +z'y^{Xy y) +zy^fs{x, y) +y^Ma^j y) =0. 

This sextic has a tacnode at (1, 0, 0) and a double point at (0, 0, 1). 

If /2=/3=0, the sextic is seen to belong to type (li), which is invariant 

under ^™( ^ ~ ). 
\x y zJ 
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For r=4, A^^ ^ ''\ 

U^z^^ix, y) +y*<^4(a;, y) =0. (3i). 

For r=4, aU^ -'^ 0, 
' \x y zr 

U^z*{aoi?+hy')+^xy{c^+ej^)+gct^y'+h^y'-^jy^=(i. (61). 

' For «=4, aU-"" y 0. ^-(^ "^ '), 
' \ X y zr \x y zP 

U^z^{aa^ J^hi^) +ii^y*(^da^+fy^) ^g:^^^ha?y*j^j^=Q, (640- 

For«=8,W-^2/A B^r*^'-*^^), 
' \ xy zr \ X y z/' 

U^z^iait^+by") +gxy+h(>^y*+jy''=0. (650. 

(b) 3. The most general equation of a sextic which has three coincident 

collinear double points (at (1, 0, 0)) is 

/,sEa««+2»A(a!, y) +^Uix, y) +!?U{x, y) +i!^U{x, y) +zy' <p^{x, y) +//=0. 

For r=2, A^(~^ ^ ^\ we have 
' \ X y z/' 

/,^o««+cs*y+2*(da?+ey*) +s>y{gx'+hy') 

j^^{jcc^jf.la?j/^+ny*) -\rzt^{pa?^-sy') +<y"=0. (li). 

Forr=3,^^(^«y^\ 
' \a5 y zr 

fg3sae^+bz^x-\-dsi'a^+^{fa^+hi^) -{-i^xUa^+my') +pza^y^+ti/^=0. (2i). 

For r=4, aU'"^ ^ '\ 
' \ X y zP 

/,^a3«+c2»y+e2^3/*+A0«y4-e*(;V+ny*) +5ey«+«y»=0. (3i). 

For r=4, ^=(*^ "^^^ ^), 
* \ a; y 2/' 

/,^2*(rfa^+et/») -\-!?xy{Jc^^-mit) +f«^=0. (61). 

Forr=6,^.e'»:). 

/8sa2!"+fea»a;+(i2^ai*+/3»a;»+js*ic*+*y*=0. (5i). 

For«=4,^-(-^2'^\ BJi'^-y^X 
' \ %y zP \x y zP 

U^a^-^z*{da?-\-ei^) +2*(;V+ia!*3/»+«y) +<y«=0. (64,). 

Forn=12,W-^2'^\ W«'^ 2/ «^\ r=6, 
' \ X y zP ^ X y zP ' 

/,«a«+rf2*a^+jeV+/i/«=0. (68i). 
41 
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The only non-linear Cremona transformations under which sextics of 
genus 6 * remain invariant are quadratic transf ormations, and of these sextics 
there are various types depending upon the configuration of the double points. 
The following cases will be considered : 

(a) No three coUinear. 

1. All distinct. 

2. One tacnode and two other Pg's. 

a) 2 Pg's distinct. 

fi) 2 Pj's forming a second tacnode. 

3. Oscnode and one other Pg. 

4. Triple point and one other Pj . 

5. Four coincident. 
(/8) Three coUinear. 

1. All distinct. 

2. Two tacnodes (one on tangent of the other). 

3. Three consecutive. 

4. Four consecutive. 

(a) 1. The most general equation of a sextic with four double points (at 
(0, 0, 1), (0, 1, 0), (1, 0, 0), (1, 1, 1)) which is invariant under a quadratic 

transformation of the first kind, (^ ^\ is 

' \ X y zr 

f^^2'(ax'+bxy+cy^) +2^{daf^+ex^y+fxy^+gy^) 

+z'{hx*+ja^y + ka^j^+jxi/'i-hy*)+z(ga^y+fa?y'+e(^^ 

+ cxy+ba^y'+ax'y'=0, (1) 

where 2{a+b+c+d+e+f+g+h+j)+k=0. 

K it is invariant under a harmonic homology also, we have : 



' \ X y zr \x y 2/' 



/gsa* ( ax* + 6a;y + ay*) + s» (rfic* + eosV + east/* + rfy») 

+^{hx*+jii?y-Jrha?i^-\-jxi^+hy*)-\-zxy{da?-\-ea?y+exy^+dt^) 
+ax*y'+bo^y'+ax'y*=0, (2) 

where 2{2a+b+2d-^2e+h+j)+k=0. 

Forn=12, r-(y^ ^^ ^A ^=(^''^\ W^ ^ ^\ 
' \ X y zP \x y zr \x y zr 

* Cf . Snyder, " Normal Cutycb of Genua 6, and Their Groups of Birational TransformationB/' 
Amebican Joubn al of Mathematics, Vol. XXX (1906) • 
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fn^z*{aa^+dxif+ai^)+t»{da?+ea^y+exy'+df^) 

+i?{ax*+e(i^y+ka^y^+exi^+ay*)+zxy(da?+e(i^y+exy^+dy*) 
+axy+da^f/*+aa^y*=Q. (3) 

where 2(3a+3rf+3e)+*=0. 

^^\x y zh ^^\% y z h 

a=2, 4= — 2, 6= — 1, A;=6, and we have 

/es2«*(a;»-iBy+y»)-2»(2a;»+a^J/+V+2y') 

+e»(2a;*-a;»y +6a;*2/»-a;y»+2y) -^a;y (2a^+flj*f/+xy''+23^) 
+2a;«3^(a!»-a;y+y*)=0. (4) 

(a) 2, a). This case appears as a subcase of (a) 2. The sextic in (a) 2 
with a tacnode at (0, 0, 1) with ^=0 as tangent, and a double point at (0, 1, 0), 

invariant under (7=( ^ ^ \ was 

Kzy zr 

/,«ao2!*y*+y»»(&a?+ca;y+6y*)+2;»(ea?*+/»*y+<7a^y*+/a;i/*+ey*) 

-\-zx(ko^^la?y+m!i^i^-\-lxj^-\-ky^) -^^(^{qx^-^ra^y+ST^y^+rxi^+qy*) =0. 

If /o is to have another double point, we may take it at (1, 1, 0). Then the 
coefficients of /j must satisfy the conditions 2q+2r + s=0, 2k+2l+m=0. 
Imposing these conditions, we have as the equation of the sextic invariant 

under C^r^ ^ \ and which has a tacnode and two double points, 

f^^as^y*+y!?ibc^+cxy+by^)+;^{ex'+fa?y-\-ga^y'+fxy'+ey*) 
+xix-yy[{kz+qx) {x+y^-i-xyilz+rx) ] =0. 

For n=4, cU'^^ ^ ^^\ ^^f"^ ^ ^\ c=f=k=l=r=0, and we have 
' \ xy zp \ X y zr ' ' 

U^azy+hys?{a?+y'') +2*(ex*+^a:»t/*+ej/*) +qo^{x-yY{x+yy=Q. 

For n=8, 0^"^^ ^ ^^Y ^^(^"^ ^ ^\ B^C^ ^ -^\ 6=0. and we have 
' \xy zr \ xyzj' \xy zP ' 

f^^aii'y'+ii?(ex'-\-ya^y'+ey*)+qa^{x-yr{x+yy=0. 

(a) 2, /3) The most general equation of a sextic of genus 6 having two tac- 
nodes (neither one of which is on the tacnodal tangent of the other) is 

/«=02*y*+2*y<^(a', y) +a*4>4(a', y) -\-^a^^^{x, y) +x*fi(x, y) =0. 
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This sextic remains invariant nnder no non-linear Cremona transforma- 
tionsy but the linear ones are : 

' \xy zy' \ xy zj^ 

f^^azy-\-^y{ha?+dy')+^{ea^^-g(t?y'+ay') 

+za?{la?y-\-hi^)-^pa^-\-exy-(i. (2) 

' \xyzj* \ xyzr \x y zj' 

ft^azy+z'iex*+gx'y'+ay*) +pa^-}-exy=0. (3) 

(a) 3. The most general equation of a sextic with oscnode at (0, 0, 1) 
and another P, at (0, 1, 0), invariant under a quadratic transformation 

/xy y* ma^—yz\ . 
\ic y z) '^' 

U^as?{ma^—yzY+ca?z(m7?—yz) +yz(ina^—yz)^{x, y) -]-a^^t{x, y) =0. (1) 

' \ X y zj' \ xyzr 

U^a!^{mo^-yzY+yz{mot?-yz) {ast^+by^) +a;*^(a^, y") =0. (2) 

(a) 4. The most general equation of a sextic with a triple point (at 
(0, 0, 1) ) and a P, at (0, 1, 0) is 

/,s2»^(a;, y) +^^i{x, y) +zxft{x, y) +oi^yf,{x, y) =0, 

which has a simple point at (1, 0, 0). 

If /«(a;, y) =^{y, a;), f^{x, y) =^t{y, x), we have: 

F„rr=2,C-(>'rn> 

ft^^^{x, y) +2*<^4(a;, y) +zx^t{y, x) +o(^y^{y, x) =0. (1) 

For «=6, C-r^^ ^^ ^n A^C"^^), r=3. 
' \ X y zr \icy zy* 

ft^s»^{x, y) +a^y^{y, x) =0. (2) 

' \ X y zj' \x y zj' 

f^^^a?+i^{ea^-irjy*) ■\-zx{jx*+ey*) +ic»y*=0. (3) 
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For n=18, C^(^' ""^ ""VX aU"''' ^^ '\ r=9, 
' \ X y zp \ X yzr 

U^s?(aa?+hj^) +a?y{ha?+aj^) =0. (4) 

(a) 5, The only sextic having four coincident P^h which is invariant 
under any transformation is 

U^a^xj/'+^y'^ha^+cy^) +zx(dx'+da?y^+ey') +y^{fx*+g7^y^+hy') =0. 
This is invariant under the single harmonic homology, ^^( ^ ). 

(/3) 1. If a sextic with three coUinear P^'q and one other one, is inverted as 
to a triangle of the double points, the third double point on one of the sides of 
the triangle becomes a tacnode ; and the latter case, which is as general as the 
given one, has been discussed in (a) 2, a). 

(jS) 2. The most general equation of a sextic with two tacnodes, one of 
which is on the tacnodal tangent of the other, is 

U^azY+ys?4>^{x, y) +2?^,{^y y) +y'zi>z{a), y) +y%{x, y) =0, 
where the tacnode (1, 0, 0) is on the tacnodal tangent, t/=0, of the other tac- 
node (0,0,1). 

This sextic is invariant only under the linear transformations of the non- 
cyclic Gi . 

' \x y zP 

For n=4, A^C" "^^ ^\ B^C" ^ '^X 
' \oi y s/' \x y zr 

f.^ai^^+^ica^-^-dn^y'-Yey*) +y\ha?+3y') =0. 

(j9) 3. The most general equation of a sextic with three consecutive col- 
linear double points (at (0, 0, 1)) and one other double point (at (0, 1,0)), is 

ft^z*y^(x, y) +!?y^(x, y) +2*2/<^(a;, y)+zxyf,{x, y) +a^<l>t{x, y) =0. 
This sextic is invariant under linear transformations of the non-cyclic G^. 



For r=2, A^C" '^ % 
' \x y «/' 



y z> 
U^aii'y^+bii^xy'+ii^y^ax^+dy') +zxy'{fx'+gy') +a^(ha!'+ja^y'-\-ky') =0. 

» \x yzj' \xy zP 

U^az^y'^-s^y'ic^+dy') ^-ii?(hz*+jq?y'+ky') =0. 
{^) 4. If all four double points are consecutive, they must lie on a conic, 
and the sextic is invariant only under a harmonic homology with center on the 
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tangent and axis through the double point. (Of. Snyder, "Normal Curves of 
Genus 6/' p. 331.) 

The only non-linear Cremona transformations under which sextics of genus 
5 remain invariant are quadratic transformations ; of these sextics there are 
various types, depending upon the configuration of the double points. These 
various types appear as particular cases of sextics of genus either 7 or 6, and 
they will be discussed in the following order : 

(1) An /c with five distinct Pg's. 

(2) An /ft with one tacnode and 

a) Three distinct Pg's (general). 

b) One other tacnode with a Pj at point of intersection of the tac- 

nodal tangents. 

c) Three distinct collinear P^'s, one of which is on the tacnodal tangent. 

d) Three coincident collinear P,'s. 

(3) An /a with an^oscnode and two P2's. 

(1) From (a) 1 we have as the equation of the sextic of genus 7 which 
is invariant under C=( ^^ ^ ^ ), 

U^2f{aa?+hxy+cy') +s?{da?+ea?y+fxy'+gj^) 

+2^{hx'+ja?y+ka^y^+jxy'+hy')+z{ga^y+fa^y'+ea^y^ 
+ cx^y^ + ba?i^ + aa^y*^ = 0. 

If this sextic is to have two more double points which are interchanged by 
C, we need impose merely the conditions that it have, as a double point, (a,^, 1), 
not one of the invariant points ; and then our sextic, since it remains invariant 

under the involution C, must have, as a fifth double point, f — ,--j,lJ, the 

image of (a, /3, 1) under C. 

If the sextic (1) of (a) 1 is to have a fifth double point and yet remain 

invariant under (^^ ^^ ^^), the fifth double point must be (1, 1, —1). If 

(1, 1, —1) is to be a double point of (a) 1, (1), we must have d+e+f+g=0. 
Imposing this condition, we have : 



Forr=2,C.errO. 



y 

+et/«(a^-i/*) (2*-ir») ■\-fye(y^-3f) (x-y) +hif{a?-y'y 
+ji?xyix-yy=Q. (1) 
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If d=e=/=0. (1) is iBvariant for n=4, C-(y^ ^^ ^^), ^-(^ J -^). 

(2), a) If the sextic of (a) 2 which is invariant under 0=^^^ ^^J is to 

have two more double points, which are interchanged by C, we need impose 
merely the conditions that /e=0 has as one double point (a, ^, 1) not on the 
fundamental system of the transf ormation, and then it will necessarily have as 

another double point Tai^fljj ^^ image of (a, (3, 1) under 6\ since /« 

remains invariant under C. 

If the sextic of (a) 2, a), which has (0, 0, 1) as a tacnode with y=0 as the 
tangent, and (0, 1, 0) and (1, 1, 0) as two other double points, is to have a 

fifth double point and yet remain invariant under C^( ^ ^ \ this fifth 

double point must be on the invariant conic {x+y) {x — y) =0, and certain 
further restrictions must be imposed on the coefficients of /6=0. 

(2), b) If, on the sextic of (a) 2 which is invariant under C^f^^ ^^\ 

we impose the condition that it shall have a double point at (1, 0, 0), the 
double point at (0, 1, 0) becomes a tacnode with tangent z=Q^ and we have: 

U^asfy^+y^{h(X?+cxy+hy^)+i^{ex^+fa?y+gQ^y^+fxi^+e'^^ 
+(x?yz{na?+mxy-^ny^) +ra;V=0. 
This is also a particular case of (a) 2, j8). If a=e=r^ 6=w, /=c=i»,our sextic 

is invariant under Ass\^ ^ ^ J also, therefore under a group of order «=8, 

If, in addition, c=0, /6=0 is invariant under ( ~^ ^ ] also, therefore 
' ' ' ' \ X y zj ^ 

under a group of order «=16. 

If, furthermore, 6=0, we have: 

(2) , c) If we impose on the sextic of (b) 1, which has three collinear double 
points (at (0, 1, 0), (m, 1, 0), (1, 0, 0)), the conditions that it shall have a 
tacnode at (0, 0, 1) with x-=my as the tacnodal tangent, we have as the equa- 
tion of the sextic (when m=l), 

■ /(.= (^-y)'(2'+a^2/') ^z(.x~y)Ux, y) i^+xy) +^f,{x, y) =0. 
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It is readily seen that this sextic is invariant under C=f^^ ^^ ^^ J. 

If /2=0, onr sextic is invariant nnder a group, whose order is n=4, gener- 
ated by C and A^(Z ^ ~^\ 

(2) , d) If we impose on the sextic of (b) 3, which has three coincident col- 
linear double points at (1, 0, 0), the conditions that it shall have (0, 0, 1) as a 
tacnode with y=0 as the tacnodal tangent, we have: ' 

f6=zY+y^^2{^y y) +^**4(a?, y) +l^z^2{x, y) +A:y*=0, 

which is invariant under C^( ^ ^^ ^\ fe is seen to be a particular case of 
the sextic in (/3) 2. 
If ^=0, we have: 

For n=4, C-f^^ ^^ y\ A^^ ^ ~% 
' \x y z J' \xy zr 

h^z^y'+^^.ix, y) + V=o. 
(3) If the sextic of (a) 3, which is invariant under C^^^^ ^ ma^—yz^^ 

is to have two more double points, which are interchanged by C, we need im- 
pose merely the condition that /(5=0 shall have as one double point (a, ^, 1) 
not on the fundamental system of the inversion ; it will then necessarily have 
as another double point the image of (a, j3, 1) under C, since /© remains inva- 
riant under C. 

From (a) 3 we find that the sextic with oscnode at (0, 0, 1) with y=0 as 

tangent, and a double point at (0, 1, 0) , invariant under (7=^^^ ^ ^' ~^^ J, is 

f^^as?{ma?—yzy + ca?z{ma?—yz) +yz{m(x? — yz)^^{Xj y) +<x?^^{Xj y) =0. 

If this sextic is to remain invariant under C and yet have an additional 
double point, this double point must be on the invariant conic ma? — 2y2=0, 
and certain further conditions must be imposed upon the coefficients of /(5=0. 

We shall now consider, in conclusion, those sextics of genus 3 which have 
seven distinct double points.* If we let 

/e(^)=0 1) 

be the equation of a sextic with seven distinct double points and 

^,=0 (t=l,2,3) 2) 

* See p. 323 above. 
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the equations of three linearly independent adjoint cubics, then, if we eliminate 
X between 1) and 2), we shall obtain 

F,{y)=0 3) 

as the equation of the non-singular quartic into which our sextic is transformed 
by means of the adjoint cubics. If in 3) we make the substitution 2), we 
obtain X{x) ^^{x) • Mf^{x) =0, where 3/6=0 is a sextic which has double points 
at the same seven points as /g^O. If we consider fe=0 as the locus of the 
eighth basis point ^ of a pencil of cubics of the net, then M=:0 is traced by the 
ninth basis point ^' of the pencil. Therefore Af =0 is the image of /6=0 under 
the Geiser transformation which has the seven double points as fundamental 
points. M=0 may be: 1), distinct from/=0; 2), coincident with /=0 (not 
pointwise) ; or 3), pointwise coincident. Case 1) does not concern us, as we' 
are interested only in invariant sextics. However, we shall need to consider 
both 2) and 3). 

Case 2) If /e=0 is to remain invariant (not pointwise) under the Geiser 
transformation, then, if we choose any point on fe=0, not on the invariant 
sextic of the transformation, as an eighth basis point ^ of a pencil of adjoint 
cubics, the ninth point ^' must be another point on /=0. This pencil of cubics 
then cuts out a g'z and the sextic is hyperelliptic and reducible not to a quartic, 
since the non-singular quartic {p=S) does not possess a g'z > but to a quintic with 
a triple point. (The ^4(1/) =0 is a double conic.) To show that a hyperelliptic 
sextic with seven distinct double points does exist, we shall proceed in the fol- 
lowing way : 

On the hyperboloid XiX2—XsX4=0, where — = — = X and -^ = — = ^, 

Xq X2 x^ X2 

consider the space curve of order 6 which is defined by the general F{a^, fi^) =0. 
If we consider 

F^X'^.ifi, v) +Xv>l.,{fi, v) +v%{fi, v) =0 1) 

as the equation of the curve — in fact there is a (1, 1) correspondence between 
the values of (X, /w, v) satisfying 1) and the points of the space sextic — the 
curve is easily seen to be of genus 3, for (1, 0, 0) is a fourfold point and 
(0, 1, 0) is a double point. Then any projection of it will be of genus 3. If 
we connect every point of the curve with a fixed point P not on the hyper- 
boloid, we have a projecting cone of order 6. Any plane section of this cone 
is a sextic of genus 3. Moreover, the seven double points of this sextic must 
be distinct, for no line from P can cut the hyperboloid (and consequently the 
curve) in more than two points. But F(X^, (i^) possessed a g'i which must be 
retained by projection. Therefore we have obtained a plane sextic of genus 3 
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with seven distinct double points, which is hyperelliptic. The canonical form 
for the hyperelliptic curve of genus 3 is the quintic with a triple point which 
may be obtained by projecting the space curve from a point on it. The groups 
of transformations belonging to our hyperelliptic sextic are those belonging to 
this canonical quintic; these have been discussed by Wiman.* 

Case 3) If /=0 is to remain pointwise invariant under the Geiser trans- 
formation, i. e., if it is the invariant sextic of the transformation, then ^ = ^' 
and there is a (1, 1) correspondence between the points of this sextic and the 
non-singular quartic F{y) =0 mentioned above. Then the groups of transfor- 
mations belonging to the non-hyperelliptic /6=d are the groups which belong 
to the non-singular quartic F(«/)=0, into which the /6=0 is transformed. 
These groups have also been discussed by Wiman in the paper mentioned 
above. Corresponding to the linear transformations of points of F(i/) =0 are 
the transforms of these collineations, by which pencils of adjoint cubics are 
sent into pencils of adjoint cubics. 

Consequently we have seen that the transformations belonging to any sex- 
tic of genus 3 are the conjugates of the transformations belonging to the 
canonical form of the genus, with respect to the birational transformation 
which reduces the sextic to the canonical form. 

* A. Wiman, " Ueber die HypereUiptischen Curven/' Biltang till Svenska Vet. Akad. Eandlingar, 
BandXXI« 
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Geometriccd and Invcariantive Theory of Quartic Curves 

Modulo 2* 

By L. E. Dickson. 



§ 1. The bitangents and singular points of a quartic curve Q modulo 2 
depend only upon the terms of Q in which at least one exponent is odd. We 
shall write Q^E-\-Oj where 

= da?y + exj^ + fa?z + gxs? + hj^z + iyz^ + m a^yz + nxy^z + pxyz^. 

The derived^ points are the points for which the three first partial deriv- 
atives of Q all vanish ; they depend upon 0, but not upon E. 

Again, the bitangents depend upon alone. For example, 2=0 is a bitan- 
gent if and only if d^e^O (mod 2), so that the terms free of -s in Q form a 
perfect square modulo 2. The line x=ry-\'SZ is a bitangent if the quartic in 
y and z obtained by eliminating x has no terms in 'j^z and y^. An equivalent 
definition is that ^=0 is a bitangeat if and only if Q can be expressed in the 
form /C+g2 (mod 2). 

Under a linear transformation, Q becomes E^ + Oi modulo 2, in which the 
terms 0^ involving at least one odd exponent are derived solely from the simi- 
lar part of Q. 

Thus Q is dominated by its in several respects, just as is the case with 
the terms of the second degree in the equation of a conic in non-homogeneous 
coordinates. 

§ 2. Theorem. Any ttvo bitangents intersect in a derived point. 

After applying a linear transformation, we may assume that x=:0 and 
y=0 are bitangents. Then h=^i=Oj /=^=0, so that is quadratic in z. 
Thus no partial derivative of Q has a term 2?, so that each partial derivative 
is zero for x=y=0. Hence the intersection of the two bitangents is a derived , 
point. 



* Presented to the American Mathematical Society, April 2, 1915. 

t There is at least one, since Euler's theorem shows that the derivatives are dependent, the sum of 
their products by w, y, z being identically zero modulo 2. 

42 
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§ 3. Theorem. Unless all of the bitangents concur ^ every derived point 
is the intersection of two bitangents.. 

By hypothesis there are three bitangents forming a triangle. They may 
be transformed linearly into x=Q^ y=0> 2=0. Then becomes 

0' = ma^yz + nxyH + pxyz^. 

For the case m=w=p=0, Q = E is a double conic and every point of the 
plane is a derived point and every line a bitangent. 
The derived points of E+0' are those for which 

ny^z+pyz^=Oy ma^z+pxs^=Oj mx^y + nxy^=0. 

The derived points having z=0 are evidently the intersections of the bitangent 
2—0 with one of the bitangents x=Oy y=Oj mx+ny+pz=0 (these being fac- 
tors of 0'). Next, a derived point with z=l is {srl), where 

nr^+pr=0, ms^+ps=0. 

Then y=rz and x=sz are bitangents meeting at {srl). 

In view of the last two theorems, the derived points coincide completely 
with the intersections of the bitangents, provided the last are not all concur- 
rent. But if there are two or more bitangents to a real quartic and all concur at 
F, there is a derived point besides P. For (§ 4) can then be transformed 
into O4 or 0^. The bitangents to E + 0^ are the infinitude of lines through 
Pz= (001), while any point with x=0 is a derived point. The bitangents to Oe 
are x=0 and t/=0, while P and (010) are the derived points. Finally, a real 
quartic with a single bitangent can be transformed into E+O^ (§ 4), whose 
single derived point is P and single bitangent is y=0. 

Non-equivalent Systems of Real QuarticSy ^^ 4-8. 

§ 4. Henceforth we consider only quartics Q with integral coefScients 
and subject them to linear transformations with integral coefficients only. 
The 2® quartics E-\-0 ia which the six coefficients of E take independently the 
values and 1, while is fixed, shall be said to form a system. 

We shall prove that every such system is equivalent to one and but one 
bf the fourteen systems E+O^j in which Oq is identically zero, while Oi, . . . ., 
O18 are given in the table together with all of their bitangents (where x 
denotes a;=0), in which 
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0. 


x'^yz + xy^z + xyz* 


all 7 real lines 


0, 


xy^z+xyz^ 


X, y, z, y=z 


0, 


x^yz 


x,y,z = aLy (a any) 


0, 


a?y 


X, y = aix (a any) 


0, 


^y+0. 


X, y, y=x, z=px, z=px+y 


Oe 


a^y+xy^z 


x,y 


Or 


a^y+a^yz+xyz^ 


X, y, z=f>x 


Os 


a^y+yn^+xyz^ 


y, z=Ax 


0, 


ivy'z + Os 


y, z=Ax, z = Ax-\-Ahj 


0,0 


x^y+y'z+ys^ + xy^z 


y, z=x+py, z=px+by 


Ox. 


a'-'y+^s 


y 


On 


x^y+xs^+y'z+ye^ 


x={s'+l)y+sz, s''+s + l=0 


o„ 


x^y+xz'+y^z+xy^z 


x=a'y+az, o''+a^+l=0 



§ 5. First, let the quartic have three real bitangents forming a triangle. 
Applying a real transformation, we obtain = 0' of § 3. We obtain at once 
Oo , Oi , O2 or Oa . 

Second, let there be three intersecting real bitangents a;=0, y=Oj x=yy 
but no real ones forming a triangle. Then 

= da^i^ + exy^ + 0', m = n. 

If m+p = l, z=dx+ey is a bitangent, contrary to hypothesis. Hence m=p. 
Since 0^0% we may interchange x and y^ if necessary, and set d = l. Replac- 
ing X by x+eyj we have rf = l, e = 0, and thus obtain O4 or O5 . 

Third, let there be exactly two real bitangents a;=0, y = 0. Then 

= da^y+exy^+0'j m^^n. 
Replace z by s + oo^+i^^/j where a and /3 are integers. We get 
{d+maL'\-paL)a?y+ {e + n^+p^)xy' + 0' + E. 
Since m-\-p and 7i+p are not both zero, we may take 6=0 in 0. Then rf=l, 
since 0=0 is not a bitangent. If p=n, then m+p + l=0 and a? =2 is a bitan- 
gent. Hence p=n + l=m. According as w=0 or 1, we have Oq or O7. 

§ 6. Fourth, let y = be the only real bitangent. Then f=g=0 in 0. 
Since no one of the six remaining real lines is a bitangent, the two numbers 

of each pair 

dy e; hji; m+n+hy i; d+i + m + Pj h+e; 

dj e+n+p'j d-\-i + m-{-p, e + h+i+n+p 

are not both zero. Suppose that rf=0, so that e = l, n=Pj by the first and fifth 
pairs. If 1=0, then /i=l, m = n, by the second and third pairs, contrary to the 
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fourth. Thus t=l and by interchanging x and z we obtain an with rf = l, 
f=g=0. Hence we may set d=l. Replacing x by x-\-ey, we have e=0. 
Then replacing x by x+mz, we have also m=0. 

Thus d = lj e=m=0, while the two numbers of each pair 

hyi; n + h,i; 1 + i+p, h; 1 + i + p, h + i + n+p 

are not both zero. For h=0, we have i=:p=:l; according as n=0 or 1, we 
get Og or O9. For h=n = l, we have t=l; according as p=0 or 1, we get Ojo 
or Oio+^.V^*> the latter being derived, apart from terms E^ from Og by replac- 
ing z by z+y. For /i<=l, w=0, we have i=p and hence On or 0" =Oii+ye*+ 
a;i/0^ The only bitangents to 0" are f/=0, 2;=^a;-f (^ + l)t/, which are derived 
from those to Og by replacing xhj x+y and z by e+y; the same replacement 
carries Og to 0"+E. 

§ 7. Finally, consider quartics without real bitangents. We may take 
d = l, make f=0 by replacing y by y+fz^ and make e=:m=0 as in § 6. \Hence 

0=a?y+Gx2?+Hy^z+Iy;^+Nxy''z+Pxyz''. 

Then G — ^^ since i/=0 is not a bitangent. The only* bitangents are x=ry'\-sZj 
where 

r=:5'+P5+/, r^s+Nr+H=0. 

These have the solutions r, 5=0, 0; 1, 0; 0, 1; 1, 1 if 

7=Z7z=0; 7 = 1, £r=iV; 7=P+1, H=0; 7=P, H=i\r+1, 

respectively. No one of the latter pairs of equations is to hold, since there is 
to be no real bitangent. Hence 77=1 and either ^ = 1, 7=0 or ^^=0, 7 = P+1. 
If N=P=0, then 7=1 and 0=0,^. If 2V=1, 7 = P=0, = Ois. If N=I=0, 
P=l, we apply (xzy) and get 0^. If A^=P=1, 7=0, we apply (xyz) and 
then replace xhy x+Zj obtaining O12+2*. 

§ 8. The only case in which two of our Oy have the same number of real 
bitangents and the same number of imaginary bitangents involving the roots 
of irreducible congruences modulo 2 of the same degree is that of O12 and O^ . 
Hence it remains only to prove that O12 is not equivalent to any E + Ois under 
a real linear transformation. 

Let B, and /3^ denote the bitangents to O12 and 0^ given in the table of § 4. 
Since the congruence for s is irreducible, the square of any root is a root. 
Now /?, becomes 7?,a under the transformation 

T: x=Y+Zy y = Z, z=Xj 

which therefore permutes the seven bitangents B^i (t=l, 2, 4, 8, 16, 32, 64) 

♦ Dickson, Trans, Amer. Math, Soc, April, 1915. 
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cyelically ; it replaces 0,2 by Oi^+y^^^+z^* Hence, if 0^^ and O^ are equivalent, 
there is a real linear transformation which replaces any chosen bitangent to O12 
by any chosen one to 0^. We take <t = 5*+5^ which is a root* of <t^+<j*+1^0 
(mod 2). The transformation (c<y) replaces B, by ZX4-m7+wZ=0, where 

Z = Cu+(5* + l)C2i + 5Csi, n = c^'\-{s^ + l)c^ + sc^. 

If the resulting line is |3^, we have w = Za. Now 

If this equals the above cubic function w of 5 we have, in view of the linear 
independence of 5®, . . . ., 5, 1 modulo 2, c8i = C2i=Cii=0, whereas the elements of 
the first column of (c,y) are not all zero. 

We have now completed the proof that every system is equivalent to one 
and but one of fourteen systems E + Oi (i=:0, 1, . . . ., 13). 

Invariants Distinguishing between the Systems. 

§ 9. We readily construct a rational integral function c^ of the coefficients 
of Q which is congruent to zero modulo 2 if and only if the real line ^^=0 is 
a bitangent to Q. For example, if lj=x, we may set c^=hi+h+ij whose van- 
ishing modulo 2 implies h=i=0, and hence that a;=0 is a bitangent. 

Let 5i ,...., 57 denote the elementary symmetric functions of Cj ,...., C7 . 
Since any real linear transformation permutes the lines 1^=0 and hence the c's, 
each Si is an invariant of Q. Now 5^ is unity for a quartic with exactly 7 — i real 
bitangents, since exactly i of the c^s are unity for such a quartic, while the 
remaining c's are zero. Moreover, Si is zero for a quartic with more than 7 — i 
real bitangents. Hence the values of 5i ,...., 57 determine the number of real 
bitangents. 

We can construct in a similar way invariants which determine the number 
of bitangents whose coefficients are in the Galois field of the 2" polynomials in 
a root of a congruence of degree n irreducible modulo 2. We have only to 
employ in place of the above seven real lines ^^=0 the lines with coefficients 
in the present field. 

The values of all these invariants with w < 4 distinguish between two sys- 
tems of quartics not having the same number of bitangents with coefficients iii 
each of the fields of order 2" (w = l, 2, 3, 4), and hence differentiate all the sys- 
tems E + Oj {j=Oj . . . ., 11) from each other and from the two with i = 12, 13. 
A new invariant is needed to differentiate the last two systems from each other. 

* Found by use of the table by Busaey, Bull. Amer. Math. 8oc., Vol. XII (1905-6), p. 33. The head- 
ings t-^ are misprints for tX. 
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We proceed to construct an invariant J whose value is 1 for any quartic 
equivalent to an E + O12 and for the remaining quartics, so that J is a charac- 
teristic invariant for the system E + O^. By applying the transformations 
specified at the beginning of § 7 to a quarlic with rf = l, we obtain E + Oy where 
is of the form in § 7, with coefficients 

G=g+f{e + p + n), H=h+e{m+n+f), 

I=i+fh+Ge+pm+efmy N=n + ef, P=p-{-m+ef. 

By §§ 7, 8, E+0 is equivalent to E + O^ if and only if G=H=\, iV=:P=7+l, 
and hence if and only if GZ7(zV+P+l) (A^+/) =1. The case rf=0, e = l is 
reduced to the preceding by interchanging x and y. Finally, ifeZ = e=0, 0=0 
is a real bitangent, whence J=0. Thus 

J = dGH\ (n+p + m + 1) {i'\-fh+e+pm + efm) +NF\ 

+ {d + l)ef{i+ph+mh)\{n+p + m + l){g + fh+pn)+m{n + p)\. 

In view of its construction, J is an invariant of the general quartic modulo 2. 
As a check this was verified for the substitution {xy). 

Real Linear Automorphs of Each System. 

§10. To test the equivalence of two quartics of the same system E+O^j 
we require the real linear transformations which leave the system unaltered, 
i. e., its automorphs. 

For j—0 or 1, every real linear transformation is an automorph. 

For J = 2 or 3, the real bitangents are x=0 and the three lines through 
(100). Since that point and the line x=0 are invariant, the transformation is 
a binary one on y, z. Every such real binary transformation is an automorph. 

An automorph of E + O4 must leave fixed the intersection (001) of all the 
bitangents and must permute the derived points (Okl), k, I arbitrary. The 
resulting real transformations 

x=Xy y = rX + Y, z=dX+eY+Z {1) 

are evidently automorphs. The same result holds for O^^O^+Ou since A' + O, 
is invariant under all real linear transformations. 

For ; = 6 or 7, the only real bitangents are ir=0, i/=0; the only real 
derived points are (001) and (010). Hence each of the latter must be fixed 
and the transformation is the identity or z=X-\-Z. 

For ] = S or 9, the only real bitangent is y^O; the only real point on an 
imaginary bitangent (or the only real derived point) is P=(010). Hence an 
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automorph is binary on rr, 2, It must permute the three bitangents z=Ax 
through P. We get 

t: x=X+Z, y=:l\ z = X, (2) 

and t^y t^=L Conversely, these are dutomorphs. 

An automorph of E + Oiq leaves fixed the only real bitangent y=0 and the 
only real point (101) on an imaginary bitangent. Of the resulting transfor- 
mations, the only automorphs are 

x=rX+sY+{r+l)Z, y = Y, z={r+l)X+{r+s + l)Y+rZ. 
These are the four powers of 

x=2Z, y = Y, z=X + Y. (3) 

An automorph of E + O^ leaves fixed the only bitangent y=0 and the only 
derived point (001). The actual automorphs are 

x=X-\-sY, y=Y, z=sX+mY+Z. (4) 

Among the automorphs of E = 0i2 are the seven powers of T in § 8, which 
permute the seven bitangents cyclically. There are no other automorphs, since 
the identity transformation alone leaves B^ unaltered. In fact, one condition 
is n = lSj in the notations of § 8, whence ^2,, C23, c^i, Cis are zero. Thus the 
transformation is x=X + cYy y = Yy z=kY+Z. It leaves B, fixed if and only 
if c=:sky whence c=k=0. 

The only real linear transformation replacing the bitangent /?^ to Ou by 

/?^, is seen similarly to be 

x=Y, y = Y+Z, z=X, (5) 

which replaces O^ by 0^+Y^. Hence the only automorphs of the system 
E+Ois are the seven powers of (5). 

§ 11. The number N of systems equivalent to a given one E + Oiis found 
by dividing the order 168 of the group of all real linear transformations modulo 
2 by the number of automorphs of the system. Using the results in § 10, we get 
N=l for Oo or 0^; N = 28 for 0^, O3; N=21 for 0,, O5; iV^=84 for Oe, O7; 
N=56 for Og, O9; N=4:2 for Oio, 0^; N=24: for O12, O13. The sura of these 
^'s, each in duplicate, is 512 = 2^ This count of the total number of systems 
is in accord with the fact that has 9 coefficients each with 2 values. We thus 
have a complete check upon §§ 4-10. 

Invariantive Classification of the Quartics in a System. 

§ 12. Let a real linear automorph T of the system E + O^ replace E + O^ 
by E' + Oy. A polynomial /(a, . . . ., Z) in the arbitrary iutegral coefficients of 
E shall be called an invariant of the system E + O^ if, when a', . . . ., T are 
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replaced by their expressions in a, . . . ., Z, I{a\ . . . ., Z') becomes congruent 
modulo 2 to Z(a, . . . . , Z) for all integral values of a, . . . . , Z and for every linear 
automorph T of the system. 

We shall obtain a fundamental set of invariants of each system and apply 
them to effect a complete classification of the quartics in each system. These 
invariants of the systems, together with the invariants characterizing the sys- 
tems (§ 9), enable us to find (§28) a fundamental set of invariants of Q. 

For the system having identically zero modulo 2, E is identically con- 
gruent to the square of a quadratic form q. The invariants (and covariants) 
of q modulo 2 have been determined.* If q has no real linear factor, it is 
equivalent to a^+yz or y^+yz+2?. 

§ 13. For the system E+Oi every real linear transformation is an auto- 
morph. All such transformations are generated by 

{xy): {ab){kl), {xz) : (ac) {jl), 

x'=x+z: c'=:c+a + k, r = l+j + l. (a) 

Evident invariants are therefore jkl and P=jklabc. 

First, let both of these invariants be unity. We get Ei + Ou 

l^^=:x'+y' + z* + a^y'+a^z'+y'z\ 
It follows that Ei + Oi is invariant under all real linear transformations. Thus 
it has no real linear factor (true also of £J2+^l)• 
Second, let jkl = l, P=0. After an interchange of two variables, we have 
a=0, j = k = l. In view of a and 

x' = x+y: b' = b + a+j, V = l + k + l, (/3) 

we may set also b = c=:0; we get E^+Ou 

E^=xY+a^s^+y^z\ 

Third, let jkl=0. We may set j=0. By use of a and 

y'=y+z: c' = c+b + l, k' = k+j + l, • (y) 

we may set also l=:k=0. If a, fe, c are all zero, E is identically zero. In the 
contrary case we may set a = l and make c=0 by use of the product afi. We 
get Ei+Oi, where 

£3=0, E,=:x\ E, = x'+y\ 

No two of these quartics Ei+Oi are equivalent, since the first, O^, is a product 
of four real linear factors, the second has the single real linear factor x^ while 
the third has none (or since they contain 6, 4, 2 real points respectively). 

* Dickson, " Madison GoUoquium/' 1914, p. 76 (references, p. 70) . 
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We readily construct invariants of the system E + Oi which differentiate 
the last three types. We need the coefficients of the equivalent form having 

j=:k=l = 0. 

If ^'=0, we apply a'y* and get 

ax*+by'+ [c+ {a+k)l+bk]z* + Oi. 
If ;" = 1, A:=0, we apply ^^{yz)y and get 

ax'+cy'+[h + c+l{a + \)]z'+0^. 

If ^'z=:ft = l, i = 0, we apply {x2)ay and get 

cx'+by'+{a+b + c + l)z'+Oi. 

A function having the value unity when the quartic is equivalent to one 
with Eg^O and the value zero in the contrary case, is seen by an inspection of 
the preceding results to be 

(l+j) \ (a + 1) (6 + 1) (c+l + kl) \ +j{k + l) (a + 1) (c+1) (6 + 1+0 

+jk{l + l){c + l){b + l)a. 
It may be written in the symmetrical form 

B=.{l+jkl){a + l){b + l){c+l) + U + l)kl{a + l){b + l) 

+ {k + l)jl{a + l){c+l) + {l + l)jk{b + l){c + l). 

To find an invariant C of the system having the value 1 or according as 
E+Oi is or is not equivalent to x^+O^, we note that it follows from the third 
case above that C=a + b + c when j = k = l=:0. Hence, 

C={j + l)[a+b + c+{a+k)l+bk]+j{k + l)[a+b + l{a+l)] 
+jk{l + l){a + l) 
= a{l + l) +6(A + 1) +c(; + l) +jkl+jk+jl+kL 

Although the invariance of B and C follows from their construction and 
the non-equivalence of the E^+Oi (i=3, 4, 5), this was verified by use of {xy)y 
{xz)j a. 

§ 14. Each system E + Oi (i=2, 3) is invariant only under the group G 
of the real binary linear transformations on y, z. We have 

E + 0^=ax'+a^X^+xn+q^ (mod 2), 

^"^jy + kzy 7i=yz{y+z), q=by^+lyz+C2^. 

Evidently n is invariant under G. Hence the invariants of E + O^ under G are 
the polynomials in a and the invariants of X and q under G. Among the latter 
are evidently 

P=(; + 1)(A; + 1), Z, bcl, 7=(i + l)(6 + l)(c+l), R = ljk + bk + cj, 

R being the resultant of ^ and q. 
43 
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First, lei P = 0. We may set j = l^k^Oj since 

(tjz): {bc)Uk), (6) 

y = Y + Z: c'^c + b+l, k' = k+j. (7) 

A linear combination of our last four invariants gives b{i + c + i). Hence 6 is 
fixed ii l = c, SL relation between our invariants I and R=^c, But if l=c + l, 
z = Y + Z adds unity to 6 without otherwise changing E + O^j so that we may set 
6=0. The respective types are 

ax* + by* + cz* + xhf + ci/ V + 0^ , ax* + cz* + x^y" + ( ^ + 1 ) 2/ V + Og . 
Second, let P=l, whence j — k = ^. If ^ = 7 = 0, 6 and c are not both zero, 
and we may take 6 = 1, c=0, in view of (6), (7). If f =0, /==!, then 6 = c=0. 
If Z = l, either 6d = l or we may set 6 = 1, c=0. The respective types are 

ax*^y*-^0^, ax*^0^, ax* + y*+cz*+y'z'^-0^. 

Hence our invariants form a fundamental set. Aside from a possible 
factor a; or y (which may be determined by inspection), there is no real linear 
factor except* z and t/+;s of ax*-[-02 for a=0 and y+z oi the final type for 
a=c = 0. Hence there are 11 types without real Jinear factors. 

§ 15. The automorphs of the system E-{-0^ form the binary group G on 
t/, z. Using g of § 14, we have 

E + 0,^ax*+x'^ + q'^ (mod 2), ^=jy^+yz+kz\ 

Hence the invariants of E + O3 are the polynomials in a and the invariants of 
j8 and q under G, the latterf being polynomials in 

I, jk, bcl, 7, a=l{j+k)+bk+cj+b + Cy 
7 as in § 14. Since we desire the types, it is about as simple to proceed inde- 
pendently as to make use of the result cited that Z, . . . ., (T form a fundamental 
set of invariants of j8 and q. 

If / = 0, ift = l, either 7 = 1, whence 6=c=0 and E + 0^ has the factor ar^, 
or 7=0, when we may set 6 = 1, c=0 by use of (6) and 

t/ = 7+Z: & = c+b + l, k' = k+j+l. (8) 

If f =yft = l, either 6 = c = l or 6cZ=0; in the latter case, we may set 6=0, 
c=0 by use of (6), (8). 

If ;ft = 0, we may set ; = 0, fc = by (6), (8). Then <7 = 6 + c. First, let 
6cZ=0, / = 1. If (T=0, then 6 = c=0. If (t = 1, we may set 6 = 1, c=0 by (6). 
Second, let ? = 0. Then 7 and a give 6c and 6 + c, so that 6 and c can be at 
most interchanged and this is done by (6). We may drop the case 6=0, c=l. 



*The four posHibilities are the four real bitangents. 

t Dickson, American Journal ob* Mathematics, Vol. XXXI, pp. 126, 127. 
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Hence our invariants characterize the resulting types and thus form a 
fundamental set. The thirteen types without real linear factors are 

a^ + 2/* + ^y + '^^ + ^^y^^ ^ = arr* + a?y^ + a^z^ + y V -|- x^yz^ <?> + 2/* + 2*, 
ax^ + 1/* + e^ + 2/ V + x^yz, 4 = a;* + 1/ V + rr V» '4' + y\ 

^* + y^ + ^*2/2^> «^* + 2/* + ^* + x^yz. 

§ 16. The further systems are treated by new methods, illustrated in this 
section and § 18. For the system E-^-O-^z the seven automorphs are (5) and 
its powers. Under (5), O13 receives the increment T* and E + Oi^ becomes 
E' + Oi3 , in which 

a' = (?, h' = h + a+] + l, c' = 6, j'^k + l, k' = l, l':=j. (5') 

Evident invariants of the system are 

I={j + l){k+l){l + l), P=abcL 

If /=1, whence j = k = l=Oy either P=l, whence a = 6==c — 1, or P=0, giv- 
ing seven sets a, 6, c, not all unity. These sets are permuted cyclically by (5'), 
so that we may take a = b = c=0. 

If 7 = 0, the seven sets y, *, Z, not all zero, are permuted cyclically by (5'), 
so that we may take i = l, k = l=0. The identity is the only automorph pre- 
serving these values. Hence we need invariants to fix a, 6, c. The sum of aj 
and its six conjugates under the powers of (5') is the invariant 

aU + k + l)+b{j + l)+c{k + j) + {k + l){j + l). 

Similarly from ak and al we obtain two invariants which, when combined 
linearly with the preceding one, give 

a=aj + bl+c{k + l), fi = ak + b{j + k) +cl+jl + j + l, 
yz:zal + bk + cj+jk + lk-\-jl. 

For our form, i = l, k = l=0^ whence a = a, ^^zfo-j-l, y=:c fix a, 6, c. Thus 
7, P, a, /3, y form a fundamental set of invariants of the system E + Ois^ and 
the ten types of quartics are 

x'+y'+z*+0^sy 0x3, ax* + by*+cz*+a^y'+0,s. 

No one of these and no quartic E + O12 has a real linear factor, having no 
real bitangent. 

§ 17. The treatment of E + O12 is similar to the last. Employing the 
automorph T of '^ 8, we have 

T': a' = c, b' = a, c'-^a + b+j + l, j' = k, k' = k + l, /'=i + l. 

Evident invariants are 

M=jk{l + 1), 7i^{a + l){b + l){c + i)M. 
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If 71=1, then j=k = l, l = a = b=c=:0. If n=0, il/ = l, then j = k = l, 1 = 0, 
and the seven sets a, 6, c, not all zero, are permuted cyclically by T\ so that we 
may set a = l, 6 = ^=0. If ilf =0, the seven sets j,k, I are permuted by T' and we 
may set j = k = l = 0. Then invariants fixing a, 6, c are 

al + b{k + l)+c{j + l)+l{j + l){k + l), a{j + k)+b{j + l)+cl + k+l, 
a{j + l + l) +bl + c{j + k) +klU + l). 

Hence the last three and M , n give a fundamental set of invariants of the 
system. The 10 types are 

a;y + aV + t/V + 0i2, x'+xY+xh^ + 0i2j ax' + by'+cz' + Oi^. 
§ 18. For E + OiQ the automorphs are the powers of (3). Under it, 

T: a' = c, b' = b + c+l, & = a, j' = l+l, k' = k, r = k+j. 
We readily obtain the invariants 

k, k{l+j), kl{j + l), a = a{j+l + l)+c{k+j+l), 
ac, a + c, r={k + l)\aj + b + cl + l{j + l)\. 

If k=6, T permutes (i, = (0, 0), (1, 0), (1, 1), (0, 1) cyclically. Hence 
we may set j = l = 0. Then a, 6, c are fixed by (T = a, r=b and a + c. 

Let k = l^ k{l+j) =0. By use of T, we may set l=j=zO. Now T^ changes 
only 6, adding a + c + 1 to it; hence if a + c=0, we may set 6=0; the invariant 
ac then reduces to a. For a + c=l, invariants reducing to a and 6 when ft = l, 
l=j = 0^ are 

X=k(j + 1) {l + l)a + kljc, 

li=k{j+l) (l + l) {a + c)b + klj{a+c) (b + c + l), 
which were formed by starting with the first term (the desired one) and add- 
ing the term derived from it by T. Since T carries the second term to the 
first, we have an invariant. 

Finally, let A;=l, k{l+j)=l. The invariant kl{j + l) then becomes I. 
Thus / and j are invariant. If a + c=l, we apply T and set a = l, c=0; then 
make 6=0 by T^. Next, let a + c=0. If a = c = /+l, we make 6=0 by T. If 
a = c=l^ 6 is fixed by the new invariant 

n=k{j + l) (a + c + l) {a + l + l)b. 

The one real bitangent t/ = is a factor only when k = a = c=0. 

Our ten invariants form a fundamental set. The nineteen types of quar- 
lics without real linear factors are 

ax^+by^+cz*+Oio (a, c not both 0), ax*+az*-{-a^z^ + Oio, 

ax*+by'+ {a + l)z*+x'z''+0^o, x'+^, 

(l + l) (x' + z') +4), l(x'+z') +by' + <p, 



where 



4)=(i + l)a;y + a;V + /i/V+0 



10- 
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§ 19. The only automorphs of the system E + O^ are z=X-\-Z and its 
square. It replaces E + O^ by E' + Oq^ in which the altered coefficients are 

Evident invariants are 6, c, A;, Z, Ij and 

a={l + l){a + cj+jk), ^ = la{c + k + l). 

If Z = 0, we may make ;=0, whence a = a. If l = c + k = ljWe may make 
a=Oy whence j = lj. If Z = l, c=A:, we have j = lj, a = (3. Hence the invariants 
form a fundamental set. The twenty-one types without real linear factors are 

ax* + by*+z*+kxY+Oey ax' + y'+ka^z^+Oe {a = l or A:=^l), 

by* + cz'+jx'y'+{c+l)xh'+y'z' + 0,, 

ax^+by* + cz*+jxY+ca^z^+yh^+Oe (a— 1 or c=l), 

§ 20. For E + Ot, a'=:a + c + k, j'=j + l. The invariants are 
6, c, k, I, j{l + l), al + clj+jk, a{l + l) (c + k + l). 

If / = !, we make y = 0. If Z=0, c + fc = l, we make a=0. The thirty types 
without real linear factors are 

ax* + by* + cz*+kx^;^+yh^+0'j (except a = c = /c = 0), 
by' + c2'+ja^y^+ {c + l)arz^ + 07 (except b = c=0), 
ax'+bi/*+z*+jxy+x'z' + 0,, x'+y'+jxY+O,. 

^ 21. For E + Oq the automorphs are the three powers of t given by (2). 
Now t replaces E + Os by E' + Oq, in which 

t: a' = a + c + k, c'^a^ y=:j + l, V=j. 
A fundamental set of invariants is given by 

6, *:, kac, P={k + l){a + l){c + l), n={l + l) (j + l), 
p=al + cj+jkl, a = aj + c{j + l) +k{l + l). 

If 7t=l, then l=j = 0. If also P — l^ then k — a = c=:0 and y is a factor. 
But if P=:0, A; = 0, then a, c are not both zero and by use of t and its powers 
we may set a=:c=l. If k = lj either ac = l or we may make a = c=0 by use of 
t and its powers. 

If 7t=0, we may set l = ly j=0 by use of t and its powers. Then a=:p, 
c=(T, b and k are fixed by invariants. 

The twenty types without a real linear factor are 

ax* + by' + az* + kx^z^ + 0^ , ax* + by* + cz* + kx^z"" + 1/ V + Og , 
with a, c, A; not all zero. 

§ 22. The automorphs of E + Og are the powers of t given by (2), while 

t: a' = a + c+k, c'=:a, j'=j + l + l, V=j. 
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A fundamental set of invariants is given by 

6, k, I], ?. = kac, fz=:(k + l){a+l){c + l)j 
a = a(j + l)+c{j + l)+kl{j + l), r=aU + l)+c{l + l)+jk{l + l). 
Let i; = l, whence l^j=l. According as k = l or k=0 the powers of t 
permute the three sets a, c not all 1, or not all 0, respectively, so that we may 
set a = c. Then X, fi give the value of a. 

If IjzzzO we may take l=:j = by use of powers of t. Then (t = o, t=c. 
The twenty types without a real linear factor are 

ax'+by'+az^+ct'y^ + ka^z^+y-z^ + Og (except a = k = 0), 
ax^ + by*+cz*+karz^ + 09 (except a = c = k=0). 

§ 23. The four automorphs of E + Ou are given by (4). We get 
a' = a + s{c+k)y b' = b + sa + 7nc+sj + msk + ml + m+Sy 
r = l+sk, j'=j+ {m + s)k + sl + s. 
A fundamental set of invariants is given by 

c, k, l{k + l), lj(k + l), A = a{c+k + l), B=={k + l){l + l){a + cj), 

C^c{k + l){l + l){b+ja), D = l{k + l){c + l){a+j)b, 

E = kic + 1) (l+a), F = kla + kb + k{l+j)c+kj{l + l). 

First, let ^=0, l{k + l)—0, whence /=0. We make ^=0 by choice of s. 

Then a = B, cb = C. If 6'=il, b is fixed. If c=0, we make 6 = by taking 

5 = 0, m = b. 

Second, let ft=0, /(A: + l)=l, whence 1 = 1. Then j is fixed by lj{k + l). 
If c=:l, we make a = Oj b = 0. If c=0, a=Ay {a+j)b=D, so that 6 is fixed if 
a+j = l. But if a=jj we can make 6=0. 

Third, let k = l. We can make l=j = 0. Then A=aCy E = a{c+1) fix a, 
while F=b. 

The eighteen types with no real linear factor are 

ax'+by' + z*-\-Onj x' + 0^,, z'+jxY + y'z' + On, ^' + by* + y'z' + On, 

x' + a^r+r^'+O^,, ax' + by' + cz^+x'z'+Ou. 

§ 24. The automorphs ot E + 0^ are given by (1). We have 

a' = a + br+cd+jr+kd+lrd + r, 6' = fe+ {c+l)e, 

j'=j + Jce + lre + ld, k' = k+lr. 

A fundamental set of invariants is given by 

r, /, P=(& + 1)(/+1), ^={b + l){c+l + l),n=P{j+l), 
X = P{c+l){b+j)a, fi=l{c + l)[a + k(b+j + l)], 
r=ck{l + l) (fe+i), ra, a=:lc{a + bk+jk+j + k). 
First, let / = !, c = 0. We may make b = k=j=0. Then f£ = a. 
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Second, let Z = c=l. We make k=]—Q, Then ^ — h + 1, a — a. 
Third, let l—Qy c=\. We make 6=0 and take e=0 henceforth. Then k 
is fixed by Pand j is fixed by Tiif A;=0, while ;=t if k = l. If j=:k — l,ra = a. 
But if j, k are not both 1, we may set a = 0, since 

a'^a + d{l + k)+r{l+j). 
Fourth, let l=c=0. Then k and b are fixed by P and fi. If P = l, k=0 
and ;/=7t+l. Then a = ^ if 6+j=:l ; while if b+j = 0, we make a' = a + r=0. 
Finally, let P = 0, whence k = l. We make j'=j + e=0. Then, for e = r=:0, 
a'=a + d can be made zero. 

The twelve types with no real linear factor are 

a;* + 2/V+<y, ax* + by'+z* + yh' + a^y, 
ax* +z* + a^y^ + a; V + a^y, z* + jx^y^ + kxh^ + oi^y {jk = 0), 
x' + t/ + :x^y* y^ + x'z' + o^y. 
§ 25. For E + O^, we must add to the expressions for a', j\ k' in § 24 rdj 
d + e + rcy r, respectively. A fundamental set of invariants is 

c, I, Ik, Ickjy ^=b{c + l + l), ri = lck{b+j)a, 
^=c{l+l)[a + b{k + l)+jk+j + k], :i={l + l){c + l)[a + k(b+j + l)], 
^,^l(c + l)[j + b{k + l)], v = l{c + l){k + l){b+j)a. 
If /=0, c = ly we make b — k=j=0. Then (—a. 
If l = c = 0, we make k=j=0. Then ^ = 6, X = a. 

If Z = l, c = 0, we make 6=0 and take e=0 henceforth. Then lk = k, fi=j. 
Since a' = a + r{j + l) +kd, we may make a'=0 unless ; = !, A;=:0. In the latter 
case, r = a. 

If l = c=l, ^ = 6, lk = k, while 

i'=i+(A: + l)e, a' = a + r(6+i + l) + (fc + l)d. 
For A:=0, we can make j = a=0. Finally, let k = l. Then lckj=j. If 6=i, 
we can make a'=0. But if 6+i = l, >7 = a. 

The fourteen types with no real linear factor are 

ax' + z' + O,, x' + y' + O,, x*+a?y'+y'z' + 0,, 

ja^f+a^z^+y^z^+0,, by'+z'+y'z' + O,, 

by^+z' + ba^y'+x'^+fz'+O,, ax' + by'+z'+ {b + l)xy+a^z'+fz'+0,. 

Rejection of Reducible Types. 

§ 26. By §§ 12-25, there are 203 non-equivalent types of quartics with 
no real linear factor. Of these, eight have no real point, one has seven real 
points, and six have six real points.f 

* To this binary form can be reduced any quartic equivalent to a binary one and having no real 
linear factor and not a perfect square. 

-f Trans, Amcr, Math, 8oc., April, 1915. 
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In order to obtain a list of types of irreducible quartics, it remains to 
delete those types which are products BC of quadratic forms without real linear 
factors. As noted at the end of § 12, such a quadratic form is equivalent to 
T^+yz or iy+pz) {y+p^z)^ where p^+p+l=0. 

Consider quartics Q with an imaginary linear factor / whose coefficients 
involve the single imaginary p. Since / is a bitangent to Q, the table in § 4 
shows that, in Q = E + Oi, i is 3, 4, 5, 7, or 10, and gives the possible forms of 
/. For example, if t=3, then f=z+pyy which is a factor of E + O^ if and only 
if a=:0, b=l=Cy j=ik = l. If fe=0, the factor x occurs. If 6 = 1, we have ' 

y^+z^+a^y^ + T^z^ + y^z^ + a^yz; 

viz., 4) + t/*+2:*(a=0), at the end of § 15. An E + Oi with the factor y+px has 
the factor x or y. An E + O^ with either of the factors z + px, z+px-\-y has 
both (if without the factor y) and is 

a;* + 24+a;y +a;V + i/V + 05= (a^+xz+z') (x' + y' + z' + xy+xz) ; 

it is the final quartic in § 25 for a=l, 6 = 0. 

An E + Ot with the factor z + px, but not Xj is 

x^+z' + a^z^+Oj] 

it is the first of the two at the end of § 20 with a = l, b=^j=0. 
An E + Oio with the factor z+x + py is 

Qa±^ax'+ (a + 1) iy'+z') +axy+x'z' + ay'z'+0,,. 

Now Qi becomes Qo under the transformation T of § 18 ; while Qq is the third 
one of the list at the end of § 18 for a=0, 6 = 1. 

§ 27. Finally, let Q be the product BC of two quadratic forms without 
real or imaginary linear factors. As noted, we may take 

B=x^+yz, C= a^yz + a^xz + asxy + h^x^ + hzy^ + h^z^^ A = aiaza^ + ^a^hi = 1 . 

First, let a^ and Os be not both zero. Interchanging y and z, if necessary, 
we may set ag^l. The automorph 

x=X+Z, y = Y+Z, z=Z (9) 

of B replaces C by C, in which Og^l, a'^^a^-^X. Hence we may set a3=:l, 
a2=0. Using A=l, we get 

C = ay^ + a;y + 6^^ + 6y+ {ah^\)z\ 

Let T be an automorph of B which replaces C by a form C differing from C 
only by terms in rr^, «/^, ^. The single derived point (apex) of B is F= (100) ; 
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the apex of (7 is ^= (a 01). The three real points not on B and distinct from 
P lie on the co variant line x+y+z=0. The only real transformation, leaving 
fixed this line as well as P and A, is seen at once to be the identity or 

x=X + Y, y=Y, z=Y+Z. 

It replaces C by a form in which only 62 is changed, the increment to 62 being 
a + h+ab. The latter can be made unity unless = 6=0. Hence in C we may 
set 62=0 unless 62=li a = 6=0. 

Second, let a2=a3=0. By A=l, ai=6i = l. Hence C=B+Py where 
Z = 62y + M Unless i=0, we may set 62=1 a^d make bs=0 by use of (9). 

Hence C can be transformed by an automorph of B into one and but one 
of the seven forms 

B, B+y\ e=^xy+f+z\ f=aijz+xy + ha?+{ah + l)z\ 

The desired quartics are therefore equivalent to products of the latter by 
B, The product B^ occurs at the end of § 12. To B{B+y^) we apply {xzy) 
and get the third type (for a=0) at the end of § 24. Next, 5e=rc^«/^+a?V+Oio; 
it is the last type in § 18 for i = 6=0. For a=6 = l, Bf^x'+fz'^+Of^] it is 
the last type in § 19 for a = l, h=c=]=Q. J'or a=6=0, we replace x by x+z 
in Bf and get z^-{-a?z^+y^z^-\-Of,] it is next to the last type at the end of § 25 
for 6 = 0. In Bf with a = 6 + l we replace x\iy x+z and get 

6a;*+(6 + l)2* + 6i/V+a;V + 09. 

If 6 = 1, we apply transformation (2) and get z^-{-a?^-\-OQy which is the pre- 
ceding for 6=0. This type is a case of the last one in § 22. 

Our lists in §§ 12-25 therefore contain 5 + 6 quartics (including the two 
in § 12) which are reducible. There remain 192 non-equivalent types* of irre- 
ducible quartics modulo 2. 

Fundamental Set of Invariants of the Quartic Q. 

§ 28. Evident linear combinations of the invariants of Q constructed in 
§ 9 give characteristic invariants of the various systems ; C^ is characteristic 
for the system E + Of provided (7y=l if and only if Q is equivalent to a quartic 
of this system. For example, invariant «7 of § 9 is characteristic for the system 
E + 0^,. 

For each ; we constructed in §§ 12-25 a fundamental set 6", of invariants 
If of E + Ojj in which the coefficients of E are arbitrary integers, and deter- 
mined type forms Ei + O^, Ez+O^j . . . . to which all such forms are equivalent. 

* The only one equivalent to a binary form is that in the last line of § 24. 

44 
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Let the coefficients of Q=:E + be arbitrary integers subject only to the 
condition (7, = 1. Compute by §§ 4-7 the coefficients o', . . . ., ^ of E' in the 
form E' + Oj into which Q can be transformed. Let K^ be the function of the 
coefficients of Q which is obtained from /y(a', ....,/') by giving to a', . . . ., /' 
tlieir values in terms of the coefficients of Q. Then if /^ ranges over the set 
8j and j ranges over the values 0, 1, . . . ., 13, the C^ and the products C^K^ 
are invariants of Q forming a fundamental set. 

To prove this, let I^j be the linear combination of the 7y which gives that 
invariant of E + O^ which is characteristic of the class of quartics jEJ + 0^ which 
are equivalent to Ef + O^; thus I^j has the value 1 if and only if E + 0^ is 
equivalent to E^-\-0^. Let K^^ be the corresponding Kj. Then C^K^j has the 
value 1 if and only if Q is equivalent to E^ + O^ (the value if not equiva- 
lent to it) ; hence it is an invariant of Q and is characteristic of the class of 
quartics equivalent to E^+O^. Since the various CK completely characterize 
the classes of quartics, they form a fundamental set of invariants of Q. 
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Invariantive Classification of Pairs of Conies Modulo 2/ 

By L. E. Dickson. 



§ 1. Relation to a Generalization of Recent Problems on Point Sets, 

The projective classification of sets of points in a modular space has been 
utilized in several recent papers by the writer to effect a complete projective 
classification of modular curves or surfaces of given orders for low moduli. 
Finite sets of points in an ordinary space have been investigated quite recently 
by Coble. t For either modular or ordinary space, we therefore have informa- 
tion also concerning sets of elements (lines or planes) dual to points. But a 
new situation arises if we consider systems composed of points and lines (or 
planes). To such a problem we can at once reduce the problem of the classi- 
fication of one or more conies modulo 2. In fact with such a conic 

F = aiyz + OiXZ -f CLs^y + &i^ + b^y^ + h^z^ 
is associated covariantlyt an apex ^= (%, ag, a^) and a line 

L= (|3,+l)a;+ (i82+l)t/+ (iSs + l)^, 
where 

^i=&i + a2a3, /?2=&2 + aia3, Pz=h + (iiCf^ (a,=:a,. + l). 

Conversely, A and L evidently uniquely determine a conic F. 

When F is a double line, the a's are congruent to zero and there is no apex. 
When F is a pair of imaginary lines, the coefficients of L are all congruent to 
zero (^'Colloq.,'' p. 76, table). The converse of each statement is true. 

Hence the projective classification of pairs of conies F, F' modulo 2 is 
equivalent to the projective classification of the systems A^ L, A\ U of two 
points and two lines modulo 2, and the degenerate systems with fewer points 
or fewer lines. 

% 2. Geometrical Classification of Pairs of Conies. 

For the present, let the conies have apices A and A' which are distinct and 
lines L and U which are distinct. 

* Presented at the California meeting of the American Mathematical Society, August 3, 1915. 

t Trans. Amer. Math. 8oc,, Vol. XVI (1915). 

i Dickson, << Madison Colloquium Lectures," 1914, p. 60, cited as <'Colloq." 
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First, let neither A nor A' be on L or L\ Since there are only three real 
points on l=AA\ the intersection P of L and L' is on I. After a real trans- 
formation, we have ^= (001), P= (Oil), L=y+z. Then A' is the third real 
point (010) on l{x=0), and L' is the third real line x+y+z=^0 through P. 
Thus F=xy+a^+2\ F'=X2+y\ 

Second,* let neither A nor A' be on L', while A'j but not Aj is on L. After 
a transformation, we have l:=x, L=x+Zj U=x+y+z, whence ^'=(010). 
Since the intersection of I and L' is (Oil), A is the remaining real point (001) 
on I. Thus F=xy+y^ + z\ F'=xz + y\ 

Third, let A\ but not Ay he on L; A, but not ^', on L'. We may take 
L=x+z, U=x+y, l=x. Then Fz=xy-{-y^+s?, F'=xz+y^+z^. 

Fourth, let A be on L, A' on L'. If A is on L', we may take L=rr+t/, 
U = l=x, ^'=(010). Then F=iri/, F'=xz-\-z'. But, fifth, if ^ is not on L' 
and A' is not on L, we may take l=Xy L=x+y, L' = x+Zy whence F=xyj 
F'=xz. 

Sixth, let A be on L, A' not on L'. If A is not on L' and A' not on L, we 
may take l=x, L=x+y, L' = x+y+z. Then ^'=(010), F=xyy F'=xz+y\ 
But, seventh, if A is on L', and ^' not on L, we may take L=x+yy ^ = (001), 
^'=(010), whence L'=:yy F=xyy F'=xz+a^+y^+^. Again, eighth, if A is 
not on L', but A' on L, we may take ^=(001), L=x, U=x+y+Zy whence 
A'= (010), F=:xy+y\ F'=xz+y\ Ninth, if A is on L', and ^' on L, we may 
set L=Xy L'=yy ^'=(010), whence F=xy+y\ F'^xz+a^+y'^+z^ 

Next, if there are not two distinct apices (including the cases of an 
absence of one or both apices) and not two distinct lines L and L', two con- 
figurations of the same type are evidently protectively equivalent. The types 
of conies will not be listed. The same result was seen to hold in the above 
nine cases. 

Two pairs of conies modulo 2 are projeetively equivalent if and only if they 
have the same properties as regards existence of apices and covariant lineSy 
distinctness of apices and lines, and incidence of apices and lines. 

§ 3. Modular Invariants of a Pair of Conies. 

Since P = aiOL20is is or 1 according as F has an apex or not, it is an inva- 
riant of F modulo 2. Similarly, we have the following invariants of F and F' : 
P' = aJaJaJ; J = ^1^2^99 with the value or 1 according as L is not or is iden- 

* The companion case given by interchanging accented and unaccented letteri) will not be treated 
separately. Similarly throughout. 
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tically zero; J' — fi'ii^zfisl ^i = 2 (/!:?»•+ l)«o which is or 1 according as* ^ is on 
L or not on L; A[ for F'; ^1 = 2(^^+1)0^, which is or 1 according'as A' is on 
or not on L ; ^[ for yl on L' ; 

v = h{l+a,+ad, i3=n(i+/?,+/3;.), 

where i;=0 or 1 according as A and A' are distinct or coincident, while /3=0 
or 1 according as L and L' are distinct or identical. 

In view of § 2 and a general theorem ("CoUoq.," p. 14), these invariants 
form a fundamental system of invariants of P and F' modulo 2. 

§ 4. Certain Formal Invariants of F and F' Modulo 2. 

When the coefficients of F and F' are independent variables, instead of 
integers taken modulo 2 as hitherto, the invariants under all linear transfor- 
mations with integral coefficients taken modulo 2 are called formal invariants. 
Since Oi , ag , as are cogredient with Xj y, 2, 

A=:F(ai, a2, a^)=aia2fh+a\hi+a\h^+a\hj^ 
is a formal invariant of P. If we set 

B^=h\+a^az+a\+alj , B^=h\ + aia^+a\ + al, 

we find that (" Colloq.,'' p. 70) 

L=B^x+B^y+B^z 

is a formal covariant of F, which reduces to L of § 1 for integral coefficients 
taken modulo 2. Hence 

Ai=2a,B,, A; = 2a;.B;., 5i=2a;.5,, h[='Za,B\ 
are formal invariants of F and F'. From the universal covariant 

Qi = ^x* + Sojy + xyz^x^ 
we obtain the formal invariants of P 

C=2a}+2a?al+aiaaa3Sai , E^^lBX^^BiBX^B^BJB^B^ , 
which reduce, for integral values of a,., 6,., to 1+P and l+J of § 2. The 
remaining two universal covariants, which form with Q^ a fundamental system 
(" Colloq.,'' p. 76), vanish for integral values. Every formal invariant of P 
of degree < 4 is a linear function of A, Ai , and 

a = 2a<6< + 2a? + OyO^ + a^a^ + a^a^ . 

To form intermediate formal invariants, we construct the same function 
of F+kP' that a given invariant is of P. Thus Ai and A become 



* In this sentence, A denotes tlie set ai , 02 , as , whether or not aU the a's are zero. 
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Ai + khr + k% + A;^A; , A + ft5 + k^h' + A;' A', 
where 

h = aittgas + a^a^Qi + a^^a-^a^ + a?6i + a^fcg + ^^a^s 

vanishes if and only if vertex ^4 of F is on F\ while 5' vanishes if and only if 
^' is on F. From C we get 

C2 = 2 ( a\a'^ + ai^a^ + «?fl'2«3 + a'^a^a^ ) . 
3 

For integral a»-, 6,., the coefficients of k and A;^ vanish, while 

C2=i; + P+P' + 1 (mod 2), 
so that, if the conies have apices, the apices coincide if and only if C2^0. 
The formal invariant intermediate between a and a' is 

I^or integers, p=S+Si=5' + 5'i (mod 2). If in 6\ we replace the a's by B's, we 
get the formal invariant 

P^r integers, (T=/?+J+J' + 1 (mod 2). From E we get 

£? + kE^ + k^E^ + k^E^ + A:% + A^'^3 + A;'^2 + *^'^i + A'^', 
where, if c,,. = a^aj + «t^; j 

£l = 2Ci25?i?2, 

^2 = 2 (6-?2i?? + Cx2Cl3fi? + cl8i?2B3 + fi?52Si) , 

E^=^^{c^^B\B'^ + c^^cl,B^), 

where the sums are in the sense of symmetric functions. Evidently E'^ is 
derived from E^ by interchanging accented and unaccented letters. 
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On the Solutions of Linear Non-homogeneous Partial 
Differential Equations. 

By L. L. Steimley. 



The integrals of a partial differential equation of the first order were first 
classified by Lagrange, who separated them into three groups; namely, the 
general, the complete, and the singular integrals. For a long time this classi- 
fication was thought to be complete. In fact, Forsyth, in his "Differential 
Equations,'' published first in 1885, gives a supposed proof of a theorem stating 
that every solution of such a differential equation is included in one or other 
of the three classes named. This error is also carried through the second and 
third English editions and the two German editions, the last one being pub- 
lished in 1912. 

In 1891 Goursat pointed out, in his " Equations aux derivees partielles du 
premier ordre,'' that solutions exist which do not belong to any of these three 
classes, and showed, indeed, that the existing theory is not complete even for 
the simplest forms. 

In November, 1906, Forsyth, in his presidential address to the London 
Mathematical Society, emphasized the fact that the theory is incomplete, and 
in his closing remark said : " It appears to me that there is a very definite 
need for a re-examination and a revision of the accepted classification of inte- 
grals of equations even of the first order: in the usual establishment of the 
familiar results, too much attention is paid to unspecified form, and too little 
attention is paid to organic character, alike of the equations and of the inte- 
grals. Also, it appears to me possible that, at least for some classes of equa- 
tions, these special integrals may emerge as degenerate forms of some semi- 
general kinds of integrals ; but it is even more important that methods should 
be devised for the discovery of these elusive special integrals." Forsyth also, in 
an address delivered at the Fourth International Congress of Mathematicians, 
takes advantage of the opportunity offered, to again emphasize the incomplete- 
ness of the existing theory of partial differential equations of the first order. 

Some indication of the nature of the incompleteness can be seen from the 
equation 

xp+yq=z. 
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A general solution by Lagrange's method is aflforded by 

/(4>i.*2)=0, 

where / is an arbitrary function and where ^i= — and ^2= — • We can easily 
verify that 

y 

affords a solution of the original equation; but this solution cannot be put in 
the form of the Lagrange general integral, since the Jacobian 

is not identically zero. Consequently the so-called general solution is not a 
general solution in the true sense of the term, since not every solution of the 
differential equation can be put in that form. 

In the present paper we shall deal with the linear non-homogeneous equation 

XX.p.=Z, p.= ^, (1) 

where Xi and Z are functions of the variables 2:, jTi , rcg ,...., ^» • We shall 
assume, as we may without loss of generality, that all common factors of Z, 
Xi , Xg ,...., X„ have been removed ; and consequently we need not take into 
account the values of z which satisfy simultaneously 

Z=0, Xi=0, i=l, 2, ,w. 

We also assume that there is a set of values of the variables 0, a:i , 0:2 ,...., ir„ , 
in the vicinity of which the functions Xi and Z are single-valued and analytic. 
Throughout the paper we shall confine our attention to such a domain. 

In this paper a new and complete classification is given of all the integrals 
of equation (1). In the new classification, the so-called special integrals (except 
for trivial ones) are contained in the general solution. A means is developed 
by which all these elusive special integrals can be readily determined as soon 
as the Lagrange general integral is known. 

In order to obtain the solution of (1) we take the set of equations 

dXi dz , ^ ^ • /o\ 

-X^ = Z' *=1>2, ,n. (2) 

It is well known that (2) possesses m functionally independent integrals, one 
or more of which contain z explicitly. Let these integrals be 

^i{^7 a;i, 0^2, , x^)=Cij 1 = 1, 2, , w, (3) 

where Ci , Cg ,...., c^ are arbitrary constants. Not all the above n equations 
are free of z. 
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Any ^i{Zj Xiy X2y . . . .J x^) =Ci affords a solution of the original equation 
(1) if it involves z explicitly. Since it is an integral of the equations (2), the 
relations 

i^,''^'+^^='>' '=1-2 -. 

are consistent with (2). From (2) and (4) follows immediately 



(4) 



kplx,+ ^Z=0, i=l,2, 



n. 



(5) 



If the equation 

in which / is an arbitrary function of the quantities 4>i , ^2 > • • • m ^^n > determines 
one or more values of 2, then it affords solutions of (1), and is what may be 
called the Lagrange general integral. 

We have already seen that not ail the solutions of every equation (1) can 
be put in this form, and since they cannot, we wish to see just how they differ 
from it. We also wish to get a solution which will be general in the true sense 
of the term. 

Let 

'^{ZyX^^Xi, ,a;J=0 (6) 

be any equation whatever with the restrictions that it determines a z which 
satisfies equation (1) and that there is a set of values of the variables e, Xi^ 
0^2 ,...., ^n , in the domain which we are considering, such that in their vicinity 
-J/ and z are single-valued and analytic functions. 

Since ^1 , ^2 ^ . . . . , ^i» ^re functionally independent, not all the w-th order 
determinants of the matrix 

a^ 3$i d$i_ 

dz dxi dx2 

3^2 9^2 d^2 

dz dx^ 3x2 



3*1 

dx^ 

3*2 

dxn 



^ 9$5 9$n 9^ 

dz dxi dx2 ' ' ' ' dx^ 
vanish identically. 

Consequently one of the Jacobians 

9(4>1> ^2? > ♦•) 



or 



J.= 



d{z, Xi, X2J . .. 
does not vanish identically. 
45 



x^ 



«-i > ^i+i 9 



■,^n)' 



? = 1,2, .. 



». 
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If J ^ 0, then we can solve the system ^^=4)<(£;, iCi, a?2, . . . ., a?^), t=l, 2, 

y n, for iCi , a?2 ,...., a;„ , in terms of e, ^i , 4)2 , , ^^ . Substituting these 

values in equation (6), we get 

Two cases now arise. Either z is expressible in terms of ^i , ^2 > • • • • ? ^» j 
or equation (6') may be written in the form 

where d{z) is independent of 4)1, ^2, , ^«. ^{z) may be a constant. 

If z is expressible in terms of ^1 , ^2 ? • • • • ? ^« ? let us write 

^=^i(*i,*2,....,*n). (7) 

Differentiating z with respect to o;^ (t=l, 2, , n) we get 

a^~^*-.5aa^la^ + ^^V' *-i. 2,....,... (s) 

Multiplying the i-th equation in (8) by X< and adding the equations thus 
obtained, we get 

Hence, employing (5) and (1), we have 

or 

Z=0. (9) 

That is, if 

is a solution of equation (1), then this value of z satisfies Z=0. 

Consequently, if we wish to get solutions of form (7), we need to examine 
only those values of z which are determined by equation (9) and see whether 
they satisfy equation (1). Since no knowledge of differential equations or 
integration is involved in getting these solutions, it follows that they are trivial. 

If z is not a function of ^i , ^2 >••••? ^» 9 ^^^^ equation (6') can be written 
in the form 

^(2J)^2(*1,*2, ,*J=0, 

where d{z) is a function of z alone and may be a constant. 

Since the values of z determined by 6(s) =0 afford solutions of equation 
(1), we can easily determine the character of 6. The values of z determined 
by d{z) =0 are of the form z= a constant. (By exception this constant may 



Digitized by VjjOOQIC 



Non-homogeneous Partial Differential Equations. 363 

be infinity.) If 2= a, a finite constant, is a solution of equation (1), a direct 
substitution in that equation shows that for 2= a we have 

for all values of o^i , ojg , o^s ,...., a;„ . 

Therefore b{z)=0 determines only those (non-infinite) values of z which 
satisfy Z=0. 

K 

J.= ^r- ^(»i>»^>-->»n) ^ ^ 

where s is one of the integers 1, 2, . . . ., n, then the system ^i=^i{Zf i*?i, ^2> 
. . . . , a;„) , t = 1, 2, . . . . , w, can be solved; for 2;, iCi , ajg , . . . . , x^^ , x^^i ,...., a;„ 
in terms of or^ , 4^1 , ^ 2 9 • • • • ? ♦n • 

On substituting these values of z and Xi {x, excluded) in (6), we get 

-4^(2, Xi, X2, , xj=h{x,j ^1, 4>2, , ^n)=0. (6") 

Again two cases arise. Either x^ is expressible in terms of ^1 , ^2 > • • • • > 

where d,{x,) is a function of x, alone and may be a constant. 

If Xg is expressible as a function of ^1 , 4^2 > • • • • > ^n > l^t it be written as 

a;.=fei(<^i,^2,....,4>J- (10) 

Differentiating x, with respect to Xi (i=l, 2, ... .,w), we get 

*-=i.t(3r;+t4 *=i-2 «• <") 

where 5<, is equal to 1 or according as i is or is not equal to s. 

Multiplying equations (11) in order by Xj , X^ ,...., JC, and adding, we get 

Hence, employing (5) and (1), we get 



-■■=i.t(-t-+t4 



or 

X,=0. (12) 

That is, if 

affords a solution of (1), then this value of x^ also satisfies (12). 

Consequently we have the trivial case again. Such solutions can be deter- 
mined by processes independent of integration ^nd involve no knowledge of 
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partial differential equations. To get these solutions we take those values of 
z which cause X, to vanish, and determine whether they satisfy equation (1). 
If a?, is not a function of ^i, ^2, • • • •? ^»> ^^^^ equation (6") assumes the 
form 

fl.K)'^2(*i,<?^2,....,4>„)=0, 

where 6, (a:,) is a function of a;, alone and may be a constant. 

Summing up our results we have the following theorem : 

Let the general linear non-homogeneous partial differential equation be 
written in the form 

* dz 

2 X,(2, % , a?2 , , xJpi=Z(z, XjyX^j , a;J , p,= ^~ . (A) 

We assume that there is a set of values of the variables 2;, o^ , ajj , . . . . , a?„ , in 
the vicinity, of which the functions Z, X^ , Xg , , X„ are single-valued and ana- 
lytic. We confine our attention to such a doynain. We assume Z, Xi, X2, 
. . . . , X^ io have no common factor. 

Solutions may be obtained by examining the values of z determined by 
Z=Oy by Xi=0, by X2=0, . . . .^by X„=0, and by seeing whether these satisfy 
the differential equation (A). These solutions are^ however, trivial. 
All other solutions are determined as follows: 
Let n functionally independent solutions of the equations 

dxi dx2 dx^ dz 

Xi X2 x„ z 
be 

ip,{z, x^, ajj, . . . ., a;J =<^,, i = l, 2, . . . ., w. 

One of the Jacobians 

3(a?i, ajj, , a?„) 

or 

J _ 9(<?»1>»2, , »n) ._i 9 

does not vanish identically j since ^1 9 ^2 , . . . .» ^n ^^^ functionally independent. 

Two cases arise. 

Case I. If J ^ 0, the general single-valued analytic solution, except for the 
trivial solutions afforded by 

Z=0, 
may be written in the form 

0(e)F(0i,<^2,....,<?>n)=O, 

F being an arbitrary function of pi, ^2 j , 4>» involving z, and d{z)=0 being 
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an equation in z alone^ determining only those (non-infinite) values of z which 
satisfy Z=0. 

Case IL // t7,^0 {s being an integer such that l<s<n)j the general 
single-valued analytic solution^, except for the trivial solutions afforded by 

x.=o, 

may be written in the form 

F being an arbitrary function 0/ ^i, ^2? • • • •♦») involving 2, and 6, (a?,) being a 
function of x, alone. 

In any case the general single-valued analytic solution of (A), exclusive of 
the trivial solutions mentioned above, is 

e{z)e^{x^)e^{x,) . . . AMF{q>j, ^,y... ., ^j =o, 

F being an arbitrary function 0/ ^1 , ^2 >••••> ^» which iyivolves z explicitly; 

and B{z)j Oiixi), 62(^2)> > ^»(^n) being functions restricted as before. 

As an illustration of the theory let us take the example 

Pi tan a?i+P2 tail ^2= tan z. 

Here we get for our auxiliary solutions 

sin Xi sin a?2 

sin 2 ' ^ sin z 

The Lagrange general solution is then 

/(*1,*2)=0. 

where / is an arbitrary function of ^1 and 02 involving z explicitly. 

We can easily verify that 

• I • sin"+^ Xi ^ 

V/=sin z r-- — - =0 

sm** X2 

affords a solution of the original equation. But, since 

9(»i> »2> ^) ^o 
d{ZyXiyX2) "^ ' 

-4/ cannot be put in the form of the Lagrange general integral. 

e know that -J/ c 
d{z)F{q>^,^,); 



Since J = J", -v^SfeO, we know that -J/ can be put in the form 
S(a?i, Xi) 



thus we have 
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We see that in. this example d{z)= sin 2=0 determines only those values 
of z which cause Z, ^ tan 2, to vanish. 
Likewise, since 

^ a(|^M^O and J,=^^|^^0, 
d{z,x^) ^ d{z,x^) ^ 

-J/ can be put in the forms ^i(%)Fi(0i, ^2) and 62(^2)-P'2(<^i> ^) ; thus we have 



il/^ sin xA -^ )^ sm arni — - ^ ). 



x\ 



An example in which 6=0 or 0,=O may determine an infinite value of the 
variable is ailorded by the equation 

Here the auxiliary solutions are 

A so-called special solution is 

'^^^zxi — 2:2=0, 
3 

3 

Here 62(^2) is — ; equating % to zero, we have 0^2=00 . 
x^ 

An example of the trivial solutions is afforded by the equation 

(2— e*«)Pi+P2=^. 
Here the auxiliary solutions are 

Z 

Trivial solutions are 

i|.i=2— e*»=0, from Zi=0, 
and 

'4/2=2=0, from Z =0. 

Neither i^i iior 4^2 is a function of ^1 and <^2 • 

Indiana .Univebsity. 
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A Method in the Calculus of Variations. 

By Baikabd B. Bobbins. 



Intboduction. 

The Calculus of Variations originated in the discussion of the problem of 
finding the curve of quickest descent, the brachistochrone. This problem was 
proposed to other mathematicians by John Bernoulli* in 1696, and modifications 
of it have been discussed ever since. There was essentially but one method 
used by various mathematicians before Lagrange in dealing with this problem, 
a method developed most fully by Euler, who applied it to the general problem 
of minimizing a definite integral. The essentials of this method consist in 

1) Considering a definite integral as the limit of a sum and a differential 
equation as the limit of an equation in differences ; 

2) Using the fact that the first derivative of a function vanishes for values 
of the variable minimizing the function. 

Although Euler put his work in geometric form, his argument may be 
stated more tersely in analytic form as follows : 

The problem is to find a function y{x) such that y = y{x) minimizes 
^llF{x^yydy/dx)dx. Divide the interval x^x^ into n equal parts of length A 
and use the notation a;^.=a?o+iA. Then consider the problem of determining 
{Voj Vu ' " -> Vn) s^c^^ *s *^ minimize 

where Pi= (t/< — yi-i)/A. A set of necessary conditions is that 

^^AF^{x,, y,, Pi) — \F^{Xi^u y.+i, Pm)— -P'pC^o Viy Pi) 1=0, i=l,2, . . . ., w. 

Then Euler reasoned that since an integral is the limit of a sum and a differen- 
tial equation is the limit of a difference equation, the function y{x) minimizing 
the integral must satisfy 

* See Ostwald's Klaaaiker der Exakten Wiaaenschaften, Nr. 46. 
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Other methods have shown the conclusion to be correct. Furthermore, Knezer* 
has proved this by a modification of Euler's method. 

When Lagrange t introduced the term *' variation '^ and the suggestive 
notation **5'' to represent it and showed that d{hf)=h{df)^ analytic methods 
replaced the former geometric methods, with a gain in rigor and possibility of 
further extension of the theory. However, it would seem that this turn of affairs 
probably prevented the early recognition of as close connections between the 
problem of the Calculus of Variations and the ordinary problem of maxima 
and minima as actually exist. 

The first part of this paper is a development of the well known tests for 
a minimum of a function of several variables. It is introduced here because 
the methods of obtaining these tests are to be used later. The second part may 
be thought of as a comparison of an algebraic problem of minimizing a sum 
with the transcendental problem of minimizing a definite integral, the sum and 
the integral corresponding as in Euler's investigations. The theorems of Part 
II may be stated roughly as follows : 

I. If, as A decreases indefinitely, the solution (yi, ...., y„_i) of the 
algebraic problem approaches uniformly to corresponding ordinates of a curve 
y=y{x)y where y{x) is continuous together with its first two derivatives in the 
interval under consideration, then this curve y=y{x) satisfies the first three 
necessary conditions t for a solution of the transcendental problem. 

II. If the absolute minimum of the algebraic problem approaches a curve 
with a continuously turning tangent, this curve gives the absolute minimum of 
the transcendental problem if such exists. 

In Part III the converse problem is considered; it is shown that if y{x) 
minimizes the transcendental problem, then for n suflSciently large a solution 
of the algebraic problem exists as close as we please to y{x). 

In Part IV the problem of the Calculus of Variations is considered follow- 
ing formal analogies with the algebraic problem. An important characteristic 
of the method used in the algebraic problem is that the variations {rju . . . . , >7„_i) 
are unrestricted. To get a similar state of affairs in the transcendental problem 
of minimizing Si*F{Xjyyy')dXy we let the second derivative play the role of 
independent variable. This leads to the entrance of multiple integrals and 
shows clearly certain formal analogies between the algebraic and transcendental 
problems. 

* <'Euler und die Variationarechnung," Ahkandlungen zur Geschichie der Mathematischcn Wissen- 
schafien, XXV. 

t Ofltwald's KloBBiker, Nr. 47. 

X See Bolza, "Lectures on the Calculus of Variations," pp. 101, 102. 
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I. The Minimum of a Function of Several Variables. 

Consider ^{x^y x^, . . . .,xj a real function of the real variables {x^^ , a;„) 

of class* C" in a certain neighborhood R of the origin, |rr<| < A;,t=l,2, . . . .,n. 
Then for points {x^ . , , ., x^) within this regionf R, 

I. 4)(xi, . . . . ; xj -0(0, . . . . , 0) = 2 x,^,{0, . . . . , 0) 

inn 






in which we use the notation P=xl+ .... +^, (0 represents a quantity infini- 
tesimal with Z, and 

0,(a;„ ....,^n)^g|(^i, •••Mi^n); <^.y(^i, ' • • •' ^«) — ^^^^^^i' --.M^n). 

To find necessary conditions that ^{x^^ . . . .,x^) have a relative minimum 
at (0, . . . ., 0), we assume that (0, . . . ., 0) gives a relative minimum. Then 
for {xi, . . . ., fl/„) sufficiently near th6 origin, 

0(0, ....,O)<0(rri, ....,a;J 

and the left-hand side of I is positive or zero. In particular, 

r. (a;,, 0, . . . . , 0) -0 (0, . . . . , 0) = x,q>,{0, . . . . , 0) 

+ ^^<^i(0,....,0)+a;J(^,)>0. 

In order that this should not change sign with x^^ we must have 0i(O, , 0) 

=0. In this way we obtain 

1) 0i(O, ....,0)=0, 02(0, ....,0)=0, ...., 0JO,....,O)=O. 
Then I becomes 

II. <p{x,, . . . .,a;J-0(O, . . . .,0)-;^. i k x,x,^^{0, . . . .^0)+P{l), 
and r becomes 

ir. <p{x,, 0, . . . ., 0) -0(0, . . . ., 0) = ^^a;?0u(O, . . . ., 0) +xl{x,). 

For Xi sufficiently small the sign on the right in 11' depends on the sign of 
0ii(O, . . . ., 0)> if 0ii(O, . . . ., 0) :^0. Thus as a second set of necessary con- 

* ^ (Xi, . .. ., aon) in said to be of class C(f») in a given region if <p, together with aU its partial 

derivatives of orders 1, 2, , m, is continuous in this region. 

t See Goursat, "Cours d'analyse, t. I, p. 110. 

46 
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ditions that (0, . . . ., 0) give a relative minimum for ^{Xi, . . . ., a;„) we have 

2) ^«(0,....,0)>0; t=l,2,....,n. 

To examine II further, we introduce Vj, . . . ., t;„ defined by the equations 
Xi = lVi, x^ = lv^y . .., x^^lv^. 
Then II becomes 

<p{x,, . . . .,a;J-<^(0, . . . -,0)=lp[2^| t;,t;,0,,(O, . . . .,0) + (o]. 

For I sufficiently small the sign on the right is the sign of the quadratic form, 
unless this vanishes. Then as a third necessary condition that (0, ....,0) 
give a relative minimum for ^{x^, . . . ., a;„) we have 

n n 

3) The quadratic form ^ 2 ViV^^iAO, ... .,0) must be positive definite 
or semi-definite. 

n n 

Since 2 ic? = P, we have 1 v\=l; consequently 3) can be stated thus: 

i i i;,i;^<^,^(0, ....,0) 
n(t;„ . . . ., O-^^LM^^ , >0. 

We note that ^{vi , t;„) =n(cvi, . . . ., cv^). For this reason the function 

n 

fl takes all its values on the hypersphere in w-space, 2 vf =1. On this locus fi 

reaches its lower limit, i. e., takes on a minimum value, which is positive or 
zero. Let 

2 2 ViV.q>iAO, . . . ., 0)=L, 2 v\=M. 

For values (Vi, . . . ., i;„) for which fi is a maximum or minimum, >^ vanishes 

dVi 

for t=l, 2, . . . . , w. For such values we have 

a) M^ L:5-=0, t=l, 2, ,n. 

Differentiating, ^5— =22^yV,, -5 — =2y<, and conditions a) become 



b) 



«?>ll«l + t«V2+ +<^i„V« = ^Vi, 



where X is the value of L and therefore of H at {v^, . . . .,v„), L e., either a 
maximum or a minimum of £l. The necessary and sufficient condition that 
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this last set of equations have a solution (vj, . . . ., t;^) other than (0, . . . ., 0) 
is that 

(^11— X)^ 4>ln 

^2l(<?>22""^) 4>2n 



c) 



=0. 



^nl^m i^nn — '^) 

The roots of this equation in X are real* and condition 3) is equivalent to 
3') Every root of equation c) is positive or zero. For let Jl=Jl' be a 
root of c). For X=X equations b) are consistent. Multiplying equations b) 
in succession by Vi, Vj, jV^ and adding, we have for X=;i', 

i i ^,.(0, ....,0)t;,t;.=;i'ii;?, 
or 

n n 

l=li=i , =X'. 

2vf 

Since the left-hand side is positive or zero, we have yl'>0. Conversely, if 
every root of c) is positive or zero, so also are all extremal values of 

n(vi, , vj. 

To recapitulate: If (0, ....,0) is a point in the interior of a closed 
region E in which ^(rri, . . . ., ic„) is of class C", necessary conditions that 
4)(a?i, . . . ., a;„) have a relative minimum at (0, . . . ., 0) are: 

1) ^-|(0, ....,0)=zO, t = l,2,....,n. 

n n 

3) The quadratic form 2 ^ (pu (Oj . . . ., 0)rc,rr,. is positive definite or 
semi-definite; or 

3) The system b) has no solution other than (0, . . . ., 0) for Jl<0; or 

3) The equation c) in X has no negative roots. 

Conversely, if 1), 2) are satisfied and if equations b) have no solution 
other than (0, . . . ., 0) for >l<0, then ^{xi, . . . ., a;„) has a relative minimum 
at the origin. For the least root of equation c) is the least value of fi on the 

n n n 

locus 2 t;J=l; if this is positive; so also is 2 2 t;,t;.^<^ (0, . . . ., 0), and there- 

fore ^{xij yXj—^{0, . . . ., 0) >0 for I sufficiently small and (x^^ . . . ., a;„) 

^(0,....,0). 

* Proved by Cauchy, " Exercises do Math^matiques," IV, p. 145. 
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IL The Algebraic Problem and its Limit. 

Consider a real function of three independent real variables, F(a?, t/, p) of 
class C" in a certain simply connected region R of the xy plane and for all 
values of p. Let (r^o, yo)> (^n> Vn) be two interior points of fl, Xq<x^\ let the 
equation XQ+nA=x^j n being a positive integer, determine the quantity A, 
and let a;,-^a;o+iA, i=l, 2, . . . ., w — 1. Now consider the sum 

2/1 > ... .J Vn-i being such that the points (a;,, y,) lie entirely in R. This is 
obviously a function of precisely the type considered in Part I. We propose 
to consider for this particular function the conditions for a minimum derived 
in Part I, and at the same time to recapitulate the essentials of the argument. 

For n a fixed positive integer suppose that (Zi, . . . ., r„_i), such that 
{Xi^ r,) is an interior point of fl, t = l,2, . . . ., n — 1, gives a relative minimum 
for ^(2/1, . . . ., 2/n-i)- Then if >7i, . . . ., >7„-i are any w— 1 real quantities, 
a positive number 5 can be found such that when | f | < S 

1) <^(ri + e>7i, ...., Y,_^ + eY}^^,)-^{Y^,...,, r,_a)^0. 

Expanding by Taylor's series with a remainder (this expansion is legitimate 
with our hypotheses on F) and using the abbreviated bracket notation, 

in which >7o=>7„=0 and (f) indicates a quantity which is infinitesimal with s. 

Since the right-hand side of equation 2) must not change sign with £, for 
any real values (>7i, . . . ., >7„_i) we must have 



3) |J>7.F,(0+^^^-^^p(0}a=0^ 



Then the coefficient of each >7 in 3 ) must vanish. We can get the coefficient of 
Yii in 3) very readily by inspection, but to make the analogy to the method 
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of the Calculus of Variations more evident we use the formula for partial 
summation : 

IT W 

2 6t(a»— flt-i)= 2 ai{bi—bi^i)—a,^ib,+a„b^^i. 

i^P i:=P 

Since >7o=>7^=:0, this identity gives us 

. (F,{i)-F,{i + 1] 



i(^^-<=..)f,,i,=|„(?.(0_-_|^*±l)\ 



and 3) becomes 

i-,.[p,(i)_M±l^=^i»]A=0. 

Hence in this case conditions 1), Part I, are 

F,(.-)-5dii±t:Z.(i)=0, i=l,2 ,n-l. 

Also in 2) the coefficient of f* must be positive or zero; i. e., 

4) iJ,7|P,+2)7.^^^g.+ (^^-)'^^j ^>o. 

in which P,=F^(i) ; Qi^Fy,{i) ; Ri^F^{i). 

Let J be a positive integer less than w, and choose >;» == 0? *=#i> >7/=^0« 
(This is analogous to a method often useful in the Calculus of Variations of 
giving the minimizing curve an increment for a very short distance). Then 
the coefficient of yj) in 4) must be greater than or equal to zero, giving con- 
dition 2), Part I, for this particular problem, 

AP,+ 2g,+ ^i±^>0, ; = 1, 2, . . . ., n-1. 

Treating the quadratic form 4) in a manner closely analogous to that 
used in dealing with the second variation in the general algebraic problem. 
Part T, we have immediately, 

A. tii 4 ^ ^ / I 5 0. 

t=l 

Since the expression A is homogeneous of degree zero in the yi% it has 

the same value for the set (>7i, , >7„_i) as for (p)7i, , p)7n~i)- Then it 

takes all its values on the locus >7f + . . . . + rjl^i = 1/ A, a closed locus, and 
therefore it assumes its lower and its upper limits, and its lower limit is 
positive or zero. At points where extremal values are taken we have, from A, 

SiyjA^j— (numerator of A) — numerator of ^•2>7<A=0, t=l, 2, . . . ., w— 1. 
<=i orji 
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n n— 1 

For such points on 1 ri\A = l (or 2 >7?A=1, since >7^=0), 

5— (numerator of -4) = 2)7<A -X, 

where X is the extremal value of the fraction at the point in question. Per- 
forming the indicated differentiation and using the notation Ui — Ui^i = Si^< , 

V^P.-yi.^-^-- '' \ ' ^ +a^-<?m%^ =>7<^, *=1,2, n-1; 

or, re-arranging, 

t=l, 2, . . . ., n — 1. 

If (Zi, . . . ., r„_i) gives a relative minimum, system B can have no solution 
(>:i, . . . ., yin-i)^^ for X<0. It should be remembered that nQi=yj^=0. 

Summarizing : If (Ti, Zg, . . . . , r„_i) gives a minimum for ^(yi, . . . . , y«-i) , 
then 

r. ^,(i)_5^i±il=M)=o, i=i,2 n-i. 

ir. A^P,-f2A-g,+ii,+i+fl,>0, t=l,2, ....,ti-l. 

Iir. The set of equations B have no solution (>7i, . . . ., >7„_i)^0 for 
X<0 such that yiQ=yi^=0. 

Also, as in the general case, Part I, we have as suflScient conditions for a 
relative minimum, conditions T, 11' and 

III". The set of equations B have no solution (>:i, . . . ., )7„^i)^0, such 
that >7o=>7„=0, for ;i<0. 

We wish now to see what becomes of these conditions I', 11', III' as n, the 
number of divisions of our interval, increases indefinitely, assuming that the set 
(Zi, . . . ., Y^_i) approach the corresponding ordinates of a curve of class C", 
y{x) ; we hope in this way to show that y{x) satisfies certain necessary con- 
ditions for minimizing the definite integral, fl'^Fix, i/, dy/dx)dx. 

Let x' be a fixed abscissa of our interval, Xq<x'^x^j and for any par- 
ticular division of our interval let j be such that x^_i < a?' < a;^ . It is evident 
that j increases indefinitely with w, while Lt x^=ix' ] this will be indicated thus: 

Lt Xj=x'. 
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Assume that, as we increase the number of points of division x^ , the ordi- 
nates (Fi, . . . ., Y^^i) approach uniformly to the corresponding values of a 
function y{x) of class C" in the interval a?o<^<^n; ^- ^-j given e>0, N can be 
found independent of i such that whenever the number of divisions n of the 
interval (XqX^) is greater than Nj 

\Yi—y{Xi) I <€ for *=!, 2, . . . ., n—1. 
Then because of the uniform continuity of y{x) in the closed interval {XqX^), 
given 6 >0j N can be found independent of x' such that whenever n > Nj 
\Yf — y{^')\ <B for any x' of our interval. 

Assume furthermore that Lt (7,— y,_i)/A=y'(a?J, and that this limit is 

approached uniformly. Then because of the uniform continuity of y'{x) in 
(xqX^), Lt (Ty— ry_i)/A=t/'(a?'), and this limit is approached uniformly for 

all values of x\ 

These assumptions, together with the assumption that F^ is a continuous 
function of its three arguments for (x^y) in region R and for all values of p, 
gives us that 

Lt fJx„ Y„ L=^']=F„[x', yix'), t/'(a;')], 

n=»,;=» L ^^ J 

and that this limit is approached uniformly for all values of x' involved. 
(When convenient, we shall denote the arguments [x,y{x), y'{x)] by [x].) 
Just as with F^, it is evident that F^ , F^^ ,F^,F^, F^, , F^^^ , F^^,^ , Fj^y , F^ , 
with the arguments (;), approach uniformly to the corresponding functions 
with the arguments [a;'], in the interval Xo<x''^x^. 

We shall now consider equations I' as n increases indefinitely : 
V. AFy{i)+F^ii)-F^ii+l)=0, i = l,2, ....,n-l. 

We wish to show that y{x) satisfies Euler's differential equation; i. e., that 

I. F,[x]-^F,[x]=0. 

From r we have 

5) F^{l)-F^{j) + lFy{i)'A=0. 

Since Lt x^—x'j and since Fy(i) approaches Fy[a?,] uniformly as n increases 

indefinitely, 

Lt 'lFy{i)'A = f^J^Fy[x]dx. 



Also 



LtF,{l)=F^[Xo]; Lt F^{j)=F^[x-]. 

n=oo n=a>,/=oo 
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Since the limit of a sum is the sum of the limits, it follows from 5) that 

Differentiating with respect to a;', we obtain equation I for x in the interval 

^o<^<^«- Since F^ and -r-Fp are continuous, it follows that equation I 

holds for all values of x in the closed interval Xq'^x'^x^. 
We may write T in the form 

F,{j)-F^{j+e,)-^j±^F,^{j+e,)—^ — ^ — ^'^-F,,{j+e,)=o, 

in which {j+6i) indicates that the arguments are taken between those indicated 
by (j) and by (^+1). We know that Lt of each function involved in this 

n^cDf ;s=oo 

last equation exists and is approached uniformly throughout the interval with 
the exception of the fraction in the last term. Then if we assume that 
Fpp[x]^0 in the interval Xq'^x^x^^ i. e., that F^{x, y^ p)^0 along y(a:), 
we have 

r. f>Yi^i-f>Yi _ F„ [x'] -F,A^'] -y'{x')F„[x'] 
„=..'=. A^ -" F„\x'] 

From equation I we obtain 
Hence, 



^ ^ ' F„[x'] 



6) • Lt ^-^t;^/ = y"(a:'), 

and furthermore this limit is approached uniformly for Xq<x'^x^. 
Consider condition 11', which we rewrite, 

ir. A'P^+2AQf+R^^,+Rf-0. 

It is evident that 

Lt \A'P,+2AQ^+R^^,+R,\ =2F^[x']. 

Thus we get, as the limiting form of the second condition, 

II. F„[x]^R[x]>0, iCo<a;<a;,. 

Assuming as above that Fj,^[x]4^0, we have 

11". F„[x]>0. 

We shall now use condition III' to show that if u{x) is a solution of 

Mu)^^-{Ru')-{P-Q')u=0, 
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377 



such that u{xq) =0, u{x)^Q (the arguments of P, Q\ R being [a;] ), then u{x) 
has no root between x-=Xo and x=x^; i. e., u{x) :^0, in the interval Xo<x<x^. 
' We shall make use here of the two following theorems : * 
a) Given the system 



^(fe(.)^)+[X^(.)-^.)]«=0, 



u{a)=a'j 

ti'(a) =a, 

in which k{x)>0, g{x)>Oj k{x) is of class C, a<a;<6 and g{x), l{x) are 
continuous in the same interval, and a, a' are constants not both zero ; there 
is one and only one value of the parameter X for which the solution of this 
system has a specified number (including zero) of roots between a and h and 
is such that u{h) = 0. 

b) Given the systems 

u{a) =0, 

u{a)=Oy 

in which xi , x^ are functions of x of class C, and Gi , Crj are continuous in the 
interval a < a; < 6 ; furthermore, G^ < G^ and < Xg < ;ci . Let Ui{x) be a non- 
identically vanishing solution of the first system and u^ix) likewise for the 
second. If u-iix) has k roots in the interval a<a;<&, then u^{x) has at least 
k roots in this interval and the t-th root of u^ix) is smaller than the t-th root 
of til (a;). 

Suppose that '^{u) -0 has a non-identically vanishing solution, u{x)y such 
that ti(a;o)=0, w(a;')=0 for some number x' such that a:o<a;'<a;^. To prove 
our theorem we shall show that this supposition leads to a contradiction; in 
fact it leads to a solution of the difference equation system B, (>7i, . . . . , >:„_i)^0, 
such that )7o=>7„=rO, for X negative. 

Making use of the above theorems a), b), our present supposition gives us 
that there is one and only one value ^ < such that the solution of the system 

\'^{u)-\''^u=Q, 

7) ti(a;o)=0, 

w'(a;o)=y, 

* Given in this form by Professor Bdcher in lectures. See also in article by B6cher, Bulletin of 
Amer, Math. 8oc., Vol. IV, p. 298, I, and p. 304, VII, and Transactions of Amer. Math. 8oc., Vol. I, p. 418. 

47 
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in which y is a positive constant, has x=Xn as its first root to the right of 
x==Xq. If we replace Xq by Xq — 5, 5>0, the solution of system 7), w(a?, ^o — ^Y 
does not vanish in the interval Xq'^x'^x^ and u{x^) is positive; for Xq replaced 
by ^ + 5 the solution u{Xy ^+S) vanishes within the interval {XqX„), and for 5 
sufficiently small, u{x^) is negative. 

The plan is first to show that we can get one solution of the difference 
system B, with >7o=0, as near to u{Xy Xq — 5) as we please and therefore with 
>7„>0, and one as near to u{Xj ^+6) as we please and therefore with >7n<0. 
Then by holding n fast and varying X between Xq+6 and Xq — 5 we shall get a 
solution of B such that >7o=>7n=0, for some negative X, which contradicts condi- 
tion iir. 

The solution of the linear differential system 

'4^{u)+Xu = 0y 

8) \ u{xo)=0, 

u'{xo)=y 

can be obtained by the Cauchy-Lipschitz method as the limit approached by 
the solution of the linear difference equation system (using our previous 
notation, 5)7,- = yji — >7^_i) , 

9) - i=0,l, 2, ....,n— 2, 

>7o = 0, 
>7i=:Ay. 

The theorem involved here may be stated as follows : 

Given /(a;, y, v), g{x, y, v) real continuous functions of the three real 
variables {x, y^ v) in the region R: jo; — a?o|<a, |y — 2/o|<fc, \v — v^\<hj 
satisfying the inequalities 

\f{<^yy\v')-f{x,y,v)\<Wy'-y\+h^\v'-v\, 

\y1c^ being constants and (a?, y', v'), {x^y^v) being points in R] then there 
exist solutions yix)^ v{x) of the differential equations 

f^ = f(x,y,v), ^ = g{x,y,v), 

satisfying the initial conditions y{ii>o) = yQ, v{xo) = Vo. These functions are 
approached by the solutions of the difference equation system 

lvi+i—Vi= {Xi+i—Xi)g{Xi, yi, Vf), i=l, 2, , n. 
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in which x^^^^x is a point of the interval \x — Xo\ < fc in which the solutions 
of the differential equations are continuous, x^^ x^^ . . . ., a?„ being points of the 
interval (xqX) ; the approach mentioned occurs when the number of divisions 
of the interval {xqx) is increased indefinitely and the length of the longest 
interval {XiXi+i) is decreased indefinitely.* 

Furthermore, the solutions of the difference system approach y{x)y v{x) 
uniformly in any interval which, with its end points, lies within the largest 
interval in which the solutions y{x)j v{x) of the differential equations are 
continuous and f^g satisfy the conditions originally imposed.! 

An examination of the proof of this theorem shows that it holds with no 
essential changes if in the difference equations we replace /(ir^, t/^, v<), 
di^iy Vij '^U) by functions which approach these values uniformly for all values 
of x' in the interval of convergence of the solution y{x)j v{x) when i increases 
with n in such a way that Lt Xi=x\ It is of course essential that the sub- 

11=00 

scripts in the difference equation system be such that t/^ , Vi can be determined 
in succession when t/o, Vq are given. 

It is this generalization of the theorem which is of use in the present 
problem. 

The differential equation '4^{u)+^u=0 is equivalent to the system 
du 



10) 



dv {P—Q'—?.)u—R'v . . 



and the difference equation system 9) is equivalent to the system 



11) 






which evidently corresponds to the above system of differential equations in 
applying the Cauchy-Lipschitz theorem. The functions /, g satisfy a Lipschitz 
condition since fl^^O and f^g have continuous first partial derivatives with 
regard to a;, w, v in the neighborhood of the solutions u{x)yV{x) satisfying the 
initial conditions u{Xq) =0, v{Xo)=y. 

But instead of the difference system 9) we should like to be able to sub- 
stitute system B, Part II. More precisely, we wish to show that for ri sufficiently 
large, solutions of B exist uniformly close to corresponding solutions of system 
8) for certain values of ^. 

* Picard, "Traits d'analyae," t. 2, p. 322. 

t Picard, "Traits d'analyse," t. 2, p. 332, and Lipschitz, "Lehrbuch der Analysis," Bd. 2, p. 604. 
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System B is equivalent to 



12) 



v<+,— v<= 



( 



i=0, 1, 2, . . . ., 11—2. 

From the extension mentioned of the Cauchy-Lipschitz theorem we see that 
we can replace system 11) by system 12) if we can show that, as n increases, 
Pi+iy (Qi+2— Qi+i)/A, (i2t+2 — /2,+i)/A approach uniformly to P[rc..], Q'[rrJ, 

That Pi^i approaches uniformly to P[iP<+i] has already been shown. Then 
Pi+i approaches uniformly to P[Xi] because of the uniform continuity of P[x] 
in the interval Xq^x^x^. 

To show that {Qi+i — Q,+i)/A approaches uniformly to C[a;J, we note that 

in which (i+l+d) means that the arguments are between (i+2) and (i+1). 
Dividing through by Xi^2—^i+i j i- «• by A, and using the information regarding 
limits including equation 6), we see that Lt of the right-hand side exists. 



»i=oo,<+2=8 



^. e.. 



n=oo, »+2aaO0 



Furthermore, the limits on the right are approached uniformly, and from this 
fact, together with the uniform continuity of y{x)y y'{x) and Q'{x) in the 
interval Xq'^x^x^^ it follows that (Qt+2 — Qt+i)/A approaches uniformly to 
Q'[Xi\j t = l, 2, ... ., w — 2, when n increases indefinitely. Exactly similar reas- 
oning gives similar results for (jRf+g — 'Bt+i)/A. 

Thus the solution of system 8) is approached by the solution of the 
difference equation system 

A 



13) 



R 



i+l- 



+ -a"-x + (%'-'^'+^)'^' 



+ Q 



^+1" 



5>7t+i_n ^>7» — 



Qi^'=0, i=l,2, ....,n-l. 



. >7o = 0, >7i = y • A. 
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Furthermore, since the coeflScients P, Q', R in the differential system 10) are 
of class C and Fpp4^0 in a region of the xy plane including the locus y=y{oo)j 
^o<^<^» and for all values of the third argument, a solution of system 11) or 
12) approaches a corresponding solution of system. 10) uniformly in the 
interval Xq^x'^Xj,, when w increases indefinitely; and similarly the solutions 
of system 13) approach uniformly to the solutions of system 8) as w increases 
indefinitely. 

Then for X=/lo— 5 and n sufficiently large the solutions of 13) are always 
positive, t>0 and >7n(>^o— 5) >0, while for X=^q+8 and n sufficiently large, 
>7„(^-f5)<0. Now choose n=N sufficiently large that >7n(>^o--5)>0, >7„(^o+5)<0 
and hold n fast. Then >7„(>l) is a continuous function of ^, and foi^ some X' 
in the interval Xq— 5<^</lo+5, and therefore negative, we have )7n(^')=0. 
Thus, if there is a solution of '^^{u) =0, vanishing at x=Xo and again at x=x\ 
where Xo<x'<x^y and not vanishing identically, then there exists a X less than 
zero such that in the corresponding solution (>7o>7i • • • • >7n-i>7n)> ^^^ identically 
zero, the variable yj^ is zero. But this contradicts condition Iir, and therefore 
a solution w(a;) of '\i/{u)=0 such that ii{xo) = and u{x)=^0 can not vanish 
in the interval Xo<x<x^. 

The results of this work can be summarized in the following 

Theorem I. If the following conditions holdj 

1) {T1T2 Yn^-i) such that (XiYi), ,(a?„_iIVi) lie entirely in the 

interior of region R give a relative minimum for ^(t/it/2 . . . . yn-i) 
in R; 

2) As n increases indefinitely {Y^Y^. , . . Tn-i) '^^^ uniformly toward 
the corresponding ordinates of a curve y{x) of class C" lying entirely 
in the interior of R and going through the fixed points {x^y t/o)> 

(^n,J/»); 

3) When j is allowed to increase with n in such a way that x^ approaches 
a definite value x\ Lt (Ty— yy_i)/A exists and is equal to 

n=oo, y=Qo 

dy{x)/dx\^^^; 

4) t'„[x,y{x), t/'(a;)]^0, Xo<x<x, {y' (x) = dy {x) / dx) : 
then it follows that 

I. y{x) satisfies Euler's differential equation, 

F„[x,y{x),y'{x)]--^F,[x,y{x),y'ix)] = 0. 

II. B>0 along* y{x); i.e., F„[x,y{x), y'ix)]>0, Xo<x<^x^. 

• Notice that under hypotheses 1, 2, 3 we have proved that F,plx, y(x), y'(sB) ] > 0. 
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III. If u{x) is a solution of Jacobins equationj 

vanishing for x=Xo but not vanishing identically j then u{x) does not vanish 
in the interval Xq<x<x^. 

Thus we see that y{x) satisfies the first three necessary conditions* 
usually given for a function giving a relative minimum of /'•F(a;, y, y')dx. 

It is well to notice that we can make this theorem somewhat stronger by 
replacing the first hypothesis by the part of it which we have really used; 
namely, instead of assuming that (Ti- . . .r„^i) furnishes a relative minimum 
for <p in JB, we need merely assume the three necessary conditions for a relative 
minimum in the algebraic problem. 

We note also that our conclusions are not sufficient conditions for y{x) to 
give even a weak minimum of SllF{Xyy,y')dx. Furthermore, if we assume 
sufficient conditions for a proper minimum in the algebraic problem, and 
nothing more, we should not be surprised at being unable to show that the 
conjugate point t x' is beyond a;„, for the form A may be positive for any par- 
ticular n and still approach zero as n increases indefinitely. However, if we 
assume sufficient conditions for a proper minimum in the algebraic problem and 
assume furthermore that as n increases indefinitely the least value ^ of A 
approaches a positive limit, not zero, then our method shows that the conjugate 
point x' is beyond x^ if existent and our conclusions are sufficient conditions 
that y{x) give a weak minimum for fi;F{Xy y, y')dx. 

The above discussion leads to the consideration of the following 

Theorem II. If we assumCj 

n 

1) (Ti . . . . r„_i) give the absolute minimum for 2F[rr,, y<, (t/, — 
J/t-i)/^]A, {Xi, yi) being in region R; 

2) As n increases indefinitely ^ {Y^. . . .Y^_i) approach uniformly the 
values of the corresponding ordinates of a curve y=y{x) lying in 
the interior of fl, of class C; 

3) As j increases with n in such a way that Lt Xj=x% 

11 = 00 

Lt (r,-r,_,)/A 

flssao^ /=oo 

exists and is equal to y'(x')^ and this limit is approached uniformly 
in the interval Xq<x'^x^: 

♦ See Bolza, "Lectures," pp. 101, 102, 

t For definition of conjugate pointy see Bolza, "Lectures," p. 60. 
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then it follows that 

II. If there is a curve of class C lying entirely within R and giving 
the dbsolate minimum for SllF{Xjyjy')dXy then y{x) is such a curve. 

Proof: From hypotheses 2), 3) and the uniform continuity of F{x, y, p) 
for {Xj y) in R and p varying between any two fixed limits, it follows that 
as n increases indefinitely F[Xij 7^, (Yi—Yi__i)/A] approaches uniformly to 
P[^ij y{^i)y y'(^i)]j i=l, 2, . . . ., n. From this in turn follows conclusion L 

Let yi. . . .y„_i be the ordinates of any other curve y=y{x) corresponding 
to the abscissas oji , . . . . , x^_i , y{x) being of class C and y=y{x) being interior 
to region R. We wish to show that 

Sl;F{x,y{x),y'{x))dx>SliF{x,y,y')dx. 

n 

For n suflSciently large 2 F[Xi^ yij (y*— j/<_i)/A]A is as near as we please to 
Si;F{x, y, y')dx. But from the first hypothesis 

Then using conclusion I, we read from this inequality conclusion II. 

III. From the Transcendental Problem to the Algebraic Problem. 

Although sufficient conditions for a solution of the algebraic problem do 
not give a solution of the limiting transcendental problem, it is interesting to 
note that if, conversely, y{x) satisfies sufficient conditions for a weak minimum 
of /J;F(a;, y, y')dx, then for n sufficiently large we can find a solution of the 
algebraic problem. To prove this we consider first the 

Theorem : If the following conditions holdj 

1) y=y{x) is a solution of Euler's equation^ of class C" in the interval 
^o<^<^n> going through the points {Xo,yo), (a;„,y„) and lying 
entirely in the interior of the region^ R; 

2) The conjugate point to Xq is beyond x^ or non-existent; 

3) Fpp is positive along y{x) ; 

4) y{x) is of class C in an interval Xq — 5<a;<ir„ + 5, where h is some 
positive constant: 

thenj given e>0^ N exists, independent of i, such that whenever n>N a solution 
of the system 



* The notation here is the same as at the beginning of Part II. 
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exists, satisfying the relations 

\yi—y{^i)\<e, 



■IM =0, 



i=l,2,. 



n — 1, 



a) 



yi—yi-\ 



-y'i^i) 



<e, t = l,2, . 



n — 1, 



A 

t>) yn=yi^n)- 

We shall show first that for n sufficiently large the system 
yo=yi'iOo), 



r 



,n— 1, 



^-'-^^' = y'M 



has a unique solution satisfying conditions a). 

Let Xy y, p be taken as the rectangular coordinates of a point in space. 
Since F^^ is positive along y{x), we can construct a "tube'' S including as 
interior points all the points [x^ y{x)y y'{x)] and such that Fj^{Xj y, p) is 
positive for all points of this tube.* Let 

1) v=F^{x,y + p'A,p) 

define a transformation of the points of the four-space (a;, y^p; A) such that 
i'^j Vy P) is a point in 8 and A is a small positive quantity, into points of 
(a;, y, v; A) space, and let L denote the image of y{x)y i. e., of [a?, y(rc), 
y'{x) ; 0]. We shall denote the locus [a?, t/(a?), y'{x) ; 0] by k. The function 
^pi^jV+P'^yP) is of class C in a region of (rr, y^p; A) space including as 
interior points the points of the locus k. Differentiating this function with 
respect to p, we have 

F^j,{x, y+p ' A, p) +A* Fj,^{Xy y+p ' A, p), 

which is positive along the closed interior locus k. All the hypotheses of the 
extended theorem of inversion t are fulfilled, so that 

a) A positive quantity p can be found so small that to each point 
{x,yyV] A) in (L, p), the image of the p-neighborhood of ft, ftp, there corre- 
sponds one and but one point (a?, y, p; A) of kp. 

b) The inverse function ^, 

2) p=^{Xyy,V]A), 
is of class C in (L, p). 

* See Bolza, " Vorlesungen iiber Variationsrechnung/' p. 157, Lemma II. 
t See Bolza, "Vorlesungen," p. 160, b; p. 163, c. 
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c) Corresponding to p we can find a positive quantity a such that to each 
point of the cr-neighborhood of L, L„ there corresponds, through the trans- 
formation 2), one and only one point in ftp. 

If there is a solution of I' satisfying conditions a) as desired, choose A 
so small that [a;^ y, («/<— t/,_i)/A; A] lies in ftp, t=-l, 2, . . . ., n — 1. Let 
Ppi^ij yi-i+^Piy Pi) = Vi-i, where Pi^{yi—yi^i)/A. Then from 2) we have 
Pi=^{Xiy y<_i, Vi^i; A), and the solution of system V lying in k^ becomes a 
solution of the following system lying in (L, p) : 

^{^iiVi-ij ^i-i; A) | = A-/i(a;<, j/,.i, i;,._i; A), 

yi—yi-i-{^w—Xi)^{(x^iy 2/i-i, v<-i; A), 

2/o=J/(^o); (j/i— yo)/A=t/'(a?o). 

Conversely, if II has a solution in L„ , then T has a solution in ftp . Thus the 
system II is equivalent to system T. 
Euler's differential equation, 

Fy{x,y,y')-^^F,{x,y,y') = Q, 

is equivalent to the system 



II. 



III. 



dv 

^ =*(a?, y, v)=f{x, t/, v). 



in which <l>(a;, t/, v)=^(a?, y, t;; 0). Then our hypothesis is that [v(a?), y(a;)] 
is a set of solutions of III, y {x) being the original extremal and v [x) = 
Fj,[Xjy{x)yy'{x)']. The functions g{Xj yjV)^ f{Xyy,v) satisfy a Lipschitz 
condition in the sub- region of (L, p) in which A=0, since they are of class C 
in this region. Then the solution [v{x)j y{x)] of III is approached by a 
solution of the difference equation system, 

jy r Vi—Vi^i = {xr-x^-,)F^[x^^i , y^i , <E)(a;,_i , y^^^ , t;,._i) ] , 

I yi— yi-i= (^t— ^v-i)*(a;,_i, y,._i, t;,_i), ^=1, 2, . . . ., w— 1. 

Comparing this system with II, we note that since ^(a?, y, v; A) is of class C 
in (L, p) and Fy is continuous in its three arguments in the region of interest, 
the fimctions on the right in II approach uniformly to the corresponding 
functions on the right in IV as n increases indefinitely, t=l, 2, . .. ., w— 1. 
Then the generalization of the Cauchy-Lipschitz theorem, specified in Part II, 
informs us that for n sufl5ciently large system II has a solution as near as we 
48 
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please to [v{x), y{x)]; i. e., given f>0, A^ can be found such that whenever 

n>N, 

I y^—y {x,) I < e, | v^—v (x,) \ < €. 

Furthermore, N can be chosen independent of i. Here we use the fact 
that the Cauchy-Lipschitz method gives, for n sufficiently large, solutions of a 
difference equation system uniformly close to the solution of the differential 
equation system in any interval which, together with its end points, lies in an 
interval in which the solutions of the differential system are continuous. We 
have assumed y{x) to be of class C for a;o— 5<a;<a;„+5, 5>0. That v{x) 
is continuous in such an interval follows from this restriction on y{x) and the 
continuity of Fj, for {x, y) in R and for all values of p. 

We have, also, 

^'~^'~^ —y'{^i)=1>{^i, 2/i-i, t;,-i; A)— <^(a;,, y{x,), v{Xi) ; 0). 

Since ^ is continuous in (L, p), N exists independent of i such that 

^^^-J/'(^i)|<^, t = l,2, .... t^, 

whenever n>N. It is evident that the solutions of systems II and V are unique. 
Having established the existence of a unique solution of V satisfying con- 
ditions a), we are in a position to use the idea of a set of extremals through a 
point to prove the theorem stated above. Since we assume that the conjugate 
point of Xq is beyond x^ or non-existent, y{x) is one of a set of extremals* 
y{Xjy) through (xqj y^)^ y being the slope of the curve y=y{x^ y) for x=x^^ 
which do not intersect in the interval x^<x<x^. Let us write y^ = y' {x^. 
Then there exists a positive number d^ such that when | y — y^ \ < dx the corre- 
sponding extremals do not intersect in the interval x^<x^x^. Also a positive 
number d^ exists such that when \y—y^\<^d^^ F^ is positive along y{Xj y). 
Then the hypotheses for the application of the Cauchy-Lipschitz theorem are 
satisfied in the neighborhood of anyone of the curves t/(^,y'), where |yo""y' | <^> 
d being the smaller of d-^ and d^, . Furthermore, an examination of the Cauchy- 
Lipschitz proof shows that the theorem applies when the initial value of v, t;© 
is made a function of the parameter y, | y^ — y \ < rf, and therefore we have that 
for a given f > 0, N^ can be found independent of i and y such that, whenever 
n>h\, 

y.(y)-y.-i(y) _y.(^^^y) <,^ i = l,2, ....,n; |y-yoi <rf, 
in which the set t/i(y), . . . ., .Vn(y) is the solution of I' for y'ix^) =y. 

♦ See Bolza, "Lectures," p. 61. 
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Our conclusion is that for n suflBciently large we are able to get the solu- 
tion of the difference system I' uniformly close to the corresponding extremal 
throughout the interval Xq'^x^x^ and for |y — y^l <rf, y being the initial slope 
of the extremal in question. We are now in a position to prove the original 
theorem ; i. e., to find a solution of the system I satisfying conditions a) and b) . 

As a function of y alone, y{(c,y) and y'(a?, y) are continuous for 
\y — yo|<<^- Then a positive number d^ exists such that 

whenever |y— yo|<rf8. Let yi,y2 he such that yi<yo<y2> y^— yo<<^3> yo— 
Yr<dz. As a function of y alone, y{x, y) is an increasing function, since the 
set of extremals through {xq^ t/o) do not intersect in the interval in question, 
and there exists a positive number h < e/2 such that 

J/(^»,y2)— J/K,yo)>^, 

2/K,yo)— j/(^«,yi)>'^. 

Now choose ^2 so large that for n>N2 

yiir)—y{^iyr)\<h 

ydr)-M^ yaY<n^ 

Choose n=n'>N^ and hold it fast. Then the inequalities t/n'(yi) <yn'(yo) < 
J/n'(y2) hold. Also y^'iy) is a continuous function of y, |y— yo| <d^. Then 
for some value of y, y=y' such that yi<y'<y2, y«'(y') =y(^«, yo). Further- 
more, |y,(y') — t/(a;i,y')|<e/2and |t/(a?,, /)— y(^i, yo) I < c/2. 

••• |y»(y')— 2/(^i,yo)|<f, 

and similarly. 

Thus, in 1/1 (y'), . . . ., yn'(y') we have a solution of system I satisfying con- 
ditions a) and b). 

To carry out the plan of Part III we wish now to show that for n suffi- 
ciently large a minimum of the algebraic problem exists. We shall show that 
(2/1 > • • . ., y»-i) exist satisfying the sufficient conditions T, ir III" of Part II 
for the desired minimum. We already have the existence for n sufficiently 
large of a solution (j/i, . . . ., j/^-i) ^^ 

I. F,(t)-^'i*+^^^>=0, i=l,2,....,n-l, 
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going through (a^o, j/o)> (^n> Vn) ^^^ ^s TLeB,r to the extremal y{x) as we please. 
To show that, for n sufficiently large, condition 

II. A^P,+2Ag,+fl,+i+fli>0, i=l, 2, . . . ., n-1, 

is satisfied, we note that we can make fl<, fl<+i as near to F^lx^^ 2/(0?^), y'{x^)^ 
as we please and therefore positive, and that P<, Qi remain finite. It is sufficient 
now to show that the difference equation system B, Part II, has no solution 
(>7o> >7i> ••••>>?») iiot vanishing identically, such that >7o=)7^=0 for X<0. (It 
should be noticed that the equality sign in ^<0 is especially important.) 

We have in Part II that for n sufficiently large a solution of the difference 
system B such that >7o=0, (>7i, , >7n-i)^0 is uniformly close to 1^ corre- 
sponding solution of the system 



3) 



A(fl^') + (g'_P+X)>7 = 0, 



dx 

>7(^o) = 0; n{x)^Q. 

But by hypothesis the conjugate point to Xq is beyond x^ or non-existent. This 
means that if solutions of 3) for X=0 vanish for any x greater than x^y the 
next root, x\ is greater than x^\ then a theorem* of Sturm's tells us that for 
;i<0 the next root would be still further to the right. It is^ therefore evident 
that for n sufficiently large no solution of the difference system exists for X<0 
such that 77o=>7n=0 and (>7i, . . . ., >7^_i)^0. Thus for n sufficiently large we 
have the existence of (t/i, . . . ., t/^-i) satisfying the sufficient conditions stated 
in Part II for a relative minimum of the algebraic sum. Furthermore, it is 
well to note that for n sufficiently large the ordinates (j/i, . . . ., y»-.i) are as 
close as we please to the extremal giving the assumed minimum of the trans- 
cendental problem. 

IV. The Transcendental Problem Following Formal Analogies 
TO THE Algebraic Problem. 

There is evidently a very close correspondence between the algebraic and 
the transcendental problems which we have considered. The purpose of this 
part of the paper is to make this correspondence still more striking by bringing 
out the formal analogy involved. 

Let F{Xy yj p) be a function of class C" in a certain simply connected 
region R of the xy plane including as interior points the points (0,0) and (1,0), 
and for all values of p. Let y{x) be a function of class C" in the interval 
0<a;<l, such that the curve y=y{x) lies entirely in the interior of R and 
goes through the points (0,0) and (1,0)'. Let 

♦ See Theorem b). Part II. 
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be a self-adjoint differential expression such that the system 

U(0)=y(i)=o 

is incompatible, and \eiO{x, ^) be the corresponding Green's function.* Suppose 
we note that L[y{x) ] = r{x). Let ^{x) be continuous in the interval 0~a;<l, 
and let yix) be the function determined by 

Liy) = rix) + eyiix), 
1/(0) =1/(1) = 0, 
where e is a constant chosen small enough that yix) lies in the interior of R. 
Making use of the Green's function, we may write 

yi^)=rori^)G{x,^)d^; y'{x)=p,ra)G^{x,i)d^, 

where G,{x,^) = ^0{x,^); 

V('^)=Po[ri^)+8y!i^y]G{x,^)d^; y'{x) = Sl[r{^) + ^i^)'\Gi{x,^)d^', 
a) Vi<»)-yi<^)^ePovmOix,^)d^i V'i<i^)-y'i^) = eroyia)Oi{x,^)d^. 

Using Taylor's series with a remainder, 
F{x,y,y')=F{x,y,y') + {y-y)F,-\-{y'-y')F^ 

+Y\^{y-yyF„+ny-y){y'-y')F„ + {y'-y'yF„\ 
+ 5^1 (F-y)»^m+ • • • • + (F-yO'i^pw,}, 

the arguments of all partial derivatives except in the last group being {x,y,y'), 
those of the last group being of the form [x,y-\-$x{y — t/), y' + dj(y' — y')]> 
Q-i, ©a being proper fractions. Substituting the values of y — y, y' — y' from a), 
we have 

F{x,y,y') = F{x,y,y') + e\F,SU{m{<^,^)d^+F^Pon{.mA<^,m^\ 

+ Yl\^»{nyl{^)Gix,^)diy+2F„Siva)G{x,^)d^PM^)G^{x,^)d^ 

+F„{PovmGiio',^)d^r\+^{B) 
= F{x,y,y')+sShyia)[G{x,^)F,+G,ix,^)F^]d^ 

+ (^ron>!i^i)y!i^,)[Gix,^,)G{x,i,)F^+20{x,^^)Gr{x,^,)F„ 

+Gi{x,^,)G,{x,^,)F„]d^,d^,+s'{e). 

* For the definition of the Oreen'a function see an article by B6cher, Annals of Mathematioa, 
Vol. XIII, p. 71. 
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Suppose y{x) makes PoF{Xj y, y')dx as small as or smaller than does any 
other curve of class C" in a certain neighborhood ofy = y (x) and going 
through the points (0,0) and (1,0). Then for e sufficiently small 

Po[F{^.y.W)-F{^.y,y')]dx>o. 

Employing reasoning which was useful in Parts I, II, we obtain conditions 
exactly analogous to conditions there derived, 

I". ro\Slyi{^)[G{x,^)F,+G,(x,^)F,]d^\dx=0, 
11". n\Poroyi{^i)n{^2)[G{x,^,)G{x,^,)F^^+2G{x,^,)GAx,^,)F„ 

+ G^{x,^,)G,{x,^,)F^]d£,d^,\dx>0. 

Up to this point we have made no essential use of the fact that the third 
argument in F is the derivatives of y{x), or in any way related to y{x). We 
should have come to conditions analogous to I" and II" if the third argument 
in F had been any other function of x and had been varied similarly to the 
way in which y{x) was varied. So far the important fact has been the possi- 
bility of expansion by means of Taylor's series with a remainder, i. e., an 
expansion in ascending powers of a quantity e which can be made as small as 
we please. From the very definition of maximum and minimum it is evident 
that such an expansion is fundamental in a general analytic investigation of 
such problems, whether the variable be a point or a curve. 

Since G(x,^) is continuous in the square 0<a;<l, 
0<$<1, and Gi{x,^) is continuous in this square except 
along the diagonal x=^y where it has a unit discontinuity, 
the order of integration may be reversed in I" and II", 
giving 

r. Soyi(^)[ro\G{x,^)F,+G,{x,^)F,\dx]d^=0, 

ir. SlSoyi{^i)n{^.)[Sl\G{x,^,)G{x,^,)P 

+2G{x,^,)G^(x,^,)Q + GAa^,^,)G,{x,^,)R\dx]d^,d^, 
-/i/S>7(^i)>7(^.)<?($i, ^2)rfgirf^2>0, 

where ^(^i, ^2) represents the integral in brackets [ ]. 

Since I' is an expression for the first variation of flF{Xyy,y')dXj we 
should expect to be able to show from it that y{x) is a solution of Euler's 
equation. To do this we proceed as follows : 

PoG^{x,^)F^dx = S'oGAx,^)F^dx+S\G,{x,^)F,dx. 

Since in each sub-interval Gi{x,^) is continuous, we may integrate by parts 
thus : 

StGr{x,^)F^dx=G{x,^)F^\t-StGix,^)^^{F^)dx, 
nG,{x,^)F^dx=G{x,^)F^\]-S\G{x,^)^iF^)dx. 
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Since G{x^^) is continuous and (t(0,^) = (3(1,^) =0, 

Then V may be written, 

1) Slv{^)[5lG{x,!^)\F^-^F^\dx]di=Q. 

Since 1) holds for yi{^) any continuous function, it holds if >7(^) is of class C 
in the interval 0<^<1 and >7(0) =>7(1) = 0. The coefficient of yi{^) in the 

integrand involved in 1), SlG{x^^)\Fy—-j-F^\dx^ is a continuous function 

of $. Then, by the fundamental lemma* of the Calculus of Variations, 

dx 



S'oGix,^)\F„-AF^\dx^O. 



From this it follows that 

dx 



I. Fy[^> y{x), y'{x)]-^F,[x, y{x), i/'(a:)] =0. 



{ 



For, suppose Fy — ^ Fp = ^ (a;) ^0. Since G{x,^) is symmetric, we have 
foG{Xy^)^{x)dx^O; but this would be the solution of the system 

w(0) = w(l) = 0, 

which can not vanish identically since ^{x)^0. The contradiction proves 
the truth of I. 

What we have really proved is that of all curves of class C" through the 
points (0,0), (1,0), those giving a minimum must satisfy Euler^s equation. 
We can not expect more of this method since we consider no more general 
curves. However, we shall assume in the discussion of the second variation 
that i^pp=if=0 along y{x) ; and it has been shownf that in this case an extremal 
of class C" is of class C". 

It is interesting to notice that the first variation, F, is a simple integral 
with respect to ^; that the second variation, joio>7(si)>7(^2)4>(^i> ^2)^^! ^^2, 
can be considered as a double integral ; and it is evident that the k-th variation 
would be a A;-fold integral. Here we have a complete formal analogy to the 
simple and multiple sums in the corresponding variations in the algebraic 
problem. 

In examining the second variation, 11', we shall prove first that ^(^,O>0, 
0<^<1. This condition is analogous to the condition that 4)„>0 in the algebraic 
problem, t and the method of proof is very similar. 

* See Bolza, "Lectures," p. 20. t Bolza, "Lectures," pp. 26, 26. J See Part I, condition 2). 
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Suppose that for ^=x\ ^(^,0 = — ^> where c is positive, x' being a point 
in the interval 0<a;<l. The function ^(^i, ^2) is continuous in the square 
0<^i<l, 0<^2<1> ^8 can be seen by breaking up the integral representing 
^(^i> ^2) iiito integrals over intervals in which the integrand is continuous. 
Then we can find a positive quantity h such that ^(^1, ^2) <0 in the square, 
x' — /^<^i<^' + ^j x' — ^<^2<^' + ^. Now choose yi{x) positive in the interval 
x' — h<x<x' + hy zero outside of this interval, and continuous in the interval 
<a;< 1. Then we have the inequality 

which is contrary to condition II'. 

.•.t(e,0>o, 0<^<1. 

From this condition we shall show that if R{x):4^0 in the interval <a:<l, 
then R{x) is positive in this interval. For this purpose we need the following 
properties of G{Xy^)^ G^i(^jf) ' 

1) G{Xj^) as a function of x satisfies the boundary conditions w(0) = 
u{l) = 0; i.e., G(0,O = G(l,O = 0. 

2) G(fr,0 is symmetric. .\ G{XyO) = G{Xyl)=0. 

3) G^{Xj ^) ^^^^—Gi{x^^) ^^^_=1. {x=^^ is read, "as x approaches ^ from 
the right.^0 

These facts enable us to show by direct computation that 4)(0,0) = and 
<^'(0,0) = iJ(0), where <^' (^, = ^* (^, ^)/^f. We see that <^'(0,0) is not 
negative, since if it were, ^(^,0 would be negative for very small values of ^. 
.*. R{0) >0, since we assume R{^):pO in the interval 0<f <1; then the con- 
tinuity of i?(^) gives us the desired result, 

II. R{x)>Oy 

in the interval < a; < 1. 

In the further consideration of the second variation we shall show that as 
the kernel* of an integral, ^(^1, ^2) has only positive characteristic numbers. 
Suppose X=Xo is a characteristic number and that 

yi{x) = yion^{x,^)y!{^)d^. 

Multiplying both sides by yi{x) and integrating, 

SW{^)dx = XoPoro<t>i^y^)y!{^)yi{^)d^dx. 

Since the left-hand side is positive and the double integral is not negative, 
and therefore actually positive in this case, Xq must be positive. 

* The number X is a characteristic number of a kernel F{w, y) if a continuous function u{x) exists 
such that u(x)=z\f9^F{x,i)u(i)di. See also any book on integral equations. 
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To get JacobPs condition we proceed as follows: Let y{x) — y{x) z=eu{x)j 
where u{x) is of class C" and u{0) = u{l) = 0. It is well known* that for 
such a variation on y{x) the second variation of the integral can be written 

2) J{u) = Si^'^(^)dx, 

wheret '4^{u) = {P—Q')u—d{Ru')/dx, i.e., 

J{u) = Po[(P-Q')^i'-u^~{Ru')]dx>0. 

It is now convenient to consider only such variations u(x) that foU^{x)dx=:l. 
This restriction is exactly analogous to those made in Parts I, II in dealing 

n 

with the second variation in the algebraic problems, the restrictions 2 vj = 1, 
2 >7? A=l, and it should be noted that in no case is this an essential restriction. 
Then, if 6 is a positive constant, J{u) +e is positive: 

J{u)+e=Sl[{P-Q'+B)u^-u-^{Ru')]dx>0. 

Introducing the notation 

L{u)^-^{Ru') + {Q'-P-e)u, 

we have 

—PouL{u)dx>0. 

Hence, we conclude that the system 



3. fLiu)=0, 

' 1 m(0) = m(1)=( 



:0 

is incompatible, for if it were compatible, u{a:) being a solution, a positive 
constant c could be found such that joV^dx = l and fluL(u)dx = 0, where 
u = cu. Let G(x,^) be the Green's function of system 3), and let the system 

fLiu) = nix), 
l«(0) = «(l)=0, 

VI (x) being a continuous function, 0<a;<l, define a variation of the curve 
y{x); (t. e., a function u such that ^ — y=Bu). Then 

nix) = nyi{^)G{x,^)d^ 

and 

P,uLiu)dx = SiPon{^)n{!>:)G{x,^)d^dx <0. 

* See Bolza, "Lectures," p. 52. 

t }ff{u) a8 here uged is a standard notation; it should be noted that it is the negative of the ^(u) 
used in Part II. 
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The characteristic numbers of the kernel (3(a;, g) are all negative. For suppose 
that one, Xq j were positive, and that 

>7(a;)=;io/iG(a;,0>7(0^f. 
Multiplying both sides hj yi{x) and integrating, we have 

The left-hand side is positive, while the right-hand side is negative, and the 
contradiction proves the statement. But the characteristic numbers of the 
kernel G(x,^) are the same as for the system* 

r l{u) = :ku, 

t u{0)=u{l)=0. 
Then the system 



f L(u)+7iu=0, 
^ { u{0) = u{l)=0 



has a solution u{x)^0 only for positive values of X, no matter how small 
a positive constant e be chosen. Then the system 

d 



5) 



^{Ru') + {Q^-P)u+Xu = 0, 



u{0)=u{l)=0 

has no negative characteristic numbers, for if ;io<0 were a characteristic 
number and we choose €< — Xq, then 4) would have a negative characteristic 
number, namely, Xo+f. 

There is one and but one value t of X for which system 5) has a solution 
not vanishing in the interval 0<a;<l, and we have shown that this value is 
positive. Then there is no non-identically vanishing solution of the system 

m(0)=0; w(a?') = 0, 0<a:'<l, 

for if there were, system 5) would have a solution vanishing nowhere in the 
interval < a; < 1 for X negative, t 



* See, for instance, Hiibert, "Grundziige einer allgemeinen Theorie der linearen Integralgleichungen," 
Qottingische Nachriohten, 1904, p. 226. 
t See Theorem a). Part II. 
t See Theorem b). Part II. 
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On the Conformal Geometry of Analytic Arcs.* 

By G. A. Pfeiffeb. 



Introduction. 



Conformal geometry is the geometry associated with the group of con- 
formal transformations. When only the plane of real points is considered, a 
non-singular conformal transformation is given by any analytic function of a 
single complex variable, 

Z—f{z) =ao+ai(2~2o) +<h{^—ZoY+ , 

where a^ ^4^ 0. When the plane of complex points is the fundamental domain, 
the general non-singular conformal transformation is of the form 

t7=/(ii)=ao+ai(w— Wo)+«2(w— 'Mo)*+ , 

V—g{v) =bo+h{v—Vo) +b2(v—Voy+ , 

where u=^x+iy and v=x~iyy x and y, which may be real or complex, being the 
Cartesian coordinates of a point; also, f{u) andflr(t;) have radii of convergence 
dijfferent from zero and Ox :^ 0, h^^p 0. Both the real and complex, or general, 
conformal groups are infinite continuous groups in the Lie terminology. Real 
and complex conformal geometries consist of the codifications of the invariants 
and covariants of configurations under these respective groups. 

In the consideration of harmonic continuation in function theory the notion 
of general or Schwarzian symmetry plays an important role. This notion was 
introduced by Schwarz in his work, " Ueber die Integration der partiellen Dif- 
ferentialgleichung A^^=0 unter vorgeschriebenen Grenz- und Unstetigkeits- 
bedingungen," which was written in 1870.t This notion is, naturally, also 
important in conformal geometry for the same reason that it is in the above 
discussion, viz. : Schwarzian symmetry is a covariant property of an analytic 
curve under the conformal group. The usefulness of this property is well 
illustrated in the method employed by Kasner J in finding conformal invariants 



* Read before the American Mathematical Society, October 31, 1014. 
t H. A. Schwarz, « Werke," Vol. II, p. 161. 

X £. Kasner, << Conformal Qeometry," Proceedings of the International Congress of Mathematicians, 
p. 82, Cambridge, 1912. See p. 422 below. 
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of two intersecting analytic arcs which form an angle whose magnitude is com- 
mensurable with 71. 

A good part of the following is devoted to an investigation of the proper- 
ties of the transformation of general symmetry, or, briefly, symmetry, i. e., the 
pairing of points symmetric with respect to an analytic arc, and the associated 
functional equations. In particular, the existence of an analytic arc, called a 
symmetric bisector, such that one of- two intersecting analytic arcs is the sym- 
metric image of the other with respect to the bisector is considered. This is 
called the bisectio7i problem* Taking the two intersecting analytic arcs to be 
given by 

y=:yQ-\-ai{x—Xo)+a2{x—Xo)^+ aud y=yo+bi{x—Xo)+b2{x—Xoy+ , 



it is found that if 



-. ' /. U^ or 1, there exist just two symmetric 

1+ait 1 — felt I 

bisectors. If ^. • /. =1, it is found necessary to consider two cases : 

Il + aii l—bit\ 

firstly, where (- ~, • ^ ,\ ) =^ 1, w = any positive integer; and secondly, 

\l + aii 1 — felt/ 

where ( \ • "^/. ) =l,n being some positive integer. In the former case 
\l+aii 1— felt/ 

just two formal solutions for a bisector exist, while in the latter it is shown 
that, in case the given configuration is not conformally equivalent to a pair of 
intersecting rectilinear segments, no more than two formal solutions exist and 
the conditions which determine the number of formal solutions are given ; if, in 
this latter case, the given configuration is conformally equivalent to a pair of 
intersecting rectilinear segments, it is shown that the configuration has an 
infinity of symmetric bisectors. The case when any of the numbers Izbaii, 
1 dzfeit is zero is not considered ; in this case either ai or fej is ±t; t. e., the slope 
of at least one of the arcs at the common point is minimal, and the symmetric 
transformation concerned is singular. The uniqueness of a symmetric n-sector 
of two intersecting analytic arcs with a definite coefficient of the first degree 
term, t. e., with a definite slope at the point of intersection of the given arcs, 
when n is a power of 2, is also demonstrated. 

Out of the above investigation certain other important theorems in con- 
formal geometry are obtained, two relating to the conformal equivalence of a 
pair of intersecting analytic arcs to a pair of intersecting rectilinear segments, 
and another concerning the existence of a unique absolute conformal invariant 

* So called by Kasner^ loc. cit. 
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of a pair of intersecting analytic arcs which are such that some positive integral 

power of - ~ ^ . *" ^ - is unity, or, in case the real plane is fundamental, which 
1+aii 1 — Oi* 

are such that the magnitude of the angle formed by them is commensurable 
with 7t. Two cases of this theorem, first, in which the two arcs are tangent, 
and second, in which the configuration, in normal form, consists of the analytic 
arc C\ x=:b2y^ + bsy^+ . . . ., ftji^O, and the segment of the axis of x in the 
vicinity of the origin, have been proved by Kasner.* 

Properties of transformations which are tiie products of two and three 
symmetric transformations are investigated ; and theorems concerning neces- 
sary and sufficient conditions that the product of two symmetric transforma- 
tions be a non-singular direct conformal transformation, and that the product 
of three symmetric transformations be another symmetric transformation, are 
given. 

§ 1. Symmetry in the Plane of Real Points. 

Definition. Let C be a real curve, analytic in the neighborhood of the 
point (rTo, t/o), and let T be a real non-singular conformal transformation which 
transforms the arc of the curve C in the neighborhood of the point (a;o, yo) into 
the rectilinear segment T. If P and P' are two points which are symmetric 
with respect to the straight line segment F, then the points Q and Q' which cor- 
respond to the points P and P' under the transformation T are said to be sym- 
metric with respect to the analytic arc.f 

The above definition is the function-theoretic definition of Schwarz, and the 
real plane of analysis is understood to be the fundamental domain. In the dis- 
cussion immediately following, the real plane is that under consideration. The 
above definition is of value because it is shown t that if Q and Q' are symmetric 
with respect to an analytic arc C for the non-singular conformal transforma- 
tion T, they are also symmetric with respect to the analytic arc C for any non- 
singular conformal transformation which transforms the analytic arc C into a 
rectilinear segment. Thus, given an analytic arc, we have in a certain vicinity 
of a point on the arc an involutoric correspondence in which each point in that 
vicinity corresponds to the point which is symmetric to it with respect to the 
arc. This correspondence is called the symmetric transformation or, more 



♦ Kasner, loc. oit,^ pp. 84, 86. 

t A real curve is analytic in the neighborhood of the point {xq, yo) if the equation of the locus of 

its points in that neighborhood is of the form y=yo-}-0'iix — a?o)-h<*2(a? — a?o)^+ or a:=a?o-h<*i (y — yo) 

-\-a2(y — yo)-|- » the power series having a radius of convergence different from zero. The portion of 

the curve given by either development is called an analytic arc. 

t See Osgood, "Lehrbuch der Funktionentheorie," 2d ed., p. 672. 
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briefly, the symmetry determined by the analytic arc. It is then seen that if 
r is a non-singular conformal tranformation which transforms an analytic arc 
into a segment of a straight line, the symmetry determined by the arc is T8T'~\ 
where 8 is the reflection with respect to the straight line which may and will 
be taken as the a?-axis, in which case S is given by the equation 

where z denotes the conjugate of z. Consequently, a symmetry is a non-singular 
reversed conformal transformation and, further, each point of the determining 
analytic arc is transformed into itself by the transformation of symmetry. 
Conversely, any non-singular reversed conformal transformation which trans- 
forms each point of an analytic arc into itself is a symmetry determined by the 
arc, for any non-singular reversed conformal transformation T' may be written 
T' = TST~\ where T is a given non-singular conformal transformation and 8 is 
a non-singular reversed conformal transformation. Now, if T be taken as a 
non-singular conformal transformation which transforms the analytic arc C 
into the axis of abscissas, then, in order that each point of C be transformed 
into itself, it is necessary that 8 be the reflection with respect to the a;-axis ; 
i. 6., y must be the symmetric transformation determined by the analytic arc C. 
The equation of the symmetry determined by the analytic arc C: y=aiX 

+020:^+ * is readily gotten from the fact just stated that the symmetry 

determined by a given analytic arc is the non-singular reversed conformal 
transformation which leaves each point of the given analytic arc invariant. 
Thus, let the symmetry determined by the analytic arc C be given by 

Z=AiZ+A2?+AsS'+ . . . ., A^^O. (1) 

Since the point {Xy y) of the arc C corresponds to itself under the transfor- 
mation (1), we have the identity 

x+iy = Ai{x—iy) +A2{x—iyy+ , 

or 

(l + aii)x+a2i(x^+(hi^+ 

=Ai[(l—aii)x—a2i(x^—(hi^— ] 

+A2[{l—aii)x—aiia^—asi^— ]* 

+As[{l — aii)x — agtic* — a^ia^ — ....]' 
+ 

* In this and all of the following work the developments are all made about the origin, as no gener- 
ality is lost and much simplification results. 
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Putting l + aii—Uj 1 — aii=dy the following equalities are obtained upon equat- 
ing coefficients of like powers of x : 



Aia=ay 
—Aia2i+A^=a2iy 
— A la^i — 2A2aaii + A^^ = a^ij 
— Aia4i—A^ ( 2aasi + af) —SAz^a^i + A^d^ = a^t, 

Or, solving for Ai, A^j A^j Ai\ . . . .y we have 



(2) 



A- — 



A,= 



lo^i 



'" a» ' 



A= 



— 4:al+2dasi 



a' 



A,= 



-10afl2^8+2(c?a4— 5a|)i 



Now, let x=biy+b2y^+ be the inverse function of y^^ax—ia^a?^ 

—ia^a?— Thenir=6i(aa;— iaga?*— . . . . ) +b2{dx—%a^— ) + .... is an 

identity and upon equating coefficients of like powers of x the following equa- 
tions result: 

6ia=l, 
— i6i 02 + 62^1= 0, 
— i&ia8+62C1+&8C1=0, 



-ib,a,+h^CU+b,Ci^^+ .... +b,Cl=0, 
7 

where the symbol Cj+i denotes the coefficient of a;*^'* in the expansion of 

{dx—ia2 a^—ioz ^ — ) *, n > 0, m > 1, and CJ* denotes a*. Solving this system 

of equations for 6„ , we obtain for n > 1 



*.=i=i)^ 



3T<"'> 



a 





.... 1 


-to, C? 





.... 


-ia, a 


CI 


.... 


-ia, CI 


CI 


.... 


-w» CUi 


cu. 


.... cr^ 
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a 





. a 




-i(H C\ 





. toj 


(-1)"-' 


-ia, CI 


CI ... 


. tos 


^(»+I) 


—iot CI 


CI ... 


. iut 




-ia, CJ_ 


1 Cn-i • • 


■ Cr' ia. 



Likewise, on solving the system of equations (2) for A^, we obtain for n>l 



A^= 



It is readily seen that -4„=:26„, n>l. Consequently, we have the 

Theorem: The symmetry determined by the analytic arc C: y=aiX+a^ 

+ . . . . is given by 

Z = 2w—z, 

where z=w — i{a^w + a^w^-\- ....)• 

It is obvious that an analytic arc C which intersects the analytic arc C^ 
which determines the symmetry 8^ is transformed by the symmetry 8^ into 
another analytic arc C such that the magnitude of the angle between the arcs 
C and Cj is equal to the magnitude of the angle between the arcs Ci and C\ 
C" is said to be the symmetric image of C with respect to the analytic arc C^ . 
Obviously, C is also the symmetric image of C" with respect to the analytic 
arc Ci . 

As an application of the above formula, we prove the following 

Theorem : // CJ is the symmetric image of the analytic arc Cj with respect 
to the analytic arc C, C^ the symmetric image of the analytic arc C2 with 
respect to arc C, and arc C^ the symmetric image of the analytic arc C with 
respect to the analytic arc Ci , then the arc C^ is the symmetric image of the arc 
C with respect to the arc C[ . 

Without loss of generality we take the arc C as the segment of the rr-axis 
in the neighborhood of the origin; for the above configuration may be con- 
formally transformed so that the arc C is transformed into the segment of the 
rr-axis in the vicinity of the origin. Let the arc C^ be given by y^a^x+a^a? 
+ ....; then the arc CJ is given by y = — {(11X1 + a^oi? + ....). Any point 
{Xy 0) on C in the vicinity of the origin is transformed into Z^=^2w — x^ where 
x=w — i{aiW-\-a2W^-\' . . . . ) by the symmetry determined by the arc C'2. This 
point is transformed into Z2=2u; — x by the reflection with respect to the rr-axis 
and is, of course, on the arc C[ . But this latter point is the point which cor- 
responds to the point (a;, 0) under the symmetry determined by the arc Cg; for 
if we call this point Zzy^ehsLve Z2=2wi — Xywhere x=Wi+i{aiWj + a2>Wi+ ....). 
Since w=Wiy we have Z^^Z'^y whence the theorem. 
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Another such theorem is the following : 

Theorem: // the arc C^ is the symrnetrie image of the analytic arc C with 
respect to the analytic arc Ci , the arc C^ the symmetric image of the arc C^ 
with respect to the arc C^, and the arc C4 the symmetric image of the arc d 
with respect to the arc Cg, then the arc d is the symmetric image of the arc C 
with respect to the arc C^ . 

§ 2. In the Plane of Complex Points. 

In the extended complex plane of analysis the coordinates x^ y of the point 
(a:, y) may be real or complex numbers. In that plane the general non-singu- 
lar conformal transformation which leaves the origin fixed, and which is defined 
in the neighborhood of the origin, is given by 

U —f {u) = (I1U+ aL2U^']r , aii^O, 

where the coefficients are real or complex and where u = x+iy and v=x — iy. 
If ^i is the conjugate of a^ , the transformation is then a real non-singular con- 
formal transformation which, however, is defined for complex values of the 

coordinates of a point as well as for real values. 

Definition. In the complex plane a complex analytic arc is the set of 

points {x, y)y [ {x, y)], whose coordinates satisfy the equation y=yo+ai{x — Xq) 

+ a2{x—Xoy+ or x=Xo + ai{y—yo) +^2(2/— 2/0)*+ , where the power 

series has a radius of convergence different from zero and the coefficients are 
real or complex. If all the coeflBcients are real, the set of points which satisfy 
the above equation is said to be a real analytic arc in the complex plane. 
Unless the contrary is stated, an analytic arc will hereafter mean a complex 
analytic arc. 

The definition given above of two real points which are symmetric with 
respect to a real analytic arc is extended to apply to the complex plane in that 
the arc C may be a complex analytic arc and the transformation T a general 
non-singular conformal transformation. In all that follows, it is assumed that 
the slope of the arc at the point about which the power series which represents 
the arc is developed is not minimal. It may now readily be shown tJiat two 
points which are symmetric with respect to an analytic arc are such that the 
two minimal lines on each point intersect on the analytic arc and, conversely, 
two points which are such that the two minimal lines on each intersect on the 
analytic arc are symmetric with respect to the analytic arc* From this fact, 



* This fact, as was pointed out by Kasner, may be taken as the definition of two points symmetric 
with respect to an analytic arc. 
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and from the theorem that under any general non-singular conformal trans- 
formation minimal lines are transformed into minimal lines, it follows that two 
points which respectively correspond under the non-singular conformal trans- 
formation T to two points which are symmetric with respect to an analytic arc 
C are symmetric with respect to the analytic arc into which the arc C is trans- 
formed by the transformation T. 

§ 3. The {u, v) -plane. 

Now, given the complex plane, we may consider the set of points (w, v), 

[(w, v)], such that u^x+iy and v=x — iy. This set of points is called the 

{u^ v) -plane. It is found more convenient to work in this plane and then to 

interpret the results so obtained to apply to the complex plane by means of 

the transformation 

u=x-\-iy, 

vz=ix — iy. 

In the (w, t;) -plane the transformation, called a pseudo-conformal trans- 
formation, which corresponds to the general non-singular conformal transfor- 
mation in the complex plane defined, say, in the neighborhood of the origin, is 
simply given by two convergent power series in u and v respectively; if we 
assume that the origin is invariant, as we may for our purpose without loss of 
generality, the transformation is given by 

Definition. An analytic arc in the (w, v) -plane is the set of points {u, t;), 
[(^j v)], which satisfy the equation v = Vo+ai{u — t^)+a2(w — Wo)^+----j or 
ii = Ho + ai{v — Vq) +a2{v—Voy-{- . . . ., the power series having a radius of con- 
vergence different from zero and the a, being real or complex. 

Obviously an analytic arc in the (w, v) -plane corresponds to an analytic 
arc in the complex plane and conversely. Minimal lines in the complex plane 
correspond to lines parallel to the coordinate axes in the (w, v) -plane. Hence: 

Definition. Two points in the (w, v) -plane are said to be symmetric with 
respect to an analytic arc if the two lines on each which are parallel to the 
coordinate axes intersect on the analytic arc. 

For these points correspond to two points in the complex plane which are 
symmetric with respect to the analytic arc which corresponds to the given 
analytic arc, and conversely. The equations for the symmetric transformation 
determined by a given analytic arc are readily derived and are of simple form. 
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Let {UyV) and (Z7, F) be any two points which are symmetric with respect 
to the analytic arc C : v = ayU + a^u^+ , . . .^a^d^Q. Let the lines on the point 
(w, v) parallel to the u- and v-axes intersect the arc C in the points (Wj, v^) 
and (W2j ^2) respectively, and let the lines on the point (Z7, V) parallel to the 
u- and t;-axes intersect the arc C in the points (w^, V2) and {u^ , v^) respectively, 
where Ui=Uy v^=Vy u^—u^ and v^^^V. But 

v^=a^u^+a2u\+ , 

Vt=aiU2+(hu\+ , 

whence 

V=a^u+a2%i^+ ,J 

or 

XJ=(i^v + (x^v^+ ,1 

V=aiU + a2V^+ ....>[ 



(10) 



(11) 



where a,-, i = l, 2, . . . ., are the coefficients of the pjDwer series which is the 
inverse of the power series with the coefficients a^, t = l, 2, . . . ., and where 
a^ zfz 0. When the analytic arc in the complex plane which corresponds to the 
arc C is a real analytic arc, then the a^, i = l, 2, . . . ., in the above transfor- 
mation are also the conjugates of the a^, i^l, 2, 

The problem of finding the bisector of two intersecting analytic arcs may 
again be simplified somewhat by considering the normal form in which one 
analytic arc is taken as a rectilinear segment. In the (w, t;) -plane the recti- 
linear segment will be taken as the segment of the line v=u in the neighbor- 
hood of the origin, as this line corresponds to the line y=0 in the complex 
plane. 

Let, then, v=f{u) =aiU + a2U^+ ..'.., Oi^^O, be any analytic arc, taken as 
passing through the origin. Let the symmetric image of the segment of the 
line v = u in the neighborhood of the origin with respect to the analytic arc 

C: v=f{u) be v=g{u) =b^u + b2U^+ Then by aid of the transformation 

(10) or (11) we obtain the equation 

f[f{u)]=g{u). (12) 

Hence, the problem of finding the bisector of two intersecting analytic arcs is 
equivalent to solving the functional equation (12) for the unknown function 
f{u) which must be analytic in the neighborhood of the origin, g{u) being a 
given function of w, analytic in the vicinity of the origin, and the coefficient of 
its first-degree term not vanishing. 
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% 4. Conformal Equivalence of a Pair of Intersecting Arcs to a Pair of 

Rectilinear Segments. 

Obviously, any two intersecting analytic arcs which are conf ormally equiv- 
alent to two intersecting rectilinear segments must have two bisectors which 
are the conformal transforms of the rectilinear bisectors of these two recti- 
linear segments. For a large class of configurations consisting of two inter- 
secting analytic arcs, a non-singular conformal transformation may be found 
which transforms any one of these configurations into two intersecting recti- 
linear segments. 

Consider, now, the normal form of a configuration consisting of two inter- 
secting analytic arcs, the arcs 

C^i V=U, 

C,: V=A,U+A,IP+ . . . ., ^,1^0. 

Then, there exists an infinite number of non-singular pseudo-conf ormal trans- 
formations which transform the above configuration into the two intersecting 
rectilinear segments in the neighborhood of the origin of the lines 

Csi v=u, 
Ci'. v=Ainy 

such that the arc Cj is transformed into the arc C^ and the arc C^ into the arc 
d , provided | -4^ | :^ I. 

Any of the required transformations must be of the form 

U=c[u+cy +...., c[rfzO,\ 

where the power series have radii of convergence different from zero. It will 
be more convenient to consider the transformation which is the inverse of the 
transformation (13) and which, therefore, transforms the arc Cs into the arc 
Ci and the arc C4 into the arc C^ • Let this transformation be 

U = CiU +C2U^ +...., Cj qf: 0, 

r=diV + d2V^+ , di^O. 

Since the segment of the line t;=i^ in the vicinity of the origin is transformed 
into itself, we have identically 

c^u-{'C^u^+ .... =diU + d2U^+ . . . ., 
i. e., 

Cn=d^, n = h 2, 

Thus the required transformations are of the form 

U=CiU + C2U^+ . . . ., CiT^O,! 

V = c,u+cy+ f ^^^^ 
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Since the rectilinear segment in the neighborhood of the origin of the line 
v=Aiti is transformed into the analytic arc V = AJJ + A^TP + .... by the trans- 
formation (14), the following identity exists: 

CiJiW + Cg^iM^ + Cs^Jw^H- .... 

= A^{c^u + c^%i^ + CiU^+ ) 

+A^{ciu + c^u^ + c^u^-[' y 

+A^{c^u^'C2U^ + c^xv'+ y 

+ , (15) 

whence the following set of equalities is obtained on equating coefficients of 
like powers of the argument : 

c^Ai^=- c^Ai-\- ZCiC^A2-T CiA^ , 



or Cj is arbitrary and 



(ill -^l)^2 — ^1-^2 J 

\Ai Ai) c^^= ^CiC2,A2-T c[A^ , 

(^7 — 4,)6'„ = (?JCi, C2, . . . .,C^_i), 



(16) 



where G^(c^ , Cg, . . . ., c^^i) is a linear function of the ^4,, i=2, 3, . . . ., and the 
coefficients of Ai are integral functions of c<, i = l, 2, . . . . ; further, only the 
plus sign appears. The c^ may, therefore, be found formally, but it remains 
to prove the convergence of the resulting power series. 

Let m be a positive number for which the power series ^1^7+^2^^^+ • • • • 
converges, and let g be an upper bound of the moduli of the terms of this series 
when U=m. Then 



1^-1^-^ 



Let 



D -^ 



A\ — Ai\ m 



Dn= ]^»h2^-\BniDr, D,,...., Z)„_0, 
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where H^{Di, D^j . . . ., D^_i) denotes the value of (?„(ci, Cg, . . . ., c^_i) when 



m' 



and D^ are substituted respectively for A^ and <?„ 



Obviously each />„ is positive, and it may be shown that 

k»i<z).. 

Let r„(Ci, C2, . . . ., c„_i) denote the result obtained when A^ is replaced by 
its absolute value in (r,(c,, c^, ... ., c„_i). Then 

\^-\ = jA\^rAA \^n{Ci,Ci,....,c^_-,)\ 

r(|ci|, |c,|,.. 



< 



< ?_ 

= \A\-AA 



fl.(ki|, \c,\, 



. |c,-i|), 



(a) 



since | >4„ | < 



w" 



Now take c, , such that 



ki|<-^-=Z)i; 



then 



'^*I = U!-A1 m 






and by complete induction and the above inequality (a) it follows that 

I C.I < i^.i^^i g»(^i' D„ ...., Z?._x) =D„. 
Further, from the inequality 

iiAi"-i^iii<i^--Ai 

it follows that for p sufficiently large, r>p, 

\A\-A^>1 it \Ar\>l, and |^I-^i| > -L^ if Ui| <1 but :#:0. 

Consequently, the set of numbers | JJ— 4i|, n=2, 3, 4, , has a lower 

bound which is greater than zero. Let 6 be this lower bound. Put 

m 






j,,_9 (2D[D'.D\'\ 



d:=-^had[,d'„....,d\.,), 



(17) 



Obviously, !>;>/).> I c. I . 
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Further, consider the equation 

^=^^+4(4 + ^, + ^^ + ....). (18) 

^ m b \m^ m^ m* / 

The right-hand member is convergent for all values of x and for values of y 
such that \y\ <m; and, further, the coefficient of the first-degree term in y 
appearing in the equation is not zero and there is no absolute term. Conse- 
quently, there exists a unique solution of this equation giving y explicitly in 
terms of rr as a power series convergent in some circle about the origin with a 
non-vanishing radius and vanishing there. The solution is 

y=D[x+D'^x^+D',a^+ . . , , ; 

for by comparing the original identity (15) and the derived set of equalities 
(16) and (17) with the equation (18) it will be seen that 

bD[x+bD'^x' + bD'sX' + bD',x'+ .... 
= bD[x+ -^ {D[x+D'^a^+ ....)* 



+ ^^{D[x+D'y+....r 

+ 



m* 



is a formal identity. 

Since |c„| ^D'^, it follows that the series y=CiX+C2X^+ .... has a circle 
of convergence with a radius different from zero. Consequently, the trans- 
formation found is convergent.* 

When the analytic arc Cg corresponds to a real analytic arc in the real or 
complex plane, the modulus of Ai is unity. In this case, no transformation 
as the above may exist, even formally. However, when the angle between 
the two real analytic arcs is incommensurable with 7t, which implies that 
1^; — .4i|:^0, an infinite number of formal solutions exist. The question 
of convergence of the formal solutions obtained when |4i|=l and A\^l 
for all positive integral values of n is not settled.! If ^i = l, where n is 
the smallest such positive integer and >1, then in the formal solution the 

coefficients of c„+i, c?2n+i, , c^n+i, vanish. If c^„+i, m = l, 2, , are 

taken equal to zero, there exists an infinite set of polynomials of the Ai , obtained 
from the set of equations (16), which must vanish in order that a formal solu- 

^This result is contained in the work by G. Koenigs, ''Nouvelles recherches sur les equations 
fonctionneUes/' Annalea de VEcole Normale, 1884. However, the above proof is much more direct and 
more simple. 

t Following a suggestion of Professor Birkhoff, I have shown that in this case, for certain arcs 
V=:AiU'{'A2U^'\' , ., ., the formal solutions referred to are divergent. This proof will appear in a later 
paper. 
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tion be possible. Suppose that all these polynomials do vanish. The c's thus 

determined, Cot„+i, 7w = 1, 2, . . . ., being taken to equal zero, are the coefficients 

of a convergent power series, for the above proof may be easily modified to 

apply in this case, i. 6., the Z)^„+i, m=l, 2, . . . ., may be taken equal to zero 

and h may be taken as the smallest of the [A^ — ^i|, m = 2, 3, . . . ., n. Thus, 

in this case, the given configuration is pseudo-conf ormally equivalent to a pair 

of intersecting rectilinear segments. Conversely, if the given configuration is 

pseudo-conformally equivalent to a pair of intersecting rectilinear segments, 

then the equalities involving the ^,. referred to above exist, for it may be shown 

that if the non-singular pseudo-conf ormal transformation T transforms the pair 

of intersecting rectilinear segments v^A^u^ v = Uj in the vicinity of the origin, 

into the given configuration, then there exists a non-singular pseudo-conformal 

transformation T' which also transforms the pair of rectilinear segments into 

the given configuration, such thai the coefficients of 1^"*"+^ and v"*""^^, m=l, 

2, .... , vanish. 

Let T be given by 

U=CiU + CzU^+ , 

V=CiV + C2V^+ , Cji^O, 

and T' by 

U=y^u+y^u^+ , 

V=yiV + y^v^+ . . . ., yi=^0, y„,„+i=0, m = l, 2, 

Then a transformation Tj, given by 

U=d,u + d,^^u^^' + d,,^,u'^^'+ . . . ., 

may be found such that TyT=T. The transformation T^ leaves the pair of 
rectilinear segments invariant, and consequently T', the product of 1\ and T, 
transforms the pair of rectilinear segments into the given configuration. In 
order that this be so, it is sufficient that we have identically 

cAdiU + d,^^u-'-'+. . . . ) +c^{diu + d,^iu''^'+ .... )H ... . =yiw+y2w'+ 

On equating coefficients of w"*'*^^ m=0, 1, 2, . . . ., we have 

Mi=yij 



> 

whence the d's are determined uniquely for yj given. 
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Consider the equation Cit/+c„+iy"^^+Ca»+iy^*''"^+ .... =yi^. The left-hand 
member is convergent in a circle about the origin with a non-vanishing radius, 
and since c^ :^ and since there is no absolute term, there exists a unique solu- 
tion, y=/(aj), which is analytic about the origin and vanishes there. This solu- 
tion is precisely the power series y=diX+d^^iX''^^+ Consequently, the 

existence of the transformation T^ is demonstrated, and hence that of T'. 

Such a set of polynomials of the A^ as obtained above may also be gotten 
as follows: Let the configuration consisting of the analytic arc V=AiU+AiU^ 
+ ...., ^J=l, w being the smallest such positive integer, and the segment of 
the line V=U m the vicinity of the origin be pseudo-conformally equivalent to 
a pair of intersecting rectilinear segments ; then we have the identity, in sym- 
bolic form, cAi=Acj where Ai denotes the function v=AiUy A the function 

v=AiU+A2fU^+ .... and c the function U=c^u+C2U^+ It then follows that 

cAiC'^=Ay where c^ denotes the inverse function of U=CiU+C2U^+ , and 

consequently (c-4iC~^)*=l=^% since -4J=1, where F" denotes the w-th itera- 
tion of the function F. From the latter identity an infinite number of poly- 
nomials of the Ai is obtained and the vanishing of each is necessary for the 
pseudo-conformal equivalence of the given configuration to a pair of intersect- 
ing rectilinear segments. Conversely, if these conditions are satisfied, that is, 
if ^"=1, then the given configuration is pseudo-conformally equivalent to a pair 
of intersecting rectilinear segments. Suppose that the given configuration is 
not pseudo-conformally equivalent to a pair of intersecting rectilinear segments. 
Then the non-singular pseudo-conformal transformation, given by 

U=diU + d2U^+ , 

V=diV + d2V^+ , di:4^0j 

which is the inverse of a transformation of which the first rn coefficients, with 
the exception of the first one, are determined by the first rn — 1 equations of the 
set (16) when c^^+u wi=l, 2, . . . ., r, are taken equal to zero, and the remain- 
ing coefficients arbitrary, transforms the segment of the line V=U in the 

vicinity of the origin into itself and the analytic arc V=AiU+A2TP+ into 

the analytic arc V=AiU+B^^JJ^'^'^ + B^^JJ^-^^ + , where B^+i 4^ 0. (The 

converse of this is obvious ; that is, a configuration consisting of the analytic 

arc V=B,U+B^^^U'^-^'-+ , if»=l and B„,+i:#0, and the segment of the 

line F=C7^ in the vicinity of the origin, is not pseudo-conformally equivalent to 
a pair of intersecting rectilinear segments ; for if this were so, then we would 
have the identity 

B^{c,u+c^u^+ . . . . ) +B^^^{c,u + cy+. . . . )-+^ + .... = c,B,u + c^BW+ .... 
51 
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or c^+i-Bi+Ci"^^-Br«+i=Cm+i^r^\ aiid since 5J = 1 and c^^pOy B^+i must vanish, 
which is contradictory. From the fact just proved follows readily another proof 
of the necessity of the conditions referred to on p. 409.) We have now, 
symbolically, the identity dA=Bdj where B denotes the function V^A-JJ 

+5^+1^7''"+^+.... and d the function TJ=diU+d^u^+ Suppose that 

^•=1; then we have the identity {dAd'^Y=l=B''. However, B^ is given by 
V =V +nBl''^Brn+\U'^'^^ + , and since n> 1 and 5^+i ^ 0, if" cannot be iden- 
tity. Consequently, if ^"=1, the given configuration is pseudo-conformally 
equivalent to a pair of intersecting rectilinear segments. In particular, we may 
state the 

Thbokem: a necessary and sufficient condition that a configuration con- 
sisting of two real analytic arcs which intersect at an angle which is commen- 
surable with 7t,* hut which are not tangent at the point of intersection^ he con- 
formally equivalent to a pair of intersecting rectilinear segments^ is the vanish- 
ing of each of an infinite number of rational functions^ determined as indicated 
above y of the coefficients of the equations of the arcs. 

Let C'l! v=VQ'\-a^{u—UQ)'\-a^{u — i*o)*+---M fh^^j and Cg: v=Vq-{- 
6i(w — Uq) +b^{u—UQY + . . . ., 6i^0, be two analytic arcs intersecting in the 
point (wo> ^o)- K the arc Ci is transformed into the analytic arc CJ: v = clxU-\- 

aaW*+ and the arc C^ into the analytic arc C[\ v=(3iU+^fU^'\' by the 

translation 

U=u—Uqj 

V=v—Voj 

then ai=ai, 6i=i3i. If the arcs CJ, CJ are transformed by a non-singular 

pseudo-conformal transformation into the analytic arc v=AiU+A2U^+ 

and the segment in the vicinity of the origin of the line t;=w, respectively, then 

-~ =Aiy and conversely. Therefore -~ = -^ = | ^^ | . We may now state the 
Theorem : The two intersecting analytic arcs 

Ci'. v=Vo+ai{u—Uo) -\-ai{u — Wo)*+ , «i=#=0, 

Cg: v = VQ-{-hi{u—Uo) +h2{u—Uoy+ , 6i=#=0, 

where 77 =#= 1, o,re pseudo-conformally equivalent to a pair of intersecting rec- 
tilinear segments. 

* This corresponds to the above condition that A*^=l. 
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We also have the 

Theobem : The two intersecting analytic arcs 

Cii v=!Vo'\'ai{u—Uo)+ai{u—Uoy-{- , a^^Oj 



where 



^ 1 have just two symmetric bisectors. 



:^ 1 is verified. Further, from the above develop- 



That there are just two bisectors follows from the fact that there are just 
two formal solutions for the coefficients of the power series which represents 
the bisector, as will be seen below. 

We have the two corresponding theorems in the complex plane when the 
corresponding condition on the two analytic arcs, using the same notation as 

above \l±^h-J^}-M' 

ments we have the 

Thbobbm : The functional equation 

f[f{u)]=g{u), 

where g{u) is an analytic function defined in the vicinity of the origin and 
vanishing there has just two solutions^ fM, which are analytic in the vicinity 
of the origin and which vanish there alsOj provided the modulus of the first- 
degree term of g{u)=f^Oy 1. 

Another result* also follows from the above developments. It is the 
Thbobbm: Let S and S' be any two real non-singular pseudo-conformal 
transformations J defined in the vicinity of the point Zo=^o+iyoj which is left 
invariant by bothj such that the coefficients of {z — ^o) of each transformationj 
given as a development in powers of {z—Zo)y are equal and have a modulus 
not equal to unity. Then S and S' are equivalent in the sense that S may be 
transformed into S' by a non-singular pseudo-conformal transformation. 
Let S and S' be given by 

S : Z=Zo+ai{z—Zo) +a2{z—Zoy-{' , 

8': Z=Zo+ai{z—Zo) +bi{z—Zoy+ , z=x-{-iy, a^pOj |ai|:#l. 

In order that 

T: Z=Zo+Ci{z—Zo) +C2{z—Zoy+ , ^i :#=0, 

be a transformation such that T~^8T=8' or 8T=T8'y it is necessary and suffi- 
cient that we have identically 

* This interpretation was suggested by Professor Kasner. 
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2o+Ci(OiP + 0,f+ ) 

+ 

+ hic,^-\-c,e+.. 
+ 






where J=2— ^o- This is the same identity which is obtained when the analytic 
arc v=Zo+ai{y'—^o) +o>2{i^ — ^0)^+ .... is transformed pseudo-conf ormally into 

the analytic arc v=Zo+ai{u—2o) +bi{u—ZQy+ and the segment of the line 

v=u in the vicinity of the point {zqj Zq) into itself. Thus, by the theorem at 
the bottom of p. 409 concerning the pseudo-conformal equivalence of a pair of 
intersecting analytic arcs to a pair of intersecting rectilinear segments, the 
existence of the transformation T follows. 

§ 5. Direct Discussion of the Bisection Problem. 

As stated above, the problem of finding a bisector of two intersecting 
analytic arcs is equivalent to solving the functional equation 

ai{aiU+a2U^+ ) +a2{aiU+a2U^+ y+ =biU+biU^+ , 

where 6itt+&2^^+ • • • • is the given function, analytic about the origin and 
bi^Oy and aiU+a2U^+ .... the unknown function, also required to be analytic 
about the origin. Upon equating coefiicients of like powers of the argument, 
the following set of equalities is obtained : 



or 



{ai+al)(h=b2y 
{a^+a\)(h+2aial=bsj 

9 

(ai+ar)a^+P(ai, Oa, . . . ., a««i) =fc^, 



(19) 



where P^ioij ^2? > «m-i) is a polynomial in a^ i=l, 2, , (w— 1). If 

ai^p — 1 for all positive integral values of w, a^, i=2, 3, . . . ., may be found 
formally, and hence if fer =#= 1 ^ or all positive integral values, there exist two 
formal solutions which, if |6i| :^1, are both convergent in a circle of radius 
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different from zero; if |fci|=l, the question of convergence, in general, of 
either of the two formal solutions is unsettled.* 

Consider the configuration consisting of the segments of the lines v=u 
and v = biU in the vicinity of the origin. Let this configuration have the seg- 
ment in the vicinity of the origin of the line v=aiU€Lsa, bisector, where ai = — 1, 
n being the smallest such positive integer. Then fe"=l. The given configura- 
tion may be transformed into itself by an infinitude (of potency c) of non- 
singular pseudo-conf ormal transformations ; for let 

U = CyU-{-C2U^+ . . . ., 

V=CiV+C2V^+ , Cii^O, 

be any non-singular pseudo-conformal transformation which transforms the 
segment in the vicinity of the origin of the line v=u into itself. Then, in order 
that this transformation transform the segment in the vicinity of the origin 
of the line v^biU into itself, it is necessary and sufficient that the following 
identity exist : 

or 



cj>i=cj)i 



whence c^, c^+i, C2„+i, ...., c^n+i> •••• *^re arbitrary and c,=0, r^mn-fl, 

m=0, 1, 2, 

Let the transformation 

U=c^u+c,^^u^^'+c^^,u^^'+ . . . . , 
V=c,v+c,^^v-^'+c^^^v'^^'+ . . . ., Cii^O, 

transform the segment in the vicinity of the origin of the line v=aiU into the 
analytic arc C: V=AiU+A2TP+AslP+ ; then we have identically 

c^a^u) +c^+i(aiti)*+^+C2^+i(aiW)**+^-f- .... 
=A,{c,u+c,^,u^^'+c^^,u'^^'+ ....) 

Th^.(Ciii+Cn+it^~+'+C2.+it^*-+^+ ....)' 

+ , (20) 

from which it follows that 

* The second foot-note on p. 407 has reference here also. 
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-4„+2 = -^n+8= • • • • =-42»i = 0, 

^2n+l^l" = <h^2n+l + (^ + 1 ) -^n+l^l^n^l + <^l"^ -42«+l > 

-42n+2 = -^2n+8= • • • • =-48» = 0, 



^8»+l«f^' = Ol^Sn+l + (W + l)^n+l^r^2n+l + 



(n + l)n 






2 "n+i^i --n+l 



(21) 



As on p. 408, it can readily be shown that the set of A's which satisfy (21) 

also satisfy a similar set of equations in which C2b»„+i=0, w = 1, 2, We 

may then assume without loss of generality that C2^„+i=0, and we have, in 
general, 

^1 "*~ "^ -^(2m-l)»+l= 2aiC(2»-.l)«+i + tT(2m-l)»+l(-4i, -4, , . . . . , A(2m-t)n+l)f (22) 
-^2iiMi+l = "^2m»+l(-^l> ^«>* • • •> ^iim-l)n+l)f (23) 

^^=0; r:#fcn+l;*=0,l, 2, (24) 

The equalities (23) are obviously necessary conditions that V=AiU+ 
A2U^+ .... be a bisector of the given configuration; they can also be shown 
to be sufficient. In other words, a non-singular pseudo-conformal transfor- 
mation 

V=c,v + c,^,v^-''+c,,^y-^"^ . . . . , Ci :#= 0, 

may be found such that the given pair of intersecting rectilinear segments is 

transformed into itself and the arc C: V=AiU+AJP+ into the segment 

in the vicinity of the origin of the line v = aiU. The proof of this is similar to 
the convergence proof on pp. 404—407. Corresponding to the identity (15), 
we have the identity 



c^a^u+c,^^{(huy^'+Cs^^^{aiuy''^'+ .... 
=A^{c,u+c,^^u-^'+c,,^^u'-^'+ . . 

+A,{c^u-{-c,^^u--^' + c,,^,u'^^'+ . . 



+ 



,,8n+l 



+ 



) 



whence the following equalities to determine the c^im-^Dn-k^i • 
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Cia^^A^Ci, 
''^AiC^^i=Ci -4„^i, 

— 2AiC^^^i= - A^^iCi Cn+i+ (2wH-l)ci"-42„+i+Ci" As^^i^ 

• > 

2-4iC(2m-l)n+l = G^(2»-l)n+l(^l> ^n+1 > • • • m ^(2»-3)«+i) 7 
> 

where G^(2»-i)n+i(<^i> ^n+i> . • • ., C(2m-8)ii+i) is a linear function of the Af^^i and 
the coeflScientsof the Aj,^^i are integral functions of the c's. Corresponding 
to the set of equations (17), we have 






I 2^1! 



'[— n+l^l^n+l+ ^2«+l J. 



-^mn+1— 12^ I -"mn+lC-^lJ ^n+ly • • • m •0(m-l)«+lL 



> w=0, 1, 2, . . . ., 

where /ex is a positive number for which the series AJJ + A^+iV'^'^ + .... con- 
verges and g is an upper bound of the moduli of the terms of the series when 
U=(i. Corresponding to the equation (18), we have the equation 

the left-hand member of which is convergent for all values of U and for 
\V\<fi. 

From (22) and (23) it is seen that -4(2m-i)n+i> ^=1? 2, . . . ., p= any posi- 
tive integer, are arbitrary and that if -4(2m-i)»+i> w=l, 2, . . . ., p, are given, 
then Azn^n+ij m=l, 2, . . . ., p, are determined uniquely. The set of relations 
(23) is equivalent to the set of relations between the coeflScients of the equa- 
tion of the bisector gotten directly from (19) when fc„=0, n :#= 1. 

We may now state the two closely related theorems : 

Theobem: The configuration consisting of the two intersecting segments 
v=u and v = biUy where 6i = l, n= a positive integer >1, has an uncountable 
infinity of bisectors. 

Theorem: The functional equation f[f{u)] =biUy fc*=l, n= smallest such 
positive integer >1, has an uncountable infinity of solutions, analytic about the 
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origin and vanishing there^ all of which may be determined as above and are of 
the form V=A^U+A,^^U''^'+Ai,^,U''''-'+ . . , . ; further, ^(2«_i,,+i, m = l, 2, 
. . . ., p= any positive integer, are arbitrary when Ai = — 1.* 

It is obvious that there is only one solution, viz., V=A^, when n is odd, 
which has A^ equal to that square root of b^ which has the largest amplitude 0, 
where is taken such that 0<d<27«; in all other cases 24? = — 1, n being the 
smallest such positive integer. 

Now, consider the configuration consisting of the segment in the vicinity 
of the origin of the line v=u and the analytic arc C: v=B'^u-{-B^^-\- . . . ., and 
let a bisector be given by t;=aiii + a2U^+ . . . ., where a\ = — 1, » being the small- 
est such positive integer. It may be shown that this configuration has not more 
than one bisector such that the coefficient of u in its equation is a definite value 
of ai if the configuration is not pseudo-conf ormally equivalent to a pair of 
intersecting rectilinear segments. 

We may, without losing generality, consider the configuration as consisting 
of the analytic arc C: t; = M+6m+iti'"'"'+ .... +6(r+,)»+i^^''"^^^"'''+ • • . • +M' 

+ ...., 6m+i =^0> 3= a^y positive integer :^ A;« + l, A;=0, 1, 2, , and the 

segment in the vicinity of the origin of the line v=w.t 

Obviously, if r=l, there exists no formal solution for a bisector as required. 
Let r be greater than unity; then the coefficients 6(^+„)„+i, w = l, 2, . . . ., r — 1, 
may be taken equal to zero as well as the coefficients b,, s^ kn + l, k=0, 1, 2, 
. . . ., 2r— 1, . . . ., f. For it may be shown that there exists a non-singular 
pseudo-conf ormal transformation which transforms the segment of the line v=u 
in the vicinity of the origin into itself and the analytic arc 

into the analytic arc 

C: V=b,U+B,,^,U-^^'+B,,^,,,^,U^^^^^^^'+ .... +B,,^^^,^,[7<^+«)"+^+ . . . ., 

such that -B(f+m)«+i=0, m = l, 2, . . . ., r— 1. 

Let 

U=CiU+C2U^+ . . . ., 

V=:CiV + CiV^+ , qi^O, 

be a transformation which transforms the segment of the line v=u in the 
vicinity of the origin into itself. Then, in order that the analytic arc C be 
transformed into the analytic arc C by the above transformation, it is neces- 
sary and sufficient that we have identically 

* Leau and L^meray have given some theorems on this functional equation (Bull, de la 800, Math, 
de France, Vol. XXVI, 1898). More details of the nature of the solutions are given above. 
t See p. 400. 
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bi{CiU+c,u*+ ) 

+ 

+ 

+ 

The following equalities then result : 

biCi =6iCi, 

> 

from which it follows that Ci , c»+i , Cj„+i ,...., c^„+i ,...., ^(r-i)»+i are arbitrary 
(ci=#=0), while 

Further, 

V(,+i)»+i+(»'n+i)cr,c»+iP„+i+cr+^>"+'P(,+i)«+i 

= Ci&(r+i)»+i+ (» + 1) c,+i&?&™+i + C(,+i),+i fei'+i)»+', 

where the terms omitted in the last equality do not involve c^n+i or B(^+^)„+i . 

Also it is readily seen that C(^+^)„+,, /=2, 3, , w— 1, w>l, vanish. Solving 

for Bi , we find 

and 

ci'-'"*^""''5(,+«)„+i = (m— r ) nfc^+ic^^+i 

Since 6rn+i =^0 a^id ^m»+i is arbitrary, the latter may be so taken that fi(r+m)ii+i> 
m=l, 2, . . . ., r — 1, vanishes. Hence the equation of the analytic arc C may 
be taken to be of the form 

*0f course, when n=l this reduction is uncalled for. 

52 
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Let r=2p, where p is a positive integer. Now, from the set of equations 
(19) the following two equations are obtained: 

(ai+app+^>"+0«(2p+i)»+i+ (2p— l)wa,+ia2p„+i+P«+i(ai, . . . ., a^j^^ij^+i) =0, 
since a2= . . . . =a„=0. Similarly, if, instead of the analytic arc C: v = hiU+ 
fcEpn+i^^^^^^H" . . . ., we have the segment of the line v^h^u in the vicinity of the 
origin, the following equations result by using the last theorem on p. 415 : 

2aiaipn+i+^i(^, , «(2p-i)«+i) =0, 

(2p— l)na„+ia;p„+i+P,,+i(ai, , a(2p-i)n+i) =0. 

From the above two pairs of equations it follows that 

2ai(a2p„+i— a^p^+i) =fc2p«+i =#= 
and 

(2p— l)wa„+i(a2pn+i— a;p.+i) =0, 

whence a^^^=0. Assuming that a^+i= =^(2m+i)ii=0, we obtain likewise 

from (19) the equation 

(a,+a{^+«-+^>»-^^)a(2p+2.+i)n+i+(2p-2m-l)na(2.+i>„+i^^ 

+P(2m+i)«+i(ai, , a(2p-i)n+i) =0, wherc tn=l, 2, , p— 1, 

the first term of the left-hand member vanishing ; and in the case that the seg- 
ment in the vicinity of the origin of the line t;=w is taken instead of the 
analytic arc C\ v = 6it^+fc2pn+iW**^^^+ . . . ., we have correspondingly the equation 

(2p— 2m— l)a(2»+i)n+iaip^+i+P(a«»+i)»+i(^, , a(2p_i)n+i) =0, 

whence it follows that 

(2p— 2m— l)a(2,i+i)n+i(a2p«+i— ^+i) =0. 
Therefore, O(9«»+i)n+i=0, and thus, by complete induction, it follows that a,=0, 

5=2, 3, , 2pn. 

The set of equations (19) then gives further the following equations: 

(oi-f ai'^+^)a2pn+i=fe2p«+i=#0, («2|m+i is here uniquely determined and ^#0.) 
(a,-fa?-+«)a2p,+2=0, 



(a,-faf^+«)a2p,+.=0, 

(^+^*^"*""^^)^pii+n+i=0> {<hpn+n+i ^s ^^^ determined here.) 

(ai+a!^-^-+^)a2p,+,+2=0, 

J 

(ai+aJ»"+«»+»)ojj„+fc,+i=0, (a,p,+„+i is not determined here.) 
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(The first term in this equation vanishes ; and since (h^^i =#= 0, Ogp^+n+i is 
uniquely determined.) 



9 

> 

(ai + a^^''+'*>"+*+^ ) a2^2p+«)n+n+i— ( 2m + 1 ) na2p»+ia2(p+^)^+„+i == C^ 

(The first term here vanishes and a2(p+^)»+»+i is uniquely determined.) 

y 

m = Oy 1} 2y • . . . y 

where the Cs do not involve any a^y t>2{p + m)n+n+lj and are therefore 
definite. The coefiScients of the a'& in the bracketed set of equations are dif- 
ferent from zero, and a,, whose coefficient (Oi+aj) vanishes, is determined 
uniquely by the equation obtained by equating the coefficients of w*"^**"*. It is 
thus seen that the determination of the a'& is unique. 

If &2p«+i vanishes, then it is readily seen by an argument similar to that 
employed on p. 418 that 62p«+n+i must also vanish in order that a formal solu- 
tion be possible, for it is found that fc2pn+n+i = ^ — ^^ ^2pii+i • Hence, if 

the arc C: v=biu+b^^^iU^'^^+ . . . . +bgU''+ is such that r is an even 

positive integer, there exists a unique formal solution, while if r is an odd 
positive integer there exists no formal solution with the given value of Oi . If 
n is even, the above applies to both values which Oi may take for a given fci , 
while if n is odd, it is evident that there exists always a unique formal solution 
having ai equal to that square root of bi which has the largest amplitude d, 
where d is taken such that 0<6<2n. In particular, in the case that the given 
curvilinear analytic arc is tangent to the segment t;=ii at the origin, i. e., fei=l 
and some b^^pO^ r>l, there exists one formal solution having ai= — 1 in the 
case that the first 6^ , r > 1, which does not vanish is the coefficient of u^^'^\ p=l| 
2, .... , and no solution in the case that the first coefficient 6^ , r > 1, which does not 

vanish is the coefficient of ti% p=l, 2, Of course, there exists one formal 

solution having ai= +1 in either case. Hence, we have the related theorems: 

Theorem: The configuration consisting of the two intersecting analytic 

arcs which in normal form are the segment in the vicinity of the origin of the 
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line v — u and the analytic arc ^ = 61^+62^*+ . . . ., 61 :^0, and which^ if 6J = 1, 
n= a positive integer^ are not pseudo-conformally equivalent to a pair of inter- 
secting rectilinear segments^ has at most one hisector^ given by v = axU+a^u^+ 

, corresponding to each of the two values^ + Vfc, — Vfc, for a^. 

Theorem : The functional equation 

flfiuU =M + &m«+lW""^^ + 6«.n+2t^""^'+ . . • . , fe? = l, 6m.+l =#= 0, W, n = l, 2, . . . . , 

has at most one solution^ analytic about the origin and vanishing there^ corre- 
sponding to each of the two possible values of the coefficient of the first-degree 
term of f(u). 

Definitions. A configuration which is pseudo-conformally equivalent to 
the configuration consisting of the segment ^=1^ in the vicinity of the origin 
and the analytic arcC: v=biU+b2U^+ . . . ., 6? = !, is called a rational angle. 
If n is the smallest such positive integer^ the angle is said to be of the n-th 
order. If &r=^l for all positive integral values of n, the configuration is 
called an irrational angle. 

Consider the configuration in the complex plane consisting of the segment 

y=0 and the real analytic arc C: y=aiX+a20[^+ Let the configuration in 

the (w, i;) -plane which corresponds to the above consist of the segment v=\i 

and the analytic arc v = biU+b2U^+ Then 

1— aii_, 
l+^i"^'' 
from which it follows that the angle formed by the given real analytic arc and. 
the ic-axis is commensurable with n if &?=!, and conversely. Thus we may 
state the 

Theorem : If two intersecting analytic arcs have three bisectorSj then the 
configuration is a rational angle and is conformally equivalent to a pair of 
intersecting rectilinear segments. 

As noted above, the problem of the conformal equivalence of two intersect- 
ing analytic arcs to a rectilinear angle is identical with the problem of the solu- 
tion of the functional equation 

^[^7(^)1 =^*^(w)> ^= coefiicient of first-degree term of g{u)j 
where g{u) is a given function, analytic about the origin and vanishing there, 
and ^{u) is unknown and required to be analytic about the origin and to vanish 
there. This equation is known as Schroeder's equation. We have the 

Theorem : If the functional equation 

f[f{u)]=g{u), 
where g{u) is a given function^ analytic about the origin and vanishing there^ 
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and having a non-vanishing coefficient of its first-degree ternij and f{u) is 
unknown and required to be analytic about the origin and to vanish there alsOj 
has at least three solutions^ then Schroeder's equation^ as given above, has an 
infinity of solutions; in this case it is necessary that some positive integral 
power of the coefficient of the first-degree term of g{u) be unity. 

We may also state the * 

Theorem : The functional equation 

f{f{u)]=g{u)=b^u-\-b,u'+ . . . ., b^^O, 
where f{u) is the unknown function which is required to be analytic about the 
origin and to vanish there, has at most two solutions if &" ^ 1 for all positive 
integral values of n; and if 6i = l, n= a positive integery there must be either 
no solution, one solution, two solutions or an infinite number of solutions. 

% 6. The n-Section of a Curvilinear Angle, where n=2P. 

Let the analytic arc C^i v=B{u-\-B^u^-{- =G(u) be the symmetric 

image of the analytic arc Ci: v = biU+b2U^+ . . . .=g{u) with respect to the 
analytic arc C: v:=aiU-{-a^u^-\- .... =f{u). The symmetry determined by the 
arc C is given by 

U=^aiV + a^v^+ =f-'^v), 

F=aiW+a2W*+ =f{u). 

Then we have identically 

ajU-\-a2U^-\-. . . .=Bi{(tiV+a2V^+ )+Bi{aiV + (iiV^+ )*+ , 

where u=^iV+(i2V^-{- .... =g-^{v), or, symbolically, 

f=Grg 

or 

fg''f=G; (V) 

and if g{u) =u, i. e., g=l, (V) becomes ff=G. 

K g=f^ and f=fji, then fififT^fJi=G or fJJ^=G, and, in general, if G 
represents an analytic arc 6\ which is such that there exists an analytic arc C^ , 
given by i;=/i(ti), such that the image of the segment v=u with respect to 
the arc Ci is the arc C^ and the image of the arc C^ with respect to the arc C^ 
is the Gz , and so on until the image of the arc C^^g with respect to the arc C^_i 
is the arc C» , then 

fl=G. 

If the configuration consisting of the segment v=u and the analytic arc G^ is 
not conf ormally equivalent to a rectilinear angle, then the functional equation 

<p^=G 
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has at most one solution, as required, corresponding to a given value of the 
coefficient of the first-degree term (which can only have one of two values). 
Consequently, if w=2r, r= a positive integer, 

Obviously, the configuration consisting of the segment v=u and the analytic 
arc C: t;=^(w) is not conformally equivalent to a rectilinear angle, and there- 
fore if r=2<, f = a positive integer, we have again 

Consequently, if n=2P, /i is uniquely determined, if it exists at all, for a given 
value of the coefficient of the first-degree term. 

Consider now a rational angle consisting of the analytic arcs C© , A which 
is not conformally equivalent to a rectilinear angle. There then exists a finite 
number of analytic arcs Cg , Cs ,...., C« through the intersection, P, of the arcs 
Co , Ci , such that the arc C^ is tangent to the arc C© at P, i. c, the arcs Co and 
Cn form a horn angle, and such that the image of the arc C^ with respect to 

the arc C^+i is the arc C^+j, m=0, 1, , n— 2. If the set of arcs Ci, C,, 

, C^«i is uniquely determined when the arcs C© and C^ and the magnitude 

of the angle formed by the arcs C© and C^ are given> then every absolute con- 
formal invariant of the related horn angle is an absolute conformal invariant 
of the given rational angle and conversely.* Kasner has shown that a horn angle 
has only one absolute conformal invariant of finite order besides the magni- 
tude of the angle f ormed.f It follows from the preceding that a rational angle 

consisting of the arcs C: v^v^+a^iu — u^) +(h{'^ — Wo)*+ ^^^ C'l v=Vq-\- 

hi(u — Wo) +&2(w — tio)*+ . . . . , not conformally equivalent to a rectilinear angle, 
has one and only one absolute conformal invariant of finite order besides the 

magnitude of the angle formed if (t^) =1> P=0> 1> 2, This result is 

established for all rational angles in the next section by a direct method. 

The result stated on p. 409 may be restated as follows, if we call the arc 
C^+i in the above the m-th symmetric image of the arc Co with respect to the 
arc Ci : 

Theorem : A necessary and sufficient condition that a rational angle of the 
n-th order he conformally equivalent to a pair of intersecting rectilinear seg- 
ments is that the (n — l)-st symmetric image of one of the analytic arcs with 
respect to the other he the first analytic arc. 

* This is the " method of successive symmetries " employed by Kasner, loc. cit», p. 84. 
t Kasner, loo. cit,, p. 84. 
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§ 7. Gonformal Invariants of Rational Angles. 

That a rational angle has a unique absolute conformal invariant of higher 
finite order than the first may be shown directly by using the normal form of 
such an angle given on p. 417 ; i. c, the rational angle may be taken to consist of 
the segment of the line v=um the vicinity of the origin and the analytic arc 

where oJ=l, «= smallest such positive integer; o^+i^O; and m=2, 3, . . . ., 
p — 1, p= any positive integer. 

Let the analytic arc C be transformed into the analytic arc 

+^(^+p),+,t7«'+««+*+ ..... m=3, 4, . . . ., 2r+p-l, 
by the non-singular pseudo-conf ormal transformation given by 



?7=CiW+Cs«*+ 



•I 



F=Cit;+CjV*-|- , Ci^a. 

Then the identity follows: 

+ 

= ^l(CiM-fC2«*-|- ) 

+ 

+ 

+^(2,+p).+i(CaU+c,«»+ . . . .)(«'+")«+' 

+^(*r+p).+«(Ci« + C,«*+ . . . . ) <«'+'>"+« 
+ , 

whence the equalities 

CiOi=.4iCi or 01=^1, 
c,ai=.4iC2 of C8=0, 

» 

c,or=^iC, or c,=0, 
c,+ia?"^'=^iC,+i+^,+iCj+S or c,+i is arbitrary and ^,+i=0. 
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Assuming that c,=0, 5<A;n+l and ^jn+ly h<rj i=l, 2, . . . ., fc, and that 
^^^^j=0, it follows that 

^kn+fli^ "^^AiC^^ij *^2, 3, ... .9 n, 
and 

^(Jfc+l)n+l^ — -^l^(*+l)»+li^-^(t+l)n+lC 

Thus, in general, c,=0, s<rn+l and ^fijw+l, i = l, 2,...., and ^^,+1=0, 

&=!, 2, ,(r — 1) ; c^^+i, *=!, 2, , (r — 1), are arbitrary thus far. 

Further, we have, on equating the coefficients of i^'^^+S 

or 

Hence, we may take the pseudo-conf ormal transform of the analytic arc G to be 
the analytic arc 

G" : V=a,U+A^^,U-^^^+A^^^TP^^"+ .... +^(^+«)«+iCr^^'+->"^-^+ .... 

w^l, 2, . . . ., p — 1. 

Now, let the non-singnlar psendo-conf ormal traasformation, given by 

?7=Ci«+CjW*+ , 

F=Cir+Cit;*+ , c^^O, 

transform the analytic arc C into the analytic arc C" ; then we have the identity 
+ 

= Oi(Cj« + C2M*+ ) 

+ ^*«+l(Ci« + Cs««+....)*"+> 

+ 

+ ^(2,+«)»+l(CiM + C,«»+ . . . .)(''+«)«+> 

+ 

+ ^(.,+p),.+l(Cx« + C,M*+ . . . .)(«'+«•+» 
+ ^(Er+p).+*(Ci« + C,««+ . . . .)(*'+«-+« 
+ 

whence it follows that 

ClOi = OiCi, 

> 
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from which it follows that c,=0, sr^Ain+l and <rn+l, while Ct,+i, &=0, 1, 

2, ,r, are arbitrary thus far (of course, c^^Q). Further, assuming that 

c,=0, 5<(r+&)«+l and :^;n+l, k<r — 1, ^=0, 1, 2, ...., we have upon 
equating coefScients of «('+*>+', 1=2, 3, . . . ., «, 

Consequently, c,=0, s< (2r4-p) +1 and :^;n+l, j=0, 1, 2, 

The last identity then reduces to 

+ 

+ 

+ ^m+l(CaW+C,+i«"+'+ .... +C,,+itt""+^+ .... 

+ 

+ 

+ .' 

From this identity the following equalities result : 

Ci<h.=<h.Ci, 

» 

(w+ 1) c,+iOja„+i+ C(,+i).+ioJ'+'^)*+> = aiC(,+i),+i+ (rn + 1 ) ^„+icpc,+i , 
or 

(r— l)na„+iC^i=0, t. e., c,+i=0. 
53 
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Assuming that Cj^^.i=rO, 0<A;<r — 1, we get, upon equating coefficients of 

l^(r+»+l)»+l 

[(A;+l)n+l]C(t+„.+,ar'>"o«+i+C(,+»+i)«+ior*+')»+> 

or 

(r k l)«o„+iC(t+i),+i=0, ». c, <'(»+! )i,+i=0, A;=0, 1, 2, . . . ., r — 2. 

The above identity may now be written 

■+ 

+ 

r<*(«r+p)n+l« T^»(Jr+p)m-2« -T • • • • j '^ 

-i-n «/(»'+P)»+l_Urt «(*•■+?)"+* 4. \(«r+p)ii+» 

+ »(2f+p)«+lW +"(«r+p)m-2» -!-••• -j 

+ 

+ C(2,+p),+l«^*'+«-''+C(,,H.p)»+,«(*'+'')"+«+ . . . . ) 

+ 

+ ^(2r+«).+l(Ci«+C„+iW™+'+ +C(,+»),+iM('+*>"+'+ 

+ 

+ C(2r+p),+l«<*-'"-'' + C«,+p),««<*'+''>-+*+....)<*'+''>"-^' 
+^(2,+p),+2(CiM + C„+lM"'+H .... +t'(,+»).+itt^'"^*>"+'+ .... 

+ C«,+p),+i«<*'+'>-^' + C(,,+,).+,«<«'+'')-+H . . . .)(»'+p)-+* 
+ , 

h=l,2, . . . ., r+p — 1 ; m=l, 2, . . . . , p — 1. 
The following equalities result from this identity : 
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= (hC2m+l +{rn + l) ^^+iCrCm+l + ^8n.+l^'"^S 



= ^^(2r+in)fi+l+ (^W + 1) ^rn+l^r^(r+iii)n+l+ • • • • +-4(2r+»)«+lCi ''+"»)*>+^, 
• • • •• J 

m=l, 2, , p, 

where the terms omitted in the last equality do not involve C(^+^)„+i 0TA^2r+m)n-^i •* 
From (a) and (^) it follows that 

^2m+l Ajrn-hi 

Further, from (y) we have 

Since C(^+p)«+i is arbitrary, and since ptia^+i^^O, ^(2r+p)«+i is arbitrary and, there- 
fore, there exists no absolute pseudo-conformal invariant of order (2r+p) ; 
i, e., since p is any positive integer, there is no other higher invariant of finite 

order besides Oi and — ^^ • 

We have, in the complex plane, the 

Theorem : Any rational angle not conformally equivalent to a pair of inter- 
secting rectilinear segments has just one absolute conformal invariant of finite 
order besides the magnitude of the angle. 

^ 8. Products of Symmetries. 

Consider the symmetry determined by the analytic arc Cii v=:VQ+ai{u—Uo) 
+02(^—^0)*+ . . . :, and thus given by 

(v=Vo+ai{U—Uo)+a2{U—Uoy+ , 

*!• \v=Vo+a^{u-Uo) +a,{u-Uoy+ . . . ., 

and also the reflection with respect to the line v = bo+biUj 

8: 



bo . V 



V= — + — 



v= 60 + M; 

then Si=TST^^y where T is a non-singular pseudo-conformal transforma- 
tion which transforms the arc Ci into a segment of the line t;=6o+&i^* 

♦By equating the coefficients of uC*"**)***!, h=l, 2, . .. ., n — 1, only the triyial equalities 

0(r+»)n+iOi<*'+*>*^*=«iO(r+*)n+i 
are obtained. 
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Thbobbm : If Si is a symmetry y then T^^SiT is a symmetry y where T isa 
non-singular conformal transformation which leaves a point of the determining 
arc of Si invariant. 

For Si=TiSTi^y where Ti is a non-singular conformal transformation 
which transforms the determining arc of Si into a rectilinear segment through 
the invariant point and S is the reflection with respect to this segment. Then 
T-''SiT=T-'TiSTi'T= (Tr'T)-^S(Tr'r), which is a symmetry. 

We have also the following simple 

Theobem : If a non-singular conformal transformation T' which leaves a 
point invariant is the product of two symmetries Si , S^ which leave the same 
point invariant^ then the transform of T' by a non-singular conformal transfor- 
mation T is the product of the reflection S with respect to a line through the 
invariant point and a symmetry S^ , where T and S^ are determined as below. 

For 

T''rT=T-''SiS^T=T-''SiTT''S^=SSt , 

where T is a non-singular conformal transformation which transforms the 
analytic arc which determines the synmaetry Si into a segment in the vicinity of 
the invariant point of the line referred to above and S is the reflection with 
respect to this line. 

If the invariant point is the origin, SS^ is of the form 

U=aiU+a2U^+ , 

V=biV+b2V*+ , ai^Oy 

where the 6's are the coefficients of the power series which is the inverse of the 
power series whose coefficients are the a% when S is taken as the reflection 
with respect to the line v=u. Again, let Si and S2 be given by 

m=biv+b,v'+....=f-'Hv)y 

^^'' ]r=aiU+a2u'-\-.. ..=f{u)y Oi^Oy 
^ ^ }u=div+d,v'+ . . . .=g-'{v)y 
*' yV=CiU + C2U^+ =zg{u)y ^1=^0; 

then T'=SiSt is given by 

U=g-'[f{u)]y 
V=g[f''{v)]. 

It is seen that the product of two symmetries which leave the origin invariant is 
by no means the general non-singular conformal transformation which leaves the 
origin fixed. In particular, if both symmetries are real, then the real confor- 
mal transformation, expressed as a power series of a complex variable, which 
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is their product has unity as the modulus of the coefficient of the first-degree 
term. 

Consider the product of three symmetries 8^82^8^^ determined by three 
analytic arcs passing through the origin: 8' =81828^. 8' is a reversed non- 
singular conformal transformation, but not, in general, a symmetry. Let 
8=T''^8iTy where 8 is the reflection with respect to the line u=v and T a non- 
singular conformal transformation which transforms the determining arc of Si 
into the segment in the vicinity of the origin of the line v=Uy leaving the origin 
invariant. Then 

T-'8'T=T''^8^82T=T-'^8^TT-'8^TT-'8,T, 

or 8"=88'2Ssy where 8"^ /SJ, S'J are symmetries leaving the origin invariant. 
Let 8i be given by 

V=f{u)=aiU+(hu^+ , (h4^0. 

and 5; by 

U=g'-'{v), 

V=g{u)=:biu+b2U^+ , bi^O. 

Then 8828'^ is given by 

V=g[rHu)]. 
Hence, in order that S"' be a symmetry, it is necessary and sufficient that 

g^'f^fg-', 

or 

fg=gfy 

whence the 

Theorem : In order that the product of three symmetries determined' by 
three analytic arcs intersecting in the origin be a symmetry ^ it is necessary and 
sufficient that the transforms of the second and third factors by a non-singular 
conformal transformation which transforms the determining analytic arc of the 
first symmetry into the segment v=u, and leaves the origin invariant, have 
determining analytic arcs which are such that the substitutions represented by 
the equations of these arcs are commutative. 

Since any symmetry may be transformed by a translation into a symmetry 
determined by an arc through the origin, the above theorem may be readily 
modified to apply in the case that the invariant point is not the origin. 

The last theorem implies the existence of an infinite set of necessary con- 
ditions involving the coefficients of the power series which represent the ana- 
lytic arcs which determine the symmetries. The most simple necessary condi- 
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tion that the product of three real symmetries which leave a point invariant be 
a symmetry in the real plane has an intersecting geometrical interpretation. 
Taking the origin as the invariant point, we have as the three symmetries 

S^: Z = aiZ+a2?+ , 

8^x Z=YxZ+Y^?+ 

Then 8^828^ is given by 

^ = aij5iyi2+ (a!i5iy2+aii52yi+a2j3iyi)?+ 

Let 

Ci: y=ax<x^-\-a^+ . , . .J 

Cj: y — h^x+h20^+ , 

C,: y=c^x+C2(Ji?+ 

be the analytic arcs which determine Sj , 8^ and 8z respectively. Then 

l + Oii n __ l + \i ^ _ Ti + c^i 

""'=1=^^ P'-T^^V ^^-1=^^ 



_ 202^ ^ __ 2&2^ _ 2c^i 



Then 



{l-a^iy ^^ (l-&it)*' ' {l-Ciiy 
2di — — — 



where d^ is the coefficient of the second-degree term of the power series which 
represents the analytic arc which determines the resulting symmetry and is, of 
course, real. On separating into real and imaginary parts, it is found that 

a2(&i— Ci) . &2(Ci— %) 



+ 1 + 62 + 1+^ -", 



1+af 
or 

Ti sin {C, , Cs) +r, sin (C, , C^) +rs sin (C^ , C,) =0, 

where Ti, 1*2, Fj denote the curvatures at the origin of the arcs Ci, C^f Cj 
respectively, and sin (Cj, Cs) denotes the sine of the angle between the arcs 
Ci and Cg , etc. We state the 

Theorem: If the product of three real symmetries determined by arcs 
through a common point is also a symmetry ^ then the sum of the three products 
of the curvature at the common point of the arc determining one factor by the 
sine of the angle between the two arcs determining the other symmetries^ and 
oriented according to the order of the factors in the product^ is equal to zero. 
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The Non-homogeneous Differential Equation 
of Parabolic Type.* 

By Gbiffith C. Evans. 



1. Introduction, 



It is characteristic of the partial differential equation of parabolic type 
that on one side it partakes much of the nature of the equation of elliptic type, 
and on the other, that of hyperbolic type. To be more precise, if we are con- 
sidering an equation in two variables, x and <, the solution is something like 
an harmonic function with respect to the variable a;, in regard to which the 
differentiation is of the second order, but more like a solution of an equation of 
hyperbolic type with respect to the variable t. For instance, if in the equation 

the function f{x,t) is analytic in the variable x in the neighborhood of the 
point (rci, <i), every solution u of equation (1), which is continuous together 
with its derivatives du/dXj d^u/dx^j dv/dt^ is an analytic function of re in that 
same neighborhood, t We know, moreover, that a regular solution of equation 
(1) exists, under suitable boundary conditions, provided that f{Xyt) and its 
derivative in regard to x are finite and continuous, t In the corresponding 
equation of elliptic type a solution exists if the function with its first derivatives 
with respect to both variables are finite and continuous (Gauss). 

We know that the second-order derivatives of the definite integral which 
represents the potential function exist in the neighborhood of a point Pi, if 
the density p at any point P in that neighborhood satisfies the condition 

Ip-Pi|<^r% 
where ^ is a constant, r is the distance from Pi to P, and r is a positive number 

* Presented to the American Mathematical Society, September, 1014. 

t E. E. Levi, "Sull' equazione del calore," Annali di Matematica, Vol. XIV (1907-1908), p. 239. 
i W. A. Hurwitz, "Randwertaufgaben bei Systemen yon linearen partiellen Differentialgleichungen 
erster Ordnung," p, 85, GOttingen, 1910. 
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not zero (Kronecker). This is not a necessary condition, of course, but it is 
one which is convenient in actual use. If we look for a similar condition with 
respect to the definite integral w, which is used to represent the principal 
solution of equation (1), and ask when the derivatives d*u/da? and du/dt exist, 
we find Levi's theorem that there are regular solutions of (1), under given 
boundary conditions, provided that in the neighborhood of any point (iCi, <i), 
f(Xjt) satisfies a condition of the form 

If we write the expression analogous to the potential function, for equation (1), 
the derivatives of that quantity exist in the neighborhood of (iCi, ^i) if the 
function f{x^t) is finite and integrable in the given region, and at (iCi, t^) 
satisfies Levi's condition. But this condition is symmetrical in x and /, and 
therefore misses in part the essential nature of the parabolic equation. We 
are thus led to look for an asymmetrical condition more analogous to Kron- 
ecker's but not so much like it. 

2. The Principal Solution of Equation (1). 

Let us consider a region Jtt^^ (notation of Hurwitz) bounded on the left 
by the line f = ^o, on the right by the line f = ^i, above by the curve 0^=^2(0 
and below by the curve x=^x{t). The functions fi and fj are to be continuous 
with their first derivatives, and are to have only a finite number of maxima 
and minima in the interval under consideration. Moreover, we are to have 
^2(0>fi(0,forf>io. 

We shall say that the function u{Xjt) is regular at a point {x^j t^) if u 
and du/dx are finite and continuous in the neighborhood of (a?o, <o)> ^^^ d^u/da? 
and du/dt exist at (xq, t^). We shall say that u{Xj t) is regular in a region 
^fit^ if it is regular at every point inside the region, continuous with its deriva- 
tive du/dx on the boundary, and if d^u/da? and du/dt are linearly integrable 
in regard to x and t respectively. In this paper we shall not deal extensively 
with regularity at. a point ; we shall, however, touch on the matter again, in the 
last section. 

Making use of the notation (Levi) 

K^,{x,t\x,,t,) = ^^^^j,e *o-'0^ (2) 

* E. £. Levi, loo. oit., p. 239. 
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we have the following theorem for the existence of the principal solution of 
equation (1). 

Theobem I. The function 

u{x,t) = -^^ SS Ki{^,r\x,t)f{^,r)d^dr (3) 

is regular in the neighborhood of the point (a?i, fj), and satisfies there the 
equation (1), if /(a;, t) is finite and integrable in t^Rt,{t2>ti)j is continuous in 
the neighborhood of {xu ti)j and satisfies the condition 

\f{x,t)-f{af,t)\<A\x-x'\% (4) 

where (a;, t) and (re', t') are any two points in that neighborhoodj and A and v 
are positive constants, not zero. 

3. The Functions u and du/dx. 

From the finiteness and integrability of f{Xyt) follows at once the con- 
tinuity of u and the existence and continuity of du/dx, within and. on the 
boundary of R ; for we may differentiate under the integral sign once in regard 
to X.* But we may not differentiate twice in regard to x or once in regard 
to ty under the integral sign, and we must therefore establish the existence of 
these derivatives in other ways. 

4. Th^ Function d^u/dx^. 

Let us consider now the point {Xi , ti) within JB, and divide the region R 
into two parts, of which one shall be a small open rectangle ^r^, wholly within 
the above-mentioned neighborhood of (a;i, <i), and the other the rest of ^^R^. 
If we separate the integral in (3) into the corresponding two parts, denoting 
by u' the result of extending the integral over r, and by ti" the result due to 
the rest of JB, we shall have for d^u'ydx^ a continuous function of x and t. 
It remains then to investigate u\ 

For this purpose let us write 

f{x,t)=f{x',t)+^{x,t,x'), 
u'{x, t) = «i(rc, t, x!) + W2(a?, ', a?'), 



^(•^^ ^^') = 5^// K\ (f.^l^. t)f{x',r)d^dr, 



(5) 
thus defining the functions ^ (a;, <, a?') , Mi (x, i, a;') , Mj(a;, t, x') . We shall have, then, 

* E. E. Levi, loo. cii., p. 234. 

54 



Digitized by VjOOQ IC 



434 Evans : The Non-hdmogeneous Differential Equation of Parabolic Type. 

M^. ty n = A= // K\ (^,-^1^, 04^(^, 'T, x')dl dr. (6) 

To Ui we may apply the theorem of Hurwitz already mentioned, from which it 
follows that if the function f{x,t) is finite and integrable in Rj and continuous 
at {xi,t)y with its first derivative in regard to a;, then the function u(a;, <), 
defined by (3), is regular at and in the neighborhood of {x^ ti). Therefore, 
since the derivative, with respect to x, of f{x'jt) is continuously zero, the func- 
tion Uij defined by (5), is regular at (a;', t'). In particular, we have 

^--^i^-^^^ (7) 

a function which inside r is continuous in Xy t and x\* 

Let us now actually calculate d^u^/dx^ = limA[du2/dx]/Axy when x=a/ 

and t = t'. To do this we may follow closely the analysis of E. E. Levi,t 
replacing his condition by ours, and obtain the result 

+ LSSKii^,r\x',t')ip{^,r,x')d^dr. (8) 

The presence of the ^ makes the above integrals convergent. Each of them, 
moreover, represents a continuous function of x' and V in the neighborhood of 
(a?i, <j), as we see by dividing r into two parts, one of them being a very small 
neighborhood of {Xi, ti). For, if we form the expression (8) for (a?", i"), and 
subtract from it its value for {x\ <'), keeping both points well within the very 
small neighborhood, we can make the contributions due to this neighborhood 
as small as we please, on account of the uniformity of the condition (4) ; then 
we can make the rest of the expression as small as we please by taking the 
point {x'\ t") close enough to the point {x\ t'). 

We see from the results just obtained that the function 

( d'u'{x,t) \ _( d'u,(x,t,x') \ / d'u,{x,t,x') \ .9. 

represents a continuous function of x' and V in the neighborhood of the point 
(a?!, <i), and is therefore linearly integrable in regard to x' and t' in that 
neighborhood. Accordingly it follows that we have established those same 
properties for the function d^u/dx^. 

♦ W. A. Hurwitz, loc, cit., p. 86. f K. E. Levi, loc, cit,, p. 236. 



Digitized by VjjOOQIC 



Evans: The Non-homogeneous Differential Equation of Parabolic Type. 435 

5. The Function du/dt. 

We might in the same way, by means of slightly more complicated ex- 
pressions, investigate the function du/dt. It is more convenient, however, 
to make use of a different method, which is more general, and adopts an 
entirely different point of view. To do this we shall need to mention one or 
two introductory definitions and theorems. 

A standard curve is a closed curve composed of a finite number of pieces, 
which does not cut itself at any point ; along each piece the coordinates of a 
point are given by two functions ^{q) and •J'Cg), continuous with their first 
derivatives, throughout a finite interval for q. In this interval ^'(q) and '4'' (3) 
shall not vanish together ; and neither of them shall vanish at more than a finite 
number of points unless it vanishes throughout the whole interval. We see, 
then, that a standard curve can not be cut by a vertical or horizontal straight 
line in more than a finite number of points unless the straight line includes 
itself a portion of the curve. 

We shall say that a standard curve approaches a point uniformly if, when 
we are given a circle with center at the point and radius arbitrarily small, the 
standard curve becomes and remains entirely within the given circle. 

We have the following general theorem : //, in the a?, y plane, sis a standard 
curve, enclosing a region (T, which approaches a point P uniformly, and the 
functions u and du/dx are continuous throughout the neighborhood of P, then 

^g = \ym\[S,udy]. (10) 

On the other hand, if merely u is continuous throughout the neighborhood of P, 
and Urn [/,wrfy]/<y exists when a approaches P uniformly, then du/dx exists 
at P and is equal to that limit. 

A similar theorem applies, of course, to 

^ = -lim^[S.udx]. (11) 

The first part of this theorem is proved by integrating du/dx over the region a, 
and the second part may be obtained by choosing for s a rectangle whose side 
Ay is conveniently small with reference to its side Ax. 

Besides this general theorem, we need the following result which applies 
particularly to the parabolic equation: // f(x,t) is finite and continuous within 
the region JS,^, the function u{x,t), defined by (3), is continuous with its 
derivative in regard to x within and on the boundary of the region, and satis- 
fies the equation 
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S.^u{x,t)dx + ^^dt'^=SSaf{^^t)dxdt, (12) 

where s is any standard curve entirely within the region (the axis of t being 
horizontal, as heretofore).* From this theorem it follows that if f{x^t) is 
finite and integrable in R and continuous in the neighborhood of a point P 
within iJ, and 5 is a standard curve which approaches P uniformly, then 

lim^[/,[t.(a;,0^a; + ??^^rf<]]=/(a;,0. (13) 

Let us apply these results to our present problem. Since as we have 
already shown, du/dx and d^u/dx^ exist and are continuous throughout the 
neighborhood of (a?i, t/x), it follows that as s approaches P uniformly, P being 
in that neighborhood, we have the relation 

Hence, from (13), lim [§,udx^/a exists as s approaches P uniformly, and, 
since u is continuous in the neighborhood of P, our general theorem tells us 
that du/dt exists at P and is given by the equation 

|| = limi[/,uda;]. (15) 

If now we substitute (14) and (15) in (13), the equation (13) becomes 
merely the differential equation (1), and since by that equation du/dt may be 
written, in the neighborhood of (a?i, ti), as the sum of two continuous functions 
of X and f, it is itself continuous in that neighborhood. Theorem I is therefore 
completely established. 

6. Regularity at a Point. 

Regularity throughout a region is necessary if we wish to apply Greenes 
theorem. But if we are interested only in regularity at a point, we can get 
less restrictive conditions for it than those expressed in Theorem I. A sufficient 
condition for regularity at a point is given by the following theorem : 

Theorem II. The function given by equation {i) is regular at the point 
(a^i, fi), and satisfies there the equation (1), if /(a?, t) is finite and integrable 

* G. C. Evans, " On the Reduction of Integrodifferential Equations," Tranaaotions of the Amerioan 
Mathematical Society, Vol. XV (1914), p. 477. 
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*^ *,^«, (*2>'i)> ^^^ *w ffee neighborhood of (a?!, ti) t5 continuous and satisfies 
the condition 

\fix,t)-f{x,,t)\<N\x-x,\% (4') 

where N aud v are positive constants^ not zero. 

This theorem may be established directly by calculating d^u/da^ and du/dt 
at the point {xu ti). Or section 5 may be applied, provided that the curves s 
be throughout restricted to rectangles with sides parallel to the axes, and the 
general theorem there mentioned be extended to the following : If, along the 
line x=Xij in the neighborhood of the point (a?i, yj), we have, uniformly, 

2jj^ ^(a?i + Aa?,s/) — ti(a;i,y) ^du 
A«»o ^^ dx^ 

then at {Xu yi), if 5 approaches {x^ j/i) uniformly, we have 

^ = limi[/.urfy]. 

The condition (4') might hold for every point of the region, and the con- 
dition (4) still fail to hold. Similarly, Levi's condition might hold for every 
point of a region,* and conditions (4') and (4) still fail to hold, although for 
most purposes these conditions are more general than Levi's. In other words, 
Levi's condition and the condition (4') are such that they do not necessarily 
hold uniformly even if they hold at every point. An example will make this 
clear. 







Consider a function /(a?), defined as follows: Divide the interval (0, 1) by 

the points 1/2, 1/4, 1/8, , and in each sub-interval draw the curve 

y = 2{x — p)p, where p is 1/2, 1/4, 1/8, ...., connecting the point where 
each of these curves cuts the curve y = a^ to the next point of division to the 
right with a straight line. Let f{x) be the curve made up of these portions 

* In the deyelopment referred to above, Levi considers only regularity at a point. If Levi's con- 
dition is made uniform, his theorem becomes a particular case of Theorem I. 
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of straight lines and curves y=2{x — pYy when rr>0; when a?<0, let /(a/)=0. 
We notice now that for every point in the interval 0<a?<l we have a condition 

of the form 

\f{x)-f{x,)\<N\x-x,\% 

where N and v are positive constants, not zero, depending in value on the 
value of x^ . We can not find a positive v which will hold for all points of the 
interval, because if we let (Ci approach by coinciding with the points 1/2, 
1/4, 1/8, , the value of v approaches 0. 

The Rick Inbtitutx, July, 1914. 
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On Properties of the Solutions of Linear q^Ditference 
Equations with Entire Function Coefficients/ 

By Thomas E. Mason. 



§ 1. Introduction. 

The purpose of this paper is to study the existence of entire function 
solutions of linear n-th order homogeneous and non-homogeneous g-difference 
equations with entire function coefficients, and to study the character of such 
solutions, when they do exist, with respect to the relation of the **ordre 
apparent'' t of the solutions and the coefficients. Entire function solutions 
are proved to exist, whenever there exist formal expansions in ascending 
powers of x satisfying the equation. In certain other cases it is shown that 
there exist solutions made up of entire functions multiplied by rather simple 
functions which are not entire. The "ordre apparent'' of the solutions of 
equations with coefficients of finite order is not greater than the greatest 
"ordre apparent" among the coefficients. In the case of equations with coef- 
ficients of infinite, but not transfinite, order, th^ "Vergleichsfunktion"} of the 
solutions is not greater than the greatest among the "Vergleichsfunktionen" 
of the coefficients. 

We shall write our equations in the forms 

+B,{x)G{x) = B{x), |g|>l, (1) 

and 

G{q''''x) + B,{x)G{q''^^-^^x)+B^{x)G{q''^^''^^x) + .... 

+B,{x)G{x)=B{x), |g|<l. 



where 



Bi{x) = 2 h^iX^ and B (a?) = 2 h.x\ 



and where B{x)^Q for the homogeneous equation. If we replace q"^ in the 
equation above for 1 3 1 < 1 by g', we have a new equation where | g' | > 1. In 
what follows we shall consider only the case | g | > 1, since the case | g | < 1 
reduces so readily to this. 

* Read before the American Mathematical Society at Chicago, April, 1914. 

t See Borel, " Legons sur les f onctions enti^res," p. 74. 

t See Kraft, "Uber ganse tranazendente Funktionen von unendlicher Ordnung," GOttingen, 1003. 
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Carmicbael* has studied the homogeneous form of equation (1) with 
analytic coefficients of certain forms, and has found fundamental systems of 
solutions with proper restrictions on the roots of the characteristic equation. 
There may be entire function solutions when the conditions given by Carmicbael 
are not fulfilled. The various cases are considered in this paper. 

§ 2. Existence Theorems. 

Let us consider the homogeneous form of equation (1). We shall write 
the roots p< of the characteristic equation in the form 

Pi = 3*S * = 1, 2, ,n. 

If nii is a positive integer, then the substitution of a power series will show 
that there exists a formal expansion in ascending powers of x. For m«- not a 
positive integer, the substitution 

G{x)=x'^*F,{x) 

will give, after dividing by ir"**g**", an equation in Fi{x) of the form of 
equation (1), which will have a formal solution in ascending powers of x. 
In case the numbers m,, for two different values of i, differ by an integer, 
there will be, in general, a solution only for the m< of greatest algebraic value. 
For the case in which all the roots of the characteristic equation are zero, 
the substitution 

G{x) = e^^^^^'''-*-''^ F(a;), yj = loga?/logg, 

will give, after dividing by the proper factor, an equation of the form of 
equation (1), which will have some of the roots of its characteristic equation 
different from zero, provided that it is possible to choose /3 an integer, so that 

nP= (n— i)/3+a< 

for some value of t, i — 1, 2, , n, and so that no other value of i will make 

(n— t)/3+a,<n/3, 

where a< is the exponent of the lowest power of x in Bi{x). 

For the proof of convergence it will be sufficient to show that a formal 
ascending power-series solution of equation (1) is a convergent series; since 
the other cases referred to above transform to equations of the type of (1) by 
simple transformations, which do not affect convergence. The proof of con- 
vergence will be carried out for the non-homogeneous case, and'this can be made 
to cover the homogeneous case by making the coefficients b^ of the function B (a?) 
identically zero in what follows. 

* Amebicak Journal of Mathematics, Vol. XXXIV (1912), pp. 147-168. 
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We shall suppose that equation (1) has formal ascending power-series 
solutions, which we write 

G{x)=XaiX\ 
Beckoning out coefficients, we shall have 

Form a comparison series in the following manner: Take absolute values in 
the numerator of aj, and consider all signs between terms as positive. This 
will increase the numerator if any change is made in its\alue. Since |g| >1, 
it will increase the numerator if we consider each term as multiplied by the 
highest power of q which occurs in any term, namely, g<*-^)<«-^>. The co^- 
cients Bi{x) and the function B{x) in equation (1) are entire functions, and 
hence, there is a positive constant b which is greater than the absolute value 
of each of the coefficients bif and b^ . The numerator will be increased, there- 
fore, if we replace each 6 with subscript by b. The absolute value of the 
denominator will be decreased* if we replace it by g*V^> where ilf is a properly 
chosen constant. Call the new Gj, which we are forming ai . As we form each 
new ai , we shall further increase its value if we replace each a, with subscript 
less than fc, by the corresponding a'. We shall have 

i»j<o;= ^i«i"""'-"i£°'+^i 

|g|*VM 
and 

6«|g|*(»-')i2o;+li 6«|g|*<-')}a;+2o; + l{ 

"»+i = |g|(»+i)73f = |g|<*+')»/M • 



Hence, 



6n|3|*<"-^)lai+Va;+l| 

»=0 






<>0 



qr'/M 



~iZl iTgp*'^'^"/^ |g|(*+l)»|g|(*->)(»-l)J 
_ 1 



. * Ab pointed out at the beginning of § 2, we are seeking the solution corresponding to the root psg*" of 
the characteristic equation for which m is the greatest in algebraic value. Thus the denominator can not 
equal zero for X; > m. In carrying out the reckoning of coefficients we see that a](;=0 for X; < m and that a^ 
is arbitrary. Hence, the denominator can vanish for no value of h for which the numerator is not also zero. 

55 
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Hence, for | a; | < | g | the series 



Xai\x\' (3) 

ft«>0 



is convergent. The series 



G{x) =i:aj^ 

has its corresponding coefficients less in absolute value than those of the series 
(3), and hence, it is uniformly convergent for |a:| < r < |g| and represents an 
analytic function in that region. By means of equation (1) G{x) can be con- 
tinued throughout the plane as an analytic function, since the coefficients Bi{x) 
of equation (1) introduce no singularities. Therefore, G{x) is an entire 
function. In the same way Fi{x) or F{x) of the transformed equations men- 
tioned above represents an entire function. 

We have thus proved the following theorems : 

Theorem I. The equation 

G{q^x) + B^{x)G(q^-'x) + . . . . ^B^^^{x)G{qx) + B,{x)G{x) ^ 0, (1) 

where the coefficients Bi{x) are entire functions^ has solutions of the form 

G,{x) = x^*F,{x), 

where Fi{x) is an entire function and where the roots of the characteristic 
equation are written in the form p^ = g** ; provided that not all the roots of the 
characteristic equation are zero. The solution Gi{x) will he an entire function 
provided that m,. is a positive integer. 
Theorem IL The equation 

G{q-x) + B,{x)G{q--'x) + . . . . + B,^,{x)G{qx) + B,{x)G{x) = B{x), (1) 

where the functions Bi{x) and B{x) are entire, has an entire function solution 

whenever it has a formal ascending power-series solution. 

Partly as a corollary of the preceding theorem we have the theorem : 
Theorem III. The q-finite integral of an entire function^ defined by the 

equation 

G{qx) — G{x)=ia,x\ (4) 

can he written in the form 



lofi: a <=i (7* — 1 



log q ^<«ig* 

where C{x) is an arbitrary function satisfying the relation C{qx) = C{x)^ 
The integral G{x) will he entire only when ao = and C{x) is an arbitrary 
constant. 
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It is evident that the substitution 

logg 

in equation (4) will give an equation in F{x) which has a formal solution in 
ascending powers of a?; and hence, by Theorem II, F{x) will be an entire 
function. The values of the coeflScients are easily found. 

§ 3. Order of Solutions. 

We come now to a study of the relation of the "ordre apparent" of the 
entire function solutions of equation (1) as related to the **ordre apparent'' of 
the entire functions which are the known functions of that equation. We shall 
suppose that the greatest " ordre apparent'' of Bi{x) and B{x) is p. From the 
theorems which have grown out of the Borel theory of increase, we have 

\B,{x) I < e'"'*^'^ and \B{x) \ < e^'^'^'^, \x\ > R. 
Then for any x we have 

\B,{x) I < Afei'i'-''^ and \Bix)\< Me^^^'^'^, 

where M is a properly chosen constant. 

Now consider the plane divided into fundamental regions by circles of 
radii r^, where r^+i : r^ = g : 1. Call i any x in some one of these circular rings 
in the neighborhood of the origin. Then for |a?|<|5| 

\G{x)\<K. 

Write equation (1) in the form 

G{x)=-B,{x/q^)G{x/q)-....-B,{x/q^)G{x/q^) + B{x/q-). (5) 

Replace each term on the right by the largest at each step, and by means of 
the equation continue the function out from the origin. We have 

\G{qi)\<(n + l)MKe^^'^'^'^y 
\G{q'i) \<{n + lyMKe'^'''^'^'^, 



As k increases indefinitely, the last inequality can be replaced by 

Hence, 

\G{x)\<e^'^'^\ \x\>R% 

where R' is properly chosen. Therefore, G{x) is of "ordre apparent" not 
greater than p. 
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When G{x) is not an entire function, as in Tiieorem I, but is a?**F<(aj), m^ 
not a positive integer, then an argument similar to that used above will show that 
Fi{x) is of "ordre apparent" not greater than the greatest **ordre apparent" 
of the coefficients. 

We have thus completed the proof of the theorem : 

Theorem IV. The entire function solutions, if any exist, of a linear n-th 
order homogeneous or non-homogeneous q-difference equation, with coefficients 
which are entire functions of finite order, are of " ordre apparent " not greater 
than the greatest " ordre apparent " of the known functions of the equation. 

In the same way in which we proved Theorem IV we could prove the 
theorem : 

Theorem V. The entire function solutions^ if any exist, of a linear ti-th 
order homogeneous or non-homogeneous q-difference equation, with coefficients 
which are entire functions of infinite, hut not transfinite, order, have their 
" Vergleichsfunktionen " not greater than the greatest among the " Vergleichs- 
funktionen " of the known functions of the equation. 

It is easy to construct equations which have solutions which are of " ordre 
apparent " less than the greatest " ordre apparent " of the coefficients. The 
same is true for the case of the infinite, but not transfinite, orders. One easy 
method of doing so is to choose a function for solution which has no zeros, and 
then choose all but one of the coefficients entire functions, at least one of greater 
" ordre apparent " than the solution, and solve for the other coefficient. Thus 
each of the equations 

G{q^x) + e" G{qx) + (e^-* — e*<«-^>+- — e^c^-^)) G{x) = e^ 
and 

Giqx) + (e*'"-* — e'^^''^)G{x) = c*'*" 

has the solution e*, which is of " ordre apparent " less than the coefficients of 
the first equation, and is of finite " ordre apparent " while the coefficients of the 
second equation are of infinite order. 

PuBDUE Uniybbsitt, La Fatette, Indiana. 
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On Rationed Sextic Surfaces Having a Nodal Curve 

of Order 9. 

By C. H. Sisam. 



1. It is known that, if the section, by a generic plane, of a surface of order 
greater than 4 is rational, then the surface is ruled.* If the section is of 
genus 1, Castelnuovo has shown that the surface is either ruled or rational, t 
Ruled sextics have been the subject of several investigations.} In this paper, 
the non-ruled sextic surfaces whose plane sections are of the lowest possible 
genus will be studied. These surfaces have been discussed briefly by Caporali.§ 
Particular cases have been studied by del Pezzo|| and Bonicelli.^ 

2. Castelnuovo shows, in the memoir cited above, that the parametric 
equations 

^i = /i(^i,Jl2,^), i = l,2,3,4, (1) 

of the given sextic surface can be set up in such a way that the four curves 
/<=0, in the X-plane, are cubics which have three points P^ P^^ P^ ia common. 
These three points are thus fundamental points for the linear system XUifi=0 
of cubics which correspond to the plane sections of the given surface. 

If we take the triangle ** whose vertices are P^^P^^P^ as coordinate 
triangle in the X-plane, equations (1) simplify to 

1 = 1,2,3,4. 

3. To a fundamental point P< there corresponds, on the surface, a right 
line Qij in such a way that to each direction through P< corresponds ft a point 

♦ Picard, OrelWs Journal, Vol. C, p. 71. 

t Rendioonti dei Linoei, Series 6, Vol. Ill (1804), p. 60. 

t Gf. Snyder, Akebican Joubnal of Mathematics, Vol. XXVII (1905), pp. 77-102. Other referenoes 
will be found in this article. 

§ " Collectanea Mathematica in Membriam D. Chelini," p. 169, Hoepli, Pisa, 1881. 

II Rendioonti di Napoli, Series 3, Vol III (1897), pp. 196-203. 

U GiofTiali di Mat. di Battaglini, Series 2, Vol. IX (1897), pp. 184-191. 

** For the cases in which Pi, P,, P, do not form a triangle, see Arts. 23-25. Throughout the 
following discussion, except when the contrary is stated, it should be understood that the general case 
is the one under discussion. 

tt Clebsch, Math. Ann,, Vol. I, p. 266. 
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on g^. To each direction through (0, 0, 1), for example^ corresponds at once, 
from (2), a point on the line 

Xi = c^\+Ca^, i = l, 2,3,4, 

and conversely. The three lines g^ g^j ffs corresponding to P^ Piy Pg respect- 
ively, do not intersect. 

To the lines joining Pi, Pj, ^a ii^ pairs correspond three other lines g[jg29 g'z 
on the surface. Each of these lines intersects two of the lines g^ gi, g^ so that 
the six lines form a gauche hexagon. 

4. There are no other non-multiple right lines on the surface. For, let g 
be a line on the surface to which corresponds, in the ^-plane, a curve of order m 
having an orfold point at P< (i=l, 2,3). Since a generic plane intersects g in 
a single point, the image cubic of the section of the surface by the plane inter- 
sects the image of ^ in a single non-fundamental point, so that 

3m — di — 0L2 — ota^^l* 

But ai+a2+a8<2m, since, otherwise, the curve of order m would be composite. 
Hence, m=l, aj +09+08=2 and g coincides with one of the lines g'u g%^ g't* 

5. To a generic line in the X-plane through a fundamental point P^, 
corresponds a conic on the surface, since it is intersected by a generic plane 
in two points. To the pencil of lines through P^ thus corresponds a system of 
conies on the surface, such that, through a generic point on the surface, there 
passes a single conic of the system. 

The planes of such a system of conies envelope a curve of class 4. For, 
from (2), as the line ^2^— ^i'^=0 describes the pencil with vertex at Xi=X2=0, 
the plane of the corresponding conic describes the developable of class 4 
defined by the equation 



= 0. (3) 



It will be shown (Art. 20) that, if a sextic surface is generated by a system 
of non-composite conies whose planes envelope a rational curve of class 4, 
then a generic plane section of the surface is of genus 1. 

Four tangents can be drawn from each of the points P^ to a generic curve 
2 Ui fi = 0. Hence, four conies of each of the three systems touch a generic 
plane. The cross-ratios of the parameters of the four conies of the three sys- 
tems are respectively equal. 



ai 


*i%o+*iOu 


lc\hya-\-'2-lCihK+KK 


"a^lO + n-lCu 


Xi 


h(ha+K<hi. 


1Ah^^2hKh,,+k\h^ 


k\Cjia+kiCfi 


Xt 


fciOao+A^iOn 


lc\h^+2k^kth^-\-^h„ 


fciCro+ftjCsi 


^4 


«aa«+*jO« 


h\hio+2kykth^^+l<\h^ 


k^cu+hca 
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6. We have seen that three conies, one of each of the above systems, 
pass through a generic point on the surface. Through such a point, no other 
conic lying on the surface can pass. For, let C^ be a non-multiple conic on the 
surface and let its image on the ^-plane be of order m and have an arf old point 
at the fundamental point P<(t=l,2,3). We have (cf. Art. 4) 

Sm — flci — Oa — 08=2. 

Since ai+a2+as^2w, we find either t?i=l, ai+a2+a8=l, or w=2, ai+aj 
+ 08=4. But the latter case is impossible, since a proper conic can not have 
a node. Hence, C^ belongs to one of the three given systems. 

7. Koenigs has shown* that if, through a generic point on a surface, 
there pass two (or more) conies lying on the surface, then the surface is 
rational and a generic plane section is of genus not greater than unity. If 
such a surface is a sextic, it can not be ruled, since it contains infinitely many 
non-multiple conies. Hence, the plane sections are of genus 1 (Art. 1) and 
the surface is generated by precisely three systems of conies. 

8. There are two systems of cubics, each oo*, on the given surface. 
Those of the first system correspond to the right lines in the X-plane and 
intersect the lines 9\y g^y g'z) those of the second system correspond to the 
conies through Pj, Pg? Pz ^^^ intersect g^y g^j g^. The two systems are 
equivalent, since, if we subject the points of the ;i-plane to the transformation 

Jl< = jp , t = 1, 2, 3, 

the representations of the two systems on the surface (2) are interchanged. 

There are three systems, each oo*, of quartics. They correspond to the 
systems of conies through two fundamental points, and are thus characterized 
by the non-intersection of one line of .either triad gij g^, gz or g[j g%j g'z- 

There are six systems, each oo*, of quintics. They correspond to the 
conies through a fundamental point and to the cubics with a double point at 
one fundamental point and passing through the other two fundamental points. 

There are eight systems, each oo *, of rational sextics. They correspond to 
the conies in the ^plane, to the quartics with double points at Pi , P, , Pa , and 
to the cubics which have a node at one of these points and pass through a 

* Annates de U^cole Normale SupMeure, Series 3, Vol. V. Koenigs' proof expressly excludes the 
case of a non-rational surface generated by a system of conies such that three (or more) conies of the 
system pass through a generic point of the surface and two generic conies of the system have just one 
variable point in common. No such surface exists, however, since it follows from a theorem by Castel* 
nuovo {AM di Torino, Vol. XXVIII (1893), p. 730) that a surface generated by such a system of conies 
is rational. 
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second. There is also a system, oo*, of sextics of genus 1 corresponding to 
the cubics through Pi, Pj, Pj (cf. Art. 13). 

9. The genus a non-multiple curve of order n on the given surface does 
not exceed the greatest integer in 

n^— 6n + 12 
12 • 

Let (7„ be the given curve and let the corresponding curve G^ in the %-plane 
be of order m and have an a^fold point at P<(i=:l,2,3). We have (cf. Art.4) 

3w — OCi — OC2 — 0t8 = W. 

Let ai+a2+a«=^> so that m = — ^ . The genus of C„, which is equal to that 



^(n+fc-3)(n+ft-6)-ifc(fc-3). 



of C^ , does not exceed 

(n+fc— 3)(n+ft— 

The maximum value of this expression is ^ ~ J'l - — • 

The limit stated in the above theorem is actually attained for all values 
of n. 

10. The characteristic numbers for the given surface can be determined 
at once from formulas by Caporali. * 

The surface is of class 12. The tangent cone from a generic point to the 
surface is of order 12 and genus 7. The parabolic curve is of order 24 and 
genus 25. The tangent planes along the parabolic curve envelop a curve of 
class 24 and order 48. 

If we form the invariants S and T for the cubics Xuifi = which corre- 
spond to the plane sections of the given surface, we determine two surfaces, 
S {uriy U2, ih} "^4)=^ and ^(t^i, i^,, Ws, u^=Oj of class 4 and 6 respectively, 
enveloped by the planes which intersect the surface in curves for which the 
corresponding invariants are zero. The planes tangent to both of these sur- 
faces touch the given surface along the parabolic curve. 

The envelope of the planes which intersect the given surface in curves for 
which the corresponding absolute invariant is equal to a given constant A; is a 
surface S^—kT^=0 of class 12. In particular, if A; =6, so that the section 
is rational, we have the equation 

S^—6T^=0 

of the given surface in plane coordinates. 

* "Collectanea Mathematica in Memoriam D. Ghelini/' 1881. A few of the results for this surface 
are explicitly stated (p. 169) . 
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11. The double developable of the given surface is of class 24. The 
section of the surface by a bitangent plane is composite, since it has eleven 
double points. The developable of these planes consists of the six pencils 
having the six lines on the surface (Art. 3) as axes, the three developables 
of class 4 determined by the planes of the three systems of conies on the 
surface, and a developable of class 6 and genus 1 whose planes intersect 
the surface in two cubics. To two coplanar cubics correspond a line and a 
conic in the ^-plane ; so two such cubics belong to distinct systems of cubics on 
the surface (Art. 8).. The cubics in the planes of the sextic developable thus 
constitute two systems (each of genus 1) of rational plane cubics on the 
surface. Three cubics of each system pass through a generic point on the 
surface ; each cubic has a double point on the double curve and intersects the 
double curve in seven other points. At each point of the double curve, one 
cubic of each system has a double point. 

12. The double curve C^ is of order 9 and genus 1. It has four triple 
points which are also triple on the surface. There are twelve pinch-points 
on Cg. The corresponding curve in the ^plane is of order 9. It has a 
triple point at each fundamental point and no other point singularities. 

The double curve Cg lies on a cubic surface. For, since Cg is of genus 1, the 
pencil of cubic surfaces through the triple points and fourteen generic points 
of Cg all intersect C» in a fixed point. The cubic of the pencil which passes 
through another generic point of C^ contains the curve. The double curve con- 
stitutes the complete intersection of this cubic surface with the given surface. 

13. Every curve of order n on the given surface intersects CginSn points, 
since its 3n intersections with a cubic surface lie on C^. In particular, the 
sextics of genus 1 which correspond to the cubics through P^ Pt^ Pt (Art. 8) 
intersect C^ in eighteen points. Hence, each of these curves lies on a quartic 
surface which contains C» , since the quartic surface which contains the triple 
points and twenty-four generic simple points of Cg and six generic points of 
such a sextic contains both curves. Each cubic through Pi, P29 P$ thus defines 
a quartic surface which contains C© , and conversely. 

The quartic surfaces which contain C^ and a fixed cubic C^ on the surface 
constitute a bundle of quartics which cut from the surface the system of cubics 
opposite to the one to which Cg belongs (Art. 8). Since two cubics of the same 
system intersect in a single point, the residual intersection of two quartics of 
the bundle determines a unique point on the surface, and conversely, so that 
the parametric equations of the surface can be determined as soon as such a 
bundle of quartics has been found. 
56 
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14. The cubic curves in the X-plane which pass through P-^j P^j P, form 
a linear system oo ® and thus determine a surface of order 6 belonging to * an S^ 

f. = A(:ii,^,^), 1 = 1,2,3, ....,7, (4) 

where ^i, fg, . . . ., ^7) are current coordinates and the curves /< (X) = are 
cubics through Pi , Pj , P3 . Del Pezzo t has shown that the equations of any 
non-ruled sextic surface belonging to an 8^ can be written in the above form. 

By a suitable choice of coordinate system, the fundamental points Pi, Pj, P^ 
being supposed to form a triangle (Art. 2), equations (4) can be reduced to 

The surface of equations (2) is the projection on S^y from a generic 
plane 7t, of the surface (5). 

15. Bordiga has shown t that the point of intersection of corresponding 
Si of three projective bundles of S^ belonging to an S^ is a non-ruled sextic 
surface. Such a surface can, in fact, be generated in infinitely many ways by 
such a correspondence. For, as in Art. 13, it is seen that the S^ of the bundle 
in Se determined by an S^ which contains a cubic curve on the surface are in 
(1,1) correspondence with the points of the surface, and hence with the points 
of the X-plane. Three such bundles are thus in projective correspondence with 
each other, in such a way that corresponding S^ intersect on the surface. 

In particular, we can take the basis S^ of each of the three bundles to 
contain two non-intersecting lines on the surface. The surface can thus be 
defined by the three projective bundles 

Jls ^ 1 = '^ f 7 '^l ^3 = '^ ^ 7 ^ 56 = ^8 57 

Jls 52 = '^ 57 '^ 54 ^= '^ 57 '^ 56 = '^l 57 

16. The CO* bisecants of (5) generate an hypersurface if in S^. This 
hypersurface is of order 3 and has the surface (5) as a double surface. 
For, the plane n' determined by three generic points of the surface (5) 
contains the three lines, lying on J7, which join these three points in pairs. 
It has no other points in common with fl, since the projection of (5) from w' 
on Ss is a cubic surface with no multiple points. 

The hypersurface H is generated by each of two rational systems oi 00^ Ss 
such that each S^ contains a cubic curve lying on the surface (5). For, let C^ 
be a cubic curve of either of the two systems (cf. Art. 8) lying on (5). The 
^8 determined by Cg lies on H since, through a given point o£ S^j a bisecant 

* The notation 8r is used to indicate a space of r dimensions* An entity is said to belong to an 8r 
if it lies entirely in the 8r but not in any 8r-i . 
t Rendioonti di Palermo, Vol. I, p. 441. 
t Comptes Rendu9, Vol. CII, pp. 743-745. 
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of Cs can be passed. Each generator of H lies in an 8^ of the system deter- 
mined by Cs, since, through its two points of intersection with (5), a cubic of 
the given system can be passed. 

Two generic S^ on fl, of opposite systems, have a line in common, since 
their corresponding cubics intersect in two points. Two S^ of the same system 
have in common a single point, the point of intersection of their corresponding 
cubics. 

17. The surface (5) has no trisecant lines, since its projection on S^ from 
such a line would be a cubic surface belonging to 8^ and having its generic 
hyperplane sections of genus 1, which is impossible. 

18. The points of the double curve of (2) are in (1,1) correspondence 
with the generators of if which intersect the plane ti (Art. 14) from which (5) 
is projected onto (2). These generators define a ruled surface of order 12 
and genus 1 belonging to 8^. Twelve of its generators touch (5), since there 
are twelve pinch-points of (2) on the double curve (Art. 12). It follows that 
the four-spread generated by the tangent planes to (5) is of order 12. It 
has the surface (5) as fourfold surface. 

19. It follows* from Art. 5 that the surface (2) can be defined (in any one 
of three ways) as the locus of the conic of intersection of corresponding sur- 
faces of the two systems 

L,k{+L^J(flki+Lsklkl+L,kikl+Lskt = 0, (6) 

Qik^+Q,klh+Q,hkl+Q,ki = 0, (7) 

where ki and fcg are parameters, L,=0 (i=l, 2, , 5) is a plane, and Qi=0 

(i=l, 2, 3,4) is a quadric surface. 

Since the given surface is of order 6, there are five values of the ratio 
k^ : ki for which the plane (6) is a component of the corresponding quadric (7). 
It is no restriction to suppose that these five values coincide at A:2=0. For, if 
Qia' + Q2(^^+QB0L+Q,^L{L,a'+L^a'+L,a'+L,a+L,), 

where L=0 is a plane, then k^ — afeg is a factor of the left member of 
L(L^k{+L^k^,h+L,klkl+L,k^kl+L,ki) 

-k^{Qikl+Q,klk^+Qshkl+Q,k^^)=0. 

If we remove the factor ki — afcg, the resulting equation, with (6), determines 
the given system of conies. If we replace (7) by the equation so determined, 
and repeat the above operation successively, we determine, in place of (7), a 
system of quadrics 

L,L;A:;+(L,L;-fL,L;)fc?A:,+ (L3L;+L,L;+i^iii)*i*^I 
+{L,L',+L,L:+L,L',+L,^)J^,=0, (8) 

* Cf. also »n article by the author in Aubbican Jocrnal or Mathematics, Vol. XXX, pp. 99-116. 
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= 0, 



(13) 



where LJ=0(i=l,2, . . . ., 5) is a plane and the ten planes L<=0, L<=0 satisfy 

the identity 

L,L[+L,L',+LsLi+L,L',+L,L',^0. (9) 

From (6), (8) and (9) it follows that the given system of conies is also 
defined by (6) and any one of the systems of quadrics 

L^L',kl+ {L^L:+L^Us)klk,+ {LsL:+L,U+L,L^^^^ (10) 

LiLJfcJ+(L,Li+LiL0A;?A:2-(L,L;+L5L0*iA^l-^6i^;A| = 0, (11) 
LiLift?+(i^2l';+^i^i)A^!A^2-(i^4i5+i^8^;)A^iAl-i5iiA;S = 0. (12) 

If we eliminate ki and k^ between (8), (10), (11) and (12), remove extra- 
neous linear factors, and simplify, we find, as the equation of the surface, 

Li Li L2 Lz L& L^ 
Qi ^1 Li L^L's 
wherein has been written, for brevity, 

Q,^-{L,L:+L,U,+L,U,+LiL[), Q,^-{L,U,+L,L',+L,Li+L,^). 

20. At points on the double curve, equations (8), (10), (11) and (12) 
have two solutions in common. Hence, all the first minors of (13) are zero 
for points on this curve. The linear system c»* of quartic surfaces which 
contain the double curve (Art. 13) are determined by the quartic surfaces 
in the above set. 

At the triple points of the surface, all the second minors of (13) are zero. 

The equation of the cubic surface (Art. 12) on which the double curve 

lies is 

Li Li Ls 

L2 L3 Z/4 = 0. 

LJ Li Li 



(14) 



It follows, in fact, from (9) that the complete intersection of (13) and 
(14) is a double curve on (13). 

21, Denote the left member of (13) by /« and of (14) by /,. The double 
curve of /6=0 is also double on all the sextic surfaces of the pencil 

hh+k,n=o. (15) 

Every sextic surface for which this curve is double belongs to the pencil (15), 
since the double curve forms its complete intersection with the surfaces (15). 

Let there be given a space curve Cq of order 9 and genus 1 which has 
four triple points (Art. 12). There exists a pencil of sextic surfaces on which 
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Co is a double cnrve. For, if we take the triple points of Cg as vertices of the 
coordinate tetrahedron, and subject Cg to the cubic transformation 

^. = 4, i = l,2,3,4, (16) 

then Cg is transformed into a plane cubic Cz* The sextic surfaces on which 
Cs is a double curve are of the form 

where ^=0 is the plane of Cj, ^8=0 is the cubic cone projecting Cg from a 
fixed point P, ^2=0 is a quadric cone with vertex at P, and ^4=0 is a quartic 
surface. If we subject the forty-two independent homogeneous parameters in 
this equation to the forty conditions that the surface shall have a triple point 
at each vertex of the tetrahedron of reference, we determine a pencil of sextics 
which are transformed by the involutorial transformation (16) into a pencil of 
sextics which have Cg as double curve. 

It follows from a theorem by Halphen * that twelve sextics of the pencil 
(J.5) touch a generic plane. 

22. The condition that a curve of order w, not lying on /a=0, shall lie 
on a surface of the pencil (15) is that its 3w intersections with /8=0 shall lie on 
the double curve Cg (Art. 13). The locus of the right lines which lie on sur- 
faces (15) is thus the scroll of trisecants R o£ Cg. The surface R has Cg as 
eightfold curve, since the projecting cone of Cg from a generic point on the 
curve has eight double generators. The order of R is 25, since its com- 
plete intersection with a generic surface (15) consists of Cg and six lines. 
The triple points of Cg are twelvefold points of R. In fact, the plane deter- 
mined by each pair of tangents to Cg at a triple point Pj is torsal tangent plane 
to R along the generators joining Pg to each of the four distinct intersections 
of Co with the plane. 

Through a generic point in space, there pass three conies which intersect 
Co in six points (Art. 5). These three conies lie on a quartic surface which 
contains Co . The oo ^ cubics through a generic point P which have nine points 
in common with C© constitute two systems (Art. 8) each of which generates 
the surface (15) through P. Cubics through P, of opposite systems, intersect 
in one variable point. 

23. Some particular cases of the surface defined by equations (1) will 
now be noticed. 

We have supposed (Art. 2) that the fundamental points Pi, Pg, Pg in the 
X-plane form a triangle. If two of these points, Pi , Pg , are consecutive, the 

* Bull. 8oo. Math,, Vol. X (1882), p. 166. 
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surface has an additional double point D determined by the bundle of planes 
whose corresponding cubics have a double point at Pj . Two lines of each triad 
on the surface (Art. 3) are consecutive and pass through D. Two of the three 
generating systems of conies coincide. All the conies of the coincident systems 
pass through D. Conversely, if all the conies of a system on the surface pass 
through a point, this point is a double point additional to the double curve and 
the given system counts for two. For, let P,- be the vertex of the corresponding 
pencil. The point common to the conies corresponds either to P< on all lines 
through Pi or else to a curve intersecting these lines in at least one point 
distinct from P< . In the latter case we have, using the notation of Art. 4, 

3 m — ai — Og — 08=0, ai<m, 

which is impossible. Hence, to all directions through P< , corresponds a fixed 
point on the surface so that (Cf. Art. 3) a second fundamental point coincides 
withP,. 

24. If the fundamental points Pi, P2, Pa lie on a line i, then all the points 
of I correspond to a fixed double point D on the surface, since every cubic of 
the system 2t<</i=0 which contains a point of I distinct from Pi, P2, Ps has I 
as a component. The six lines on the surface pass through D and coincide in 
pairs. The systems of generating conies are distinct. The two composite 
conies of each system are consecutive and pass through D. The two systems 
of cubic curves on the surface (Art. 8) coincide. All these cubics pass 
through D. 

25. The surfaces of Arts. 23 and 24 are projections of sextic surfaces 
belonging to Sq (Art. 14) each of which has a conical double point. A non- 
ruled sextic surface belonging to 8q (and hence its sextic projection on S^) 
can have at most two (distinct) conical double points. This happens when 
Pi , P2 , P3 are collinear and two of them coincide. One of these double points 
is of the type of Art. 23, the other of Art. 24. 

26. If the given surface (2), in /S'g, has a double right line, ig? then, since 
the surface is not ruled, the residual sections in the planes through l^ are either 
(a) rational quartics or (b) pairs of conies. Incase (a), to the pencil of 
quarties on the surface corresponds, in the X-plane, a pencil of conies through 
two fundamental points, P2, Pa. To l^ thus corresponds a right line through P^. 
It is thus a degenerate conic of the system determined by the pencil of lines 
through Pi. It follows from (3) that the planes of these conies envelope a 
curve of class 3, and that, conversely, if the planes of such a system envelope 
a curve of class 3, a conic of the system degenerates into a double line. 
The line i^ passes through two triple points on the surface corresponding to 
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the non-fundamental basis-points of the pencil of conies determined by the 
residual sections in the planes through l^. It intersects the residual nodal 
curve in one other point. 

In case (b), the conies in the planes through l^ all belong to one system, 
since through each point of the surface there passes a conic of the system. 
Each plane through l^ thus determines two lines through a fundamental point 
Pi, and ^2 is determined by the coincidence of the line corresponding to P^ with 
the line corresponding to the join of Pj and P^. Since the developable (3) of 
the conies in the planes through I2 reduces to a pencil of planes counted twice, 
there are two double lines of type (a) which intersect l^ on this surface. 

The surface (a) is the projection of the surface (5) from a plane which 
intersects in a point the plane of a conic on (5). The surface (b) is the pro- 
jection of (5) from a plane which intersects in a line the S^ determined by a 
pair of opposite sides of the hexagon formed by the lines on* (5). 

27. The condition that a non-ruled sextic, whose plane sections are of 
genus 1, have a fourfold line, is that it have three double lines of type (a) 
(Art. 26) all of which belong to the same system of conies on the surface. 
To the fourfold line corresponds a conic through two fundamental points. 
The three double lines, and four of the simple lines, intersect the fourfold 
line. Each of the other simple lines intersects the three double lines. The 
double lines may be consecutive to each other or to the fourfold line. 

28. If the multiple curve reduces to a triple cubic, this cubic can not 
have any apparent double points, since the bisecant of the triple curve from a 
generic point on the surface would lie on it so that the surface would be ruled. 
The triple curve thus reduces to three lines concurring in a fivefold point of 
the surface. The tangent cone at the fivefold point intersects the surface in 
the triple curve and in three lines each of which counts for two consecutive 
simple lines, so that the surface is of the type of Art. 24. The variable inter- 
section with the surface of the pencil of quadric cones determined by the three 
triple lines and any one of the simple lines, is a system of conies on the surface. 

29. If the given surface has a triple curve of order 2, that curve can not 
be two skew lines, since the triple curve has no apparent double points (Art. 28). 
The surface is transformed, by a quadratic transformation which has the triple 
curve and a simple point on the surface as fundamental elements, into a quintic 

* Del Pezzo has disciissed [Rendioonti di Napoli, Series 3, Vol. Ill (1897), pp. 106-203)] a sextic 
surface with nine double lines. Six of these are of type (a) and concur in a fourfold point. The other 
three are coplanar and of type (b) . The equation of the surface is 
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surface which has the inverse fundamental conic as double conic and an ad- 
ditional double cubic. 

30. If the inverse double conic is not composite, it is known* that the I 
residual double cubic on the quintic degenerates into three lines which intersect i 
the double conic and concur at a threefold point on the surface. Hence, if the 
given sextic has a proper triple conic, the residual nodal curve is three double 
lines which concur at a triple point, t The pencil of quadrics determined by 
the triple conic and any two double lines determines a system of conies on the 
surface to which the third double line belongs. These lines are thus of type 
(a) (Art. 26). 

31. If the inverse double conic is composite, the point of intersection of 
its components is a triple point, at least, on the quintic. The residual | nodal 
curve is either a proper cubic through the triple point, a right line through the 
triple point and a conic, or three lines through the intersection of the com- 
ponents of the fundamental conic. This point is, in this case, a fourfold point 
on the surface. 

It follows at once that if the triple curve on the sextic is two (distinct or 
consecutive) intersecting lines, the point of intersection of these lines is a four- 
fold point (at least) on the surface. The residual multiple curve is either a 
proper cubic through the fourfold point, a line through the fourfold point 
and a conic, or three lines through a fivefold point. 

The multiple curve, in Arts. 30 and 31, is the complete intersection of the 
given surface with a quadric. 

32. If the given surface has a single triple line, the parametric equations 
of the surface can be chosen so that the curve in the X-plane corresponding to 
the triple line is a conic through the fundamental points. To the residual 
cubics of section by the planes through the triple line correspond the lines of 
a pencil. To the vertex of this pencil corresponds a fourfold point of the 
surface which lies on the triple line. The double curve of order 6 is rational. 
It has, at the fourfold point, a triple point such that the three tangents are 
coplanar. The cubic surface (Art. 20) on which the multiple curve lies is a 
cone with vertex at the fourfold point. It has the triple line as double 
generator. 

* Cf. an article by the author in American Joubnal of Mathematics, Vol. XXX, p. 110. 

t This surface was studied by Bonicelli, Oiomali di Mat. di Baiiaglini, Series 2, Vol. IX (1902)^ 
pp. 184-101. 

t Cf. first footnote, Art. 30. The quintic with five double lines was erroneously omitted from the 
classification there referred to. The equation of such a surface is 

where 0s=O is the equation of a quintic cone with five double generators which lie on Xi*-\-Wt*-\'Wt* =zO. 
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